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PREFACE 


The present volume is an attempt to carry out the program out- 
ILued in the preface to Volume I. Unfortunately, Professor Young 
was obliged by the pressure of other duties to cease his collabora¬ 
tion at an early stage of the composition of this volume. Much of 
the work on the first chapters had already been done when this hap¬ 
pened, but the form of exposition has been changed so much since 
then that although Professor Y’oung deserves credit for constructive 
work, he cannot fairly be held responsible for mistakes or oversights. 

Professor Young has kindly read the proof sheets of this volume, 
as have also Professors A. B. Coble and A. A. Bennett. Most of the 
drawings were made by Dr. J. W. Alexander. I offer my thanks 
to all of these gentlemen and also to Messrs. Ginn and Company, 
who have shown their usual courtesy and efficiency while converting 
the manuscript into a book. 

Tlie second volume has been arranged so that one may pass on 
a first reading from the end of Chapter VII, Volume I, to the 
begin rung of Volume IL The later chapters of Volume I may 
well be read in connection with the part of Volume II from 
Chapter V onward. 

: ■ I shall pass by the opportunity to discuss any of the pedagogical 
questions which have been raised in connection with the first vol¬ 
ume and which may easily be foreseen for the second. It is to be 
expected that there will continue to be a general agreement among 
those who have not made the experiment, that an abstract method 
of treatment of geometry is unsuited to beginning students. 

In this book, however, we are committed to the abstract point 
of view. We have in mind two principles for the classification of 
any theorem of geometry: {a) the axiomatic basis, or bases, from 
which it can be derived, or, in other words, the class of spaces 
in which it can be valid; and (6) the group to which it belongs 
in a given space. 

iii 
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PROJECTIYE GEOIVIETRY 


CHAPTEK I 

FOUNDATIOirS 

1. Plan of the chapter. In the first volume of this book we have 
been concerned with general projective geometry, that is to say, with 
those theoreros which are consequences of Assumptions A, E, P. In 
many cases we also made use of Assumption but most of the 
theorems which we proved by the aid of this assumption remain true 
(though trivial) when this assumption is false. The class of spaces 
to which the geometry of Vol. I applies is very large, and the set of 
assumptions used is therefore far from categorical 

The main purpose of geometry is, of course, to serve as a theory 
of that space in which we envisage ourselves and external nature. 
This purpose can be accomplished only partially by a geometry based 
on a set of assumptions which is not categorical "We therefore pro¬ 
ceed to add the assumptions which are necessary in order to limit 
attention to the geometry of reals, the geometry in which the number 
system is the real number system of analysis. 

These assumptions are stated in two ways, the one (§ 3) dependent 
on the theory of the real number system and the other (§§ 7-13) 
independent of it. We also state the assumptions (§§ 6, 14, 15, 16) 
necessary for certain other geometries which are of importance 
because of their relations to the real geometry and to other branches 
of mathematics. At the end of the chapter we give a summary of 
the assumptions for the various projective geometries which we are 
considering. 

2. List of Assumptions A, E, P, and For the sake of having 
all the assumptions before us in the present chapter, we reprint A, E, 
P, and H^. The assumptions serve to determine a class S of elements 
called points, and a class of subclasses of S called lines. The phrase 

1 
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“ a point is on a line ” or “ a line is on a point ” means that the point 
belongs to the line (cf. p. 16, Vol. I). 

Assumptions of Alignment: 

A 1. If A and B are distinct points^ there is at least one line on 
loth A and B. 

A 2. If A and B are distinct points, there is not more than one 
line on both A and B, 

If A, B, C are points 
not all on the same line, 
and D and E {D ^ E) are 
points such that B, C, D are 
on a line and C, A, E are 
on a line, there is a point 
F such that A, B, F are on 
a line and also D, E, F are 
on a line. 

Assumptions of Extension: " 

E 0, There are at least three points on every line, 

E 1. There exists at least one line, 

E2. All points are not on the same line. 

E 3. All points are not on the same plane,* 

E 3'. If is a three-space,^ every point is on S^. 

Assumption of Peojectiyity: 

V. If a projectivity leaves each of three distinct points of a line 
invariant, it leaves every point of the line invariantX 

Assumption H,: 

Hq. The diagonal points of a complete quadrangle are noncollinear.% 

As was explained when Assumption P was first introduced, this 
assumption does not appear in the complete list of assumptions for 
the geometry of reals, but is replaced by certain other assumptions 
from which it (as well as can he derived as a theorem. The list 
of assumptions for this geometry will consist of Assumptions A, E, 
and the new assumptions. 



* Cf. § 7, Vol. I. 
t Cf. § 9, Vol. I. 


t Cf. § 36, Vol. I. 
§ Cf. § 18, Vol. I. 
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3. Assumption K. The most summary way of completing the hst 
of assumptions for the geometry of resls is to introduce the following: 

K. A geometric number system (Chap. VI, Vol. I) is isomorphic* 
with the real number system of analysis. 

Thus a complete list of assumptions for the geometry of reals is 
A, E, K 

The use of Assumption K implies a previous knowledge of the real number 
system-t Its apparent simplicity therefore masks certain real difficulties. 
What these difficulties are from a geometric point of view will be found on 
reading §§ 7-13, where K is analyzed into independent statements H, C, R. 
These sections, however, may be omitted, if desired, on a first reading. 

Since a geometric number system in one one-dimensional form is 
isomorphic with any geometric number system in any one-dimensional 
form in the same space, it is evident that the principle of duality is 
valid for all theorems deducible from Assumptions A, E, K, 

In order that the results of VoL I be applicable to the geometry 
of reals, it must be shown that Assumption P is a logical conse¬ 
quence of Assumptions A, E, K. Since multiplication is commuta¬ 
tive in the real number system, this result would follow directly 
from Theorem 7, Chap. VI, Vol. I. . The proof there given is, how¬ 
ever, incomplete. It is shown (Theorem 6, loc. cit.) that if P holds, 
multiplication is commutative; but it is not there proved that if 
multiplication is commutative, P is satisfied. The needed proof may 
be made as follows: 

Theorem 1. Assumption P is valid in any space satisfying 
AssumpHoTis A and E and such that rnultiplicoMon is commutative 
in a geometric number system (Chap. VI, VoL I). 

Proof. It is obvious that the number systems determined by any 
two choices of the fundamental points ore isomorphic (cf. 

Theorems 1 and 3, Chap. VI, Vol. I), so that we may base our argument 
on an arbitrary choice of these points. We are assuming that multi- 
pHcafcion is commutative, and are to prove that any projectivity 11 

* This term is defined in § 62, Vol. I. 

t The real number system is to be thought of either as defined in terms which 
rest ultimately on the positive integers (cf. Pierpont, Theory of Punctions of Real 
Variables, pp. 1-94; or Pine, CoUege Algebra, pp. 1-70) or by means of a set of 
postulates (cf. E. V. Huntington, TransactionB of the American Mathematical 
Society, Vol. VI (1905), p. 17), 
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which leaves three distinct points of a line fixed is the identity. By 
definition, II is the resultant of a sequence of perspectivities 

where [^] denotes the points of the given hne. By Theorem 6, 
Chap. Ill, VoL I, this chain of perspectivities may be replaced by 
three perspectivities 

Moreover, by Theorem 4, Chap. Ill, Vol. I, the pencils [P] and [Q] 
may be chosen so that their respective axes pass through two of the 
given fixed points of It. Let us denote these points by and 



respectively and let P** be the third fixed point. By another applicap 
tion of Theorem 4 the pencUs [P] and [Q] may be chosen so that 
their common point P is on the line (fig. 2). 

How, since P". is transformed into itself, JS, P*, and U must be 
coUinear. Since P^. is fixed, T, P^, and U must be coUinear. Since 
Py is fixed, Sy T, and P^ are coUinear. If P is any point of the line 
it is transformed by the perspectivity with S as center to a 
point P of the line P^; the perspectivity with T as center trans¬ 
forms P to a point Q of the line ; the perspectivity with U as 
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center transforms Q back to a point ff of the line We have 

to show that S' = S. 

Let S^ be the trace on the line S^^^ of PT; let be the trace 
of PP; and S' is the trace of UQ. 

The complete quadrangle TRSF determines Q {S^SJI^, 
and hence (Theorem 3, Chap. VI, VoL I) in the scale S^S^S^ 

The complete quadrangle TRQU determines Q {S^SJI^y S„S^'), 
and hence in the scale S^S^S^ 

Since multiplication is commutative, S =P', which proves the theorem. 

The reader will find no difficulty in using the construction above to prove 
that the validity of the theorem of Pappus (§ 36, Vol. I) is necessary and 
sufficient for the commutative law of multiplication and for Assumption P. 


4. Double points of projectivities. Definition. A projective trans¬ 
formation of a real line into itself is said to be hyperlolicy parabolic, 
or elliptic,''^ according as it has two, one, or no double points. 

It was proved in § 58, Vol. I, that the determination of the double 
points of a projective transformation t 

. px'^ = a®0 + Ix^ 
p(c[ = cXq + dx^ 


depends on the solution of the equation 


( 2 ) 

where A = ad — be, 
its discriminant 


p“-(a + d)p-|-A = 0, 

This equation has two real roots if and only if 
(a + d)*-4A 


is positive. Hence we have 

If the transformation (1) is hyperbolic. For an elliptic or 

parabolic projectivity A is always positive. 


•These terms are derived from the corresponding types of conic sections 
(see § 87). In a complex one-dimensional form a somewhat difEerent terminology 
is used (cf. § 98). 

t In this volume we shall generally write homogeneous coordinates in the form 
(iCo, jc^), whereas in Vol. I we used (i^, Zg). 
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In ease the projectinty (1) is an involution, a = — d(§ 54, \ol. I), 
and hence — 4 A is the discriminant of (2). Hence 

An involiitioti is elliptic or kypcrlolic according as A is positive 
or negative. 

Th.6 iiitiiiia.t6 connection of these theorems with the theory of lineex 
order is e\ident on comparison with the first sections of Chap. II. 
A deduction of the corresponding theorems from the intuitive concep¬ 
tions of order is to be found in Chap. IV of the Geometria Projet- 
tiva of Enric[ues. 

SXSRCISEr 

A projectivity for which A > 0 ia a product of two hyperbolic involutionv 
A projectivity for which A < 0 is a product of three hyperbolic iuvolutions. 


5. Complex geometry. Assumption El provides for the solution 
of many problems of construction which could not be solved in 
a net of rationality. But even in the real space the fundamental 
problem of finding the double points of an involution has no general 
solution. 

To see this it is only necessary to set up an involution for which 
A > 0. Take any involution of which two pairs of conjugate points 
4.4' and BB^ form a harmonic set H {AA\ BB'). If the scale 
' J?, JJ, IL is chosen so that A = A' = £, 5 = JJ, then B' = JP ^ and 
the involution is represented by the bilinear equation (§ 54, VoL I) 

‘ xx'^—1. 

\ 

The double points of this involution, if existent, would satisfy the 

equation ^ - 

' a, — — i, 

which has no real roots. 


An effect of Assumption K is thus to deny the possibility of 
solving this problem. If, however, we negate Assumption K and 
replace it by properly chosen other assumptions, we are led to a 
geometry in which this problem is always soluble, namely, the 
geometry of the space in which the geometric number system is 
isomorphic with the complex number system of analysis. Although 
this geometry does not have the same relation to the space of external 
nature as the real geometry, it is extremely^ important because of its 
relation to other branches of mathematics. 
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One way of founding this geometry is to replace Assumption K 
by another assumption of an equally summary character, namely, 

J. A geoinetHc nuiriber systeTii is isomorjphic with the conipleoc num- 
ber syst&iri of analysis. 

Since this number system obeys the commutative law of multi¬ 
plication, the corresponding geometry satisfies Assumption P, and all 
the theorems of VoL I apply. Thus, a set of postulates for the com¬ 
plex geometry is A, E, J. 

The problem of finding the double points of a one-dimensional 
projectivity is completely solvable in the complex geometry; for 
any such projectivity may be represented by the bilinear equation 
(§ 54, VoL I) _ J _ 


and therefore its double points are given by the roots of 
cx^-\-{d — a) £c — S = 0, 

which exist in the complex number system. 

The analogous result holds good for an ?i-dimensional projectivity. 
In this case the problem reduces to that of finding the roots of an 
algebraic equation of the Tith degree. 

6. Imaginary elements adjoined to a real space. In this connection 
it is desirable to think of another point of view which we may adopt 
toward the complex space. Suppose we are working in a real geometry 
on the basis of A, E, K (or of A, E, H, C, R; see below). It is a 
theorem about the real number system* that it is contained in a 
number system (the complex number system) all of whose elements 
are of the form ai-\-b where a and 6 .are real and i satisfies the 
equation i»+l=0. 


Hence it is a theorem about the real space that it is contained in 
another space which contains the double points of any given involution. 

This may be seen in detail as follows: By the theory of homo¬ 
geneous coordinates the points of a real projective space S are in a 
correspondence with the ordered tetrads of real numbers {x^y x^y x^, x^), 
except (0, 0, 0, 0), such that to each tetrad corresponds one point, and 
to each point a set of tetrads, given by the expression (mx^, mx^, 

* This same question is discussed from the point of view of a general space and 
a general field in Chap. IX, Vol. I. 
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maij, ma:,) where x^, x^ are fixed and m takes on all real num¬ 
ber values except zero. By the property of the real number system 
mfTiti»TiAfl above, the set of all ordered tetrads of real numbers is 
contained in the set of all ordered tetrads z,, z„, where 

Zj, z, are complex numbers. 

Let us define a complex poivi as the class of all ordered tetrads of 
complex numbers of the form 

hs^, 

where for a given dass z^, z^, z^, 2 , are fixed and not ah zero and k 
takes on all complex values different from zero. Let the set of these 
classes satisfying two independent linear equations 

,3, = 

Vo + ^*i + V»+Va-0 

be called a complex line. With, these conventions it is easy to see 
that the set of all complex points and complex lines satisfies the 
assumptions A, E, P, and thus the complex points constitute a proper 
projective space. Let us call this space 

The space contains the set of all complex points of the form 

Jcx^ 

where x^, are all real Let us call this subset of complex 

points If any set of complex points of which satisfy two equa¬ 
tions of the form (3) with real coefficients be called a “real line,” we 
have, by reference to the homogeneous coordinate system in S, that 
the complex points of are in such a one-to-one correspondence 
with the points of S that to every line in S corresponds a "real line” 
in S^, and conversely. 

Thus, is a real projective space and is contained in the complex 
projective space Obviously S may also be regarded as contained 
in a complex projective space S' where S' consists of the points of S 
together with the points of S^ which are not in S^, and where each 
line of S' consists of the complex points of S' which satisfy two 
equations of the form (3) together with the points of S whose coordi¬ 
nates satisfy the same two equations. 

Definition. Points of the real space S are called real points, and 
points of the extended space S', complex points. Points in but not 
in S are called imaginary points. 
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This disGussion of imaginary elements does not require a detailed 
knowledge or study of the complex number system as such. It is, in 
fact, a special case of the more general theory in Chap. IX, VoL I 
(cf. particularly §92), which applies to a general projective space. 
It serves in a large variety of cases where it is sufficient to know 
merely the existence of the complex space S' containing S and satis- 
f}riQg Assumptions A, E, P. It is a logically exact way of stating the 
point of view of the geometers who used imaginary points before the 
advent of the modern function theory. 

There are problems, however, which require a detailed study of the 
complex space, and this implies, of course, a study of the complex 
number system and such geometrical subjects as the theory of chains 
(see §§ 11, 12, below, and later chapters). 

There is a very elegant and historically important method of intro¬ 
ducing imaginaries in geometry without the use of coordinates, 
namely, that due to von Staudt.* It depends essentially on the 
properties of involutions which are developed in Chap. VIII, VoL I, 
and §§ 74-75 of this volume. The reader will find it an excellent 
exercise to generalize the Von Staudt theory so as to obtain the result 
stated in Proposition Chap. IX, VoL I. 

7. Harmonic sequence. We shall now take up a more searching 
study of the assumptions of the geometry of reals. In Chap. IV, VoL I, 
it was proved that every space satisfying Assumptions A, E contains 
a net of rationality R®, cmd that this net is itself a three-space which 
satisfies not only Assumptions A and E but also Assumption P 
(Theorem 20). To this rational subspace, therefore, apply all the 
theorems in VoL I which do not depend essentially on Assumption 
For example, every line of R® is a linear net of rationality and may 
be regarded (with the exception of one point chosen as oo) as a com¬ 
mutative number system aU of whose numbers are expressible as 
rational combinations of 0 and 1. 

Throughout VoL I we left the character of this net indeterminate. 
It might contain only a finite number of points or it might contain 
an infinite number. We propose now to introduce a new assumption 
which will fix definitely the structure of a net of rationality. 

* Cf. K. G. C. von Staudt, Beitr^e zor Geometrle der Lage, Ntlroberg (1866 and 
1867). J. LUroth, Mathematische Annalen, Vol.VIII (1874), p. 146. Segre, Memorle 
della E. Accademia delle scienze dl Torino (2), Vol. XXXVIII (1886). 
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Definition. Let E^ be mj tkree distinct pointe of a line h ; 

let S and T be two distinct points coUmear with but not on h ; 
and let be a point of intersection of SE^^ and TE^, Denote the 


T 



points of the line h by [^] and those of the line K^E^ by [K\ and 
let n be a projectivity defined by perspectivities as follows: 

The set of points 

■■■> ^<+ 1 * 

such that together with the set 

such that n(jSL,._i) = 51,-3 is called a harmonic sequence. The point 
E^ is not in the sequence but is called its limit point. 

The projectivity 11 is evi¬ 
dently parabolic and carries 
E^ to E^. 

Theorem 2. The middle 07ie 
of any three consecutive* points 
of a harmonic sequence is the 
harmonic conjugate of the limit 
point of the sequence with re¬ 
gard to the other two. 

TL ^ Tfc -x, 

Jtroof By construction we have 

* This term refers to the suhscripte in the notation Ej. 



§§7.8] HAHMO^^C SEQUENCE 11 

CoROLLAEY. All jpomts of a harmonic seque^nce belong to the same 
net of rationality. 

Theorem 3. Two harmonic sequeTbces determined by and 

by ilfg, Jfj, are •projective in any projectivity 11 by vjhieh 

Proof By Theorem 3, Chap. IV, Vol. I, the projectivity II traaisforma 
harmonic seta of points into harmonic sets. 

8 . Asstimption H. By reference to fig. 3 it is intuitively evident 
to most observers that in any picture which can be drawn representing 
points by dots, and lines by marks drawn with the aid of a straight¬ 
edge, no point E. wliich can be accurately marked will ever coincide 
with E^ (i 4=- j). On the other hand, there is nothing in Assumptions 
A and E to prove that E^ ¥= Ej, because (Introduction, § 2, YoL I) 
these assumptions are all satisfied by the miniature spaces discussed 
in § 72, Chap. YII, VoL I, and if the number of points on a line is 
finite, the sequence must surely repeat itself. Thus we are led to 
make a further assumption. 

Assumption If any harmonic sequence exists, not every one 
contains only a Jmiie number of points. 

The existence of a harmonic sequence determined by any three 
points follows directly from Assumptions A and E. That any two 
sequences are projective follows from Theorem 3. Hence Assumption 
H gives at once 

Theorem 4, Any three distinct collinear points E^, E^, deter- 
mine a harmonic sequence containing an infinite number of points ard 
having E^ and E^ as consecutive points and Eto as the limit point. 

Theorem 5. The principle of djuality is valid for all theorems 
deducible from Assumptions A, E, H. 

Proof This principle has been proved in Chap. I, YoL I, for all 
theorems deducible from A and E. If 77 ^, 77 ^, 77 . are any three planes 
on a line Z, let a line V meet them in E^, E^, E^ respectively. The 
projection by I of the harmonic sequence determined on V by E^, E^, 
E„ is the space dual of a harmonic sequence of points. Since the 

• Cf. Gino Tano, Giomale di Matematiche, Vol. XXX (1892), p. 106. Obviously 
Assumption (Vol. I, p. 45) is a consequence of H. Hence, after introducirg 
Assumption H, we have that a net of rationality satisfies not only A, E, P but also 
Hq, and thus every theorem in Vol. I can be applied to a net of rationality. 
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sequence of points is infinite, so is the sequence of planes. Hence the 
space dual of Assumption H is true. The principle of duality in a 
plane or a bundle follows as in § 11, Chap. I, VoL L 

By reference to the definition of addition in Chap. VI, VoL I, it is 
evident on the basis of Assumptions A and E alone that the trans¬ 
formation a/= icH- a is a parabolic projectivity. Denoting it by a, it 
is dear that if there is any integer n such that is the identity, 
then = or, h and m being any integers. Hence, if a; has a finite 
period, there is only a finite number of points in a harmonic sequence, 
contrary to Assumption H. Hence 

Theobem 6. A parahoUc projectivity Tiever has a finite period.. In 
other icords, if of three points determining a harmonie sequence the 
limit point is taken as ^ in a scale and two consecutive points as 0 
and ly then the sequence consists of 

0 

1 -1 

1 + 1 = 2 -l-l=--2 

2+1=3 -2-l=-3 

3+1=4 -3-l=-4 

that is, of zero and all positive and negative integers. 

Corollary 1 . The net of rationality determined ly 0,1, oo consists 

of zero and all numhers of the form ~ where m and n are positive or 
negative integers. ^ 

Proof. By Theorem 14, Chap. VI, Vol. I, the net of rationality 
determined by 0 , 1, oo consists of all numbers obtainable from 0 
and 1 by the operations of addition, multipbeation, subtraction, and 
division (excluding division by zero). 

CoKOLLAftT 2. Tht hmogeTieous co&rdinates of my point in a linear 
planar or spatial net of rationality may he taken as integers. 

Proof. If x^, aij, x^, a:, are the homogeneous coordinates of a point 
m the net, they are defined, according to Chap. VII, Vol. I, ia terms 
of the coordinates in certaia linear nets. Hence they may be taken 

in the form 0 or where m^ and are integers. If m is the product 
of their denominators, mx^, mx^, msa^, mz^ are integera 
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The first of these corollaries enables us to obtain the following 
simple result with regard to the construction of any point in a net of 
rationality. Let be the harmonic conjugate of with regard to 

' n 

and The sequence 

* ■ ■ > S_ p -£r^, • • • 

is projective (fig. 6) with 

E_,y H_^y E„ E,y IT,, • • • 



and therefore must he harmonic. The points E^, E^ determine 
a harmonic sequence * 

■ • ^__9i 

n n n n n n 

By Gor. 1, any point of the net of rationality is contsiined in a 
sequence of the last variety for some value of n, 

9. Order in a net of rationality. Definition. If-4 and-B are points 
of R {E^EJS^) different from JET*, A is said to precede B with respect 
to the scale E^y E^y E^ if and only if the nonhomogeneous coordi¬ 
nate (cf. § 63, VoL I) of A is less than the nonhomogeneous coordinate 
of B. If A precedes -B, ^ is said to follow A, 

From the corresponding properties of the rational numbers there 
follow at once the fundamental propositions: With respect to the 
scale E^y E^, E^y (1) if A precedes B, B does not precede A\ (2) i£ -4 
precedes B and B precedes Cy then A precedes C\ (3) if -4 and B are 
distinct points of R {E^E^E^)y then either A precedes Bor B precedes-4. 
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The use of the properties of numbers in the argument above and in 
analogous cases does not imply that our treatment of geometry is dependent 
on analytical foundations. Every theorem which we employ here is a logical 
consequence of the assumptions A, E, H alone. 

The argument which is involved in the present case may be stated as 
follows: The coordinates relative to a scale of the points 

•••j fiLg* ^-v -^0^ 

of a harmonic sequence, when combined according to the rules for addition 
and multiplication given in Chap. VI, Vol. I, satisfy the conditions which are 
known to characterize the system of positive and negative integers (including 
zero). From these conditions (the axioms of the system of positive and nega¬ 
tive integers) follow theorems which state the order relations among tliese 
integers, and also theorems which state the order relations among the rational 
numbers, the latter being defined in terms of the integers. But by Theorem 6, 
Cor. 1, the rational numbers are tbe coordinates of points in 
Hence the points of R satisfy the conditions given above. 

It would of course be entirely feasible to make the discussion of order in a 
net of rationalily without the use of coordinates. 


*10. Cuts in a net of rationality. Defisitiojt. Two subsets, [A] 
and of a net of rationality constitute a cut (A, £) 

with resped to the scale JS^, E^, E„ if aud only if they satisfy the 
following conditions: (1) Every point of the net except E^ is in [A] 
or [5]; (2) with respect to the scale E^, E^, E„ every point of [A] pre¬ 
cedes every point of [£]. If there is a point 0 in [^] or in [5] such 
that every point of [-4] distinct from 0 precedes it and every point of 
[^] distinct from 0 follows it, the cut is said to be closed and to have 
0 as its cut-point; otherwise the cut is said to be open. The nlncg 
[.4] is said to be the foicer side and [E] to be the upper side of the cut. 

"With respect to the scale E^, E^, any point 0{0=t=E,) of a net 
^ determines two sets of points [a] and [B] such that every 

A precedes or is identical with 0 and 0 precedes every B. These sets 
of points are therefore a closed cut having 0 as cut-pomt. Hot every 
cut, however, is dosed, for consider the set [A], indudin-^ aU points 
whose cobrdinates in a system of nonhomogeneous co6r(Lates hav- 
mg .fl. as the point co are negative or, if positive, such that their 
squares are less than 2; and the set [5], induding aU points whose 


in Chaps, m and IV. ^leistandjng of the discussion of metric geometry 
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coordinates are positive and have their squares greater than 2. Since 
no rational number can satisfy the equation 

a^=2, 

this equation is not satisfied by the coordinates of any point in the 
net. The sets [A] and [.B] constitute an open cut, 

Defixitios. "With respect to the scale -Sj,, an open cut 

precedes all the points of its upper side and is preceded hy aU points 
of its lower side. A closed cut precedes all the points which its cut- 
point precedes and is preceded hy aU points by which its cut-point is 
preceded. A cut (A, B) precedes a cut (C, 2?) if and only if there is a 
point B preceding a point C. 

Theorem 7. (1) 1/ a, cut (A, B) precedes a cut {C, B), then (C, D) 
does not precede (A, B), 

(2) 1/ a cut {A, B) is not the same as the cut (C, B), then either 

B') precedes {C, B) or (C, B) precedes (A, B), or both cuts are closed 

and have the same cut-point. 

(3) If a cut (A, B) precedes a cut {C, B) and {C, B) precedes a cut 
{E, F), then (A. B) precedes {E, F). 

Proof. These propositions are direct consequences of the definition 
above and of the corresponding properties of the relation of precedence 
between points. 

Defixitiox. With respect to the scale Bj, II,>, a cut A^ is 
said to be between two cuts (5^, B^ and ((7^, in case {B^, B^ pre- 
cedes and precedes (C,, or in case (C,, C^) precedes 

(.4^, a;) and {A^, A^ precedes (J?,, If any one of these cute is 
closed, it may be replaced by its corresponding cut-point in this defi¬ 
nition. (Thus, for example, any open cut is between any point of its 
upper side and any point of its lower side.) 

An open cut (A, B) is said to be algebraic if there exists an equation, 

+ fltia:""’- +-1- ^ = Oj 

with integral coefficients, and two points B^, such that the coordinates of 
all points of [A] between Aq and Bq make the left-hand member of this 
equation greater than zero and all points of [5] between and make it 
less than zero.* If it is assumed that this equation has a root between Aq and 
Bq, this is equivalent to assuming that there exists a point corresponding to 
the cut (A, B) on the line AqjBq ^ 

* It is perhaps needless to remark that not every algebraic equation with integral 
coefficients can be associated in this way with a cut. For example, 1 =* + 1 = 0. 
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For the purposes of geometric constructions it would be sufficient to assume 
the existence of cut-points for all algebraic open cuts (see Chap. IX, Vol. I). 
For many purposes, indeed, it would be desirable to make the assumption 
referred to on p. 97, Chap. IV, Vol. I, and which we here put down for refer¬ 
ence as Assumption Q. 

Assumption Q. There is not more than one net of rationality on a line. 

But it is customary in analysis to assume the existence of an irrational 
number corresponding to every open cut in the system of rationals, and it is 
convenient in geometry to have a one-to-one correspondence between the points 
of a line and the system of real numbers. Hence we make the assumption 
which follows in the next section. 

It must not be supposed that in the assumption which follows we are 
introducing new points in any respect different from those already considered. 
What we are doing is to postulate that a ^ace is a class of points having 
certain additional properties. The assumption limits the type of space which 
we consider; it does not extend the class of points. In this respect our pro¬ 
cedure is not parallel to the genetic method of developmg the theory of 
irrational numbers. 

EXERCISE 

The points of R together with the open cuts with respect to the 

^o» 1 constitute a set [A] of things having the following property: 

If [5] and [2^ are any two subclasses of [X] including aU X’a and such that 
every S precedes every T, then there is either an 5 or a T which precedes all 
other T’s and is preceded by all other S'^. 


* 11. Assumption of continuity. We shall denote the cut-point of a 
closed cut {M, iV) by yj. In the following assumption it is not stated 

whether the cuts {A^, A^). 5,), and are open or closed. If 

one of them is closed, therefore, the corresponding one of the symbols 
iiiust be understood in the sense just defined. 
Arsumptioi. C. Jf every Tiet of rationality contains an infinity of 
poinU, thm on one line I in one net there is associated 

with every open eat {A, B), with respect to the scale E^, E^, E,, a point 
whwh IS on I and such that the following conditions are satisfied ■ 
(1) If two open cuts (A, B) and {0, B) are distinct, the points 
distinct; 


If K, 4) and (5j, B^ are any two cuts and {C, CJ any oven 
^Utween two points A and B of R{E^E^Ef). and ifTlis a projec- 
Umtv such that , *' 

(a., 2)J Mmm 


ASSUMPTION C 


17 


§ 11 ] 

Dehnition. The set of all points of R together with all 

points associated with cuts in R with respect to the scale 

-ffjj -^*3 is called the chain C{E^E^Ea,). The points of R {EJSJI^) 
are called rational, and any other point of the chain is called irrational 
with respect to R {EJEJSJ). A point associated with a cut which fol¬ 
lows E^ is called positive, and one associated with a cut which precedes 
E^ is called negative. 

Theorem 8. The point associated, ly Assumption C, with an 
open cut (A, B) of R {E^E^Ef), is Thot a point of R^EJB^EJ), 

Eroof, The associated point could not be E^, because there are 
projectivities of R{E^E^E^) which leave E^ invariant and change 
the given cut into different cuts, and therefore, by Assumption C, 
change the associated point. Now suppose a point D, distinct from 
E^ but in R {E^EfEf), to be associated with some open cut. Since 
the given cut is open, there must be a point A between D and the 
cut. If .S is a point on the opposite side of the cut from D, A and B 
both precede or both follow D with respect to the scale E^, E^, E^. 
The transformation which changes every point of I into its harmonic 
conjugate with regard to E^ and D has, when regarded as a trans¬ 
formation of the points of R{E^E^Ef) with respect to the scale 
E^, E^, E„, the equation 

— X, 

where d is the coordinate of D, It therefore transforms rational points 
which follow JO into rational points which precede it, and vice versa. 
Hence A and B are transformed into two points, A' and B', which 
precede B ii A and B foUow JO, or which follow I) ii A and B pre¬ 
cede D, By Assumption C (2), the point D which is associated with 
an open cut between A and B is transformed into a point JO^ associated 
with a cut between A and B^, By Assumption C (1), iX is distinct 
from D, contrary to the hypothesis that D is a fixed point of the 
transformation. 

Theorem 9. The points of 0{EfS^Ef), excluding E^, form, with 
reference to the scale in which E^=^ 0, E^^ 1, E„ = oo, a number sys¬ 
tem isomorphic with the real number system of analysis. 

Proof, The definitions of Chap. VI, VoL I, give a meaning to the 
operations of addition and multiplication for all points of the line I, 
In that place we derived all the fundamental laws of operation, except 
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the commutative law of multiplicatioiij on the basis of Assumptions 
A and E. AVe have also seen in the present chapter (Theorem 6 , Cor. 1 ) 
that the coiirdinates of points in are the ordinary rational 

numbers. Hence it remains to show that the geometric laws of com¬ 
bination as applied to the irrational points of C are the same 

as for the ordinary irrational numbers. 

The analytic definition of addition of irrational numbers* may 
be stated as follows; If a and h are two numbers defined by cuts 
y^) and (ijg, then a + S is the number defined by the cut 

To show that our geometric number system satisfies this condition 
in CiE^E^EJ)^ suppose first that a is a rational point of C{E^E^EJ) 
and h an irrational point. The projective transformation 

(4) a/=a5 + a 

changes the set of points [arj into the set a], which is the same 
^ [^ 3 + Similarly, it changes [y^ into [ 3 /^+ yj. Hence, it changes 

the cut into y^-\- y^^ and hence, by Assumption C (2), 

changes h into a point determined by a cut which lies between every 
pair sCj-bx^ and Therefore & is changed into the point asso¬ 
ciated with the cut y^-\- y^. But the transform of & is a+ 6 . 

Hence the geometric sum « + J is the number defined by the cut 

Next, suppose both d and I irrational The transformation (4) 
changes [x^ into the set of irrational points [x^+a], I into 6 +a, 
and [yj into [y^+ a]. By the paragraph above, the cut which defines 
any precedes the cut which defines any < 2 . Hence, by 

Assumption G (2), the cut which defines any point a precedes 
the cut which defines 6 H- a, and this precedes the cut winch defines 
y^d- a. Any point x^-\- of the lower side of the cut {x^-^ x^, y^+ y^ 
precedes the cut defining one of the points x^ +a, by the para^aph 
above, and hence precedes the cut defining h + a. Similarly, any point 
of the upper side of this cut follows the cut defining 6 -h a. Hence 
y^+yg) is the cut defining 5 -f- a. Thus we have identified 
geometric addition of points in C(E^E^E^) with the addition of 
ordinary real numbers. 

ChTp^i Rue, CoUege Algebra, p. 60 ; or Veblen and Lennes, Inftnlteaimal Analysis, 
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The analytic definition of multiplication of irrational numbers may 
be stated as follows: If a and h are positive numbers defined by the 
cuts and y^y let [x[] be the set of positive values of 

Then ah is the number defined by the cut ^ 1 ^ 2 )* If is nega¬ 
tive and h positive, ah = — {— a) h. If a is positive and h negative, 
ab = — {a{— h)). If both a and h are negative, ah = (— a) {— &). If 
a = 0 or & = 0, = 0. 

Consider the transformation 

= ax. 

If a is positive and rational while h is positive and irrational, this 
transforms \x^ iuto which is the same as It also trans¬ 

forms h into ah and into [ayj, wliich is the same as 
Hence, by Assumption C (2), ah is the number associated with 

y^i)- 

If both a and h are irrational and positive, we again have 
J, and [yj transformed into [a-icj, ah, and [ayj, where, as in the 
analogous case of addition, the cut defining oyx^ precedes the cut 
defining ah, which in turn precedes the cut defining ay^. Moreover, 
any x[x^ precedes some ax^, and any yj/^ foUows some ay^. Hence, 
by the same argument as in the case of addition, {x[x^, y^y^ is the 
cut with which ah is associated. 

The transformation d‘-{—l)x 

changes the cut {x^, x^ defining the irrational number a into the open 
cut (— x^, — x^, which therefore defines an irrational a'. But since 
£c^— may be any negative rational and x^ may be any positive 
rational, the sum of a and a\ which has been proved to be determined 
by the cut {x^— x^, x^— x^, must be zero. Hence we have that (—1) a 
is the irrational — a such that — a -h fit = 0. 

The transformation , , ., 

x{— 1) 

is the same as a/ = (— 1) £c f or aU rational points. Hence, by Assumption 
C (2), these transformations are the same for aU points of C 
Hence, for points of {—l)x=x{— 1), 

By the associative law of multiplication (which, it is to be remem¬ 
bered, depends only on Assumptions A and E) we have, if a is nega- 
tive and 6 positive, al = -{-a)b, 
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where (— a) & is determined by the analytic (cut) rula If a is positive 
and J is negative, it follows similarly, with the aid of the relation 
(— 1) a = a (— 1), that 

a&==a(-l)(-&) = -(a(-6)); 
and if both a and h are negative, 

al = (-1) (- a) (-1) (- 1) = (- a) (- 6). 

Corollary. With respect to a scale in which co, 0, 
we have ah = ba whenever a and b are in C 

Theorem 10. Any projeetivity which transforms jST^, and 
into points of the chain C {HfSfEJ) transforms any point of the chain 
into a point of the chain. 

Proof We have seen that sd^ax and a?'= a? + a, for rational or 
irrational values of a, are projectivities which change JEC^ iato itself 
and all other points of into points of the chaim The 

transformation l/o; is a projeetivity which interc han geg and -ET^ 
(see § 54, Chap. VI, VoL I), and by Theorem 9 it changes every point 
of except and into a point of 

As in the proof of Theorem 11, Chap. VI, VoL I, it follows that 
can be transformed into any three points of the chain by 
a product of transformations of these three types. Moreover, any 
projeetivity is fully determined as a transformation of 
by the three points B^y B^ into which it transforms S^y 
For, suppose there were two such projectivities, 11 and IT', the prod¬ 
uct Il'^n' would transform E^y E^y E^ into themselves. Hence, by 
Theorem 16, Chap, IV, VoL I, it would lenve invariant eveiy point 
of R {E^E^Ef), Hence, by Assumption C (2), it would leave invariant 
every point of C{E^E^Ef). Hence H'^II' would be the identity for 
all points of the chain, and 11 would be the same as H' for aU points 
of the chain. Hence every projeetivity changing S^y E^y E„ into 
points of the cham is expressible as a product of projectivities of the 
forms ad = axy ad=: ay ad=l(x. As all these transform the chain 

into itself, the theorem foUowa 

Corollary 1. Any projeetivity leaving invariant three points of 
the chain ^{EfE^Ef) leaves every point of the chain invariant. 

Proof Let 11 be the given projeetivity leaving the given points, say 
invariant. Let P be the projeetivity such that V{B^B^Bf) 
Then PIIP“^ leaves E^y E^, E^ invariant and hence 
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leaves all points of the chain invariant, as shown in the proof of the 
theorem. Hence 11 leaves all points of the chain invariant. 


Corollahy 2. Any jprojectimty of the chain into itself 

is of the form , . , 

^ ^ px^, = ax^+lx^, \a l\ 

px[ = cx^ + dx^y 


\c d\ 


¥= 0 , 


where the coeflcients are real nurnhers. 


*12. Chains in general. Definition. If {A, -B) is an open cut in 
any net of rationality R {K^KfS:j) with respect to the scale K^, K^, Jf., 
let n be a projecti\nty transfornung R into R and 

into jy,. This projectivity transforms {A, B) into a cut (C, D) in 
with respect to the scale R^, R„, If X is the point 
associated by Assumption C with (C, i>), the point n’‘^(X) = X' is 
called the irrational cut-point associated with (A, B). 

The point X' is independent of the particular projectivity EE. For let 
n' be any projectivity changing (A, B) into a cut {E, -F) in R {R^R^Rf) 
with respect to the scale R^y R^y R^y and let Y be the point associated 
with {EyF) and r'=n'“^(r). Then 11 • H'-" changes (X,X) into 
{Cy D) and hence, by Assumption C (2), must change Y into X. This 
can take place only if r'=X-, that is, only if the cut-point X' asso¬ 
ciated with (Ay B) is unique. 

By projecting any net of rationality into R{R^R^Rf) it is shown 
that the cut-points associated with it satisfy the conditions stated for 
the points associated with the cuts of ^(R^R^Rf^ in Assumption C. 
Hence the theorems of the last section also apply to any chain what¬ 
ever, a chain being defined as follows: 

Definition. The totality of points of a net of rationality ^(ABC), 
together with all the irrational cut-points defined by open cuts with 
respect to the scale A, B, G in H{ABG), is called the chain defined 
by Ay By C and is denoted by C{ABC), The irrational cut-points are 
said to be irrational with respect to R(ABG). 

Thus we have 

Theorem 11. (1) The projective transform of a chain is a chain. 

(2) Every open cut in any net of rationality defines a v/nique 
irrational outpoint collinear withy lut not iny the net, 

(3) If two such cuts with respect to the same scale and in the same 
net are disUncty their cut-points are distinct. 
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(4) If two open cuts are homologous in a projectivity^ their cut-points 
are homolog<yiLs in the same projectivity. 

(5) Any projectivity which transforms three points A, C into 
three points of the chain C(ABC) transforms any point of the chain 
into a point of the chairL 

Theobem: 12. There is one and only one chain containing three dis¬ 
tinct points of a line. 

Proof Let A^ B, C be the given points. They belong to the chain 
C(ABC) into which is transformed by a projectivity 

such that S^H^^-j^ABC, By Theorem 11 (5) any projectivity such 
that ABO^BAC transforms all points of C{ABC) into points of 
Ci^ABC), But by definition such a projectivity transforms C{ABC) 
into C{BAC)\ hence C(BAC7) is contained in C{ABC), In like man¬ 
ner C{ABC) is contained in Z{BAC), Hence C(ABC)= C(BAO) = 
C(BCA), etc. 

Now suppose A, B, 0 to be points of some other chain C {PQR), By 
Theorem 11(5) a projectivity such that* PQRA-j^QPAE changes 
aU points of 0{PQR) into points of C{PQR),^ But by definition it 
changes C{FQR) into C{QPA). Hence C{QFA) is contained in 
C{PQR). But the same projectivity changes C{QFA) into C(FQR). 
Hence C(P05) = C(QFA), In like manner C{QFA) = C{FBA) = 
0{CBA)^C{ABCy 

ConOLLAEY. A chain contains the irrational cut-point of every open 
cut in any net of rationality in the chain. 

Theorem 13. The Fcxdamextal Theorem of Projectivity for 
A Chain. If A^ B, C, B are distinct points of a chain and A!, B\ 0* 
any three dwtinct points of a line^ then for any projectivities giving 
(A, B, a, D) (A', B^, B) and {A, B, 0, B) -j- (A', B', O', B!) we 
have iy=:B[, 

Proof Let H, 11^ be the two projectivities mentioned in the theorem 
n-^n then leaves every point of C{ABC) fixed; for it leaves every 
point of R{ABG) fixed, and hence, by Theorem 11 (4), must leave 
every irrational cut-point of an open cut in R(^C) fixed. But 
is then the identical transformation as far as the points of 
C(ABC) are concerned. Hence iy=B[. 


* Cf. Theorem 2, Chap. Ill, Vol. I. 
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This theorem may also be stated as follows: 

Any projective correspondence hetvjeen the points of two chains is 
uniquely determined hy three pairs of homologous points. 

Out list of assumptions for the geometry of reals may now be com¬ 
pleted by the following assumption of closure. 

Assumption R On at least one line, if there is one there is not 
more than one chain. 

It foUows at once, by Theorem 12, that every line is a chaiu. It also 
follows, by an argument strictly analogous to the proof of Theorem 5, 
that the dual propositions of Assumptions C and R are true. Hence 
we have 

Theoeem 14 The principle of duality is valid for all theorems 
deducible from Assumptions A, E, H, C, R 

* 13. Consistency, categoricalness, and independence of the assump¬ 
tions. Let us now apply the logical canons explained in the Intro¬ 
duction (VoL I) to the foregoing set of assumptions. 

Theoeem 15. Assumptions A, E, H, C, E are consistent if the real 
numher system of analysis is existent. 

Proof. Consider the class of all ordered tetrads of real numbers 
x^, with the exception of (0, 0, 0, 0). Any class of these 
ordered tetrads such that if one of its members is (a^, a^ all 

its other members are given by the formula {ma^, ma^, ma^, 
where m is any real number not zero, shall be called a point. Any 
class consisting of all points whose component tetrads satisfy two 
independent linear homogeneous equations 

Vo+ 0, 

shall be called a hue. The class of aU points and hnes so defined 
satisfy the assumptions A, E, H, C, E (cf. § 4, Vol. I). 

Theoeem 16. Assumptions A, E, H, C, E form a categorical set 

Proof. In Chap. VII, VoL I, it has been proved that the points of a 
space satisfying Assumptions A, E, P can be denoted by homogeneous 
coordinates which are numbers of the geometric number system of 
Chap. VI, VoL L Since P is a logical consequence of A, E, H, C, E 
(cf. Theorem 13), this result applies here, and by Theorem 9 the 
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number system in. question is isomorphic ■with, the real number 
system of analysis. 

Now if two spaces Sj and satisfy A, E, H, 0, E, consider a homo¬ 
geneous coordinate system in each space and let each point of 
correspond to that point of ■which has the same coordinates. This 
correspondence is evidently such that if three points of are coUinear, 
their correspondents in S, are coUineai'. 

It h* worthy of remark that the above correspondence may be set 
up in as many ways as there are collineations of into itself. 

Theorem 17. Assumptions A 1, A 2, A 3, E 0, E 1, E 2, E 3, E 3', 
H, C, E are an independent set. 


Proof. The method of pro'ving that a given assumption is not a 
logical consequence of the other assumptions was explained in the 
Introduction, p. 6, YoL I. Suppose there is given a class of objects 
[«] and a class of subclasses of [a:]. If we call each x a point and 
each element of the class of subclasses a hue, then each of our 
assumptions, when thus interpreted, will be either true or false * with 
respect to this interpretation. If all the assumptions but one are true 
and the one is false, it cannot be a logical consequence of the others ; 
for a Ic^cal consequence of true statements must be true. In the 
sequel we shall call the objects, x, pseudo-points, and the subclasses 
of [a] which play the rSle of lines, pseudo-lines. 

Al. The pseudo-points shaH be the points of a real projective 
plane tr together with one other point 0. The pseudo-lines shall be 
the lines of w. A1 is false because there is no pseudo-hne contain¬ 
ing 0. A 2 is true because it is satished by the ordinary projective 
plane. A 3 is true because the only sets of points A, B, C, D, JS which 
satisfy its hypothesis are in tt. The only pseudo-plane is w, and there 
IS no pseudo-space. Hence it is evident that E 0, E1, E 2, E 3 are true 
and E 3' is vacuously true. Assumptions H, C, E are evidently true 


* Btatament fa not verified, we regard the statement as 
Matheinati^aTocIe^f^m^p'’489i American 

tree ip this sense «‘Vacuously w^or'vtSoJsT “ 

vaeuora^Se^^idr^^™!*^* the assumptions into a form such that they are 
ordmaiT space. ^y the following proposition, which fa vacuous for 

onl.^ihS!lt'’r ^ ^ P°“t. U there fa no line which fa on A end 
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A 2. The pseudo-points shall be the points of a real projective 
three-space together with one other pseudo-point 0. The pseudo¬ 
lines shall be the lines of S^, each pseudo-hne, however, cont-aining 0, 
Thus any two pseudo-poiats are coUinear with 0 ; a pseudo-plane is 
an ordinary plane together with 0; a pseudo-space is Sg together 
with 0. Hence it is evident that A 2 is false and A1, A 3, E 0, E 1, 
E 2, E 3, E 3' are true. There exist harmonic sequences of pseudo- 
pomts, some of which are ordinary harmonic sequences. Hence 
Assumption H is true. By reference to the definition of a quad¬ 
rangular set and harmonic conjugate it is clear (because every line 
contains 0) that any pseudo-point P is harmonically conjugate to 0 
with regard to any two pseudo-points which are coUinear with P. 
Hence a linear net of rationality contains all the pseudo-points of a 
pseudo-line. The operations of addition and multiplication are not 
unique, however, and hence the definition of order does not apply; 
there are no open cuts, and Assumptions C and E are vacuously 
true. 

A3. The pseudo-points shall be the points of a real projective 
space Sg, with the exception of a single point 0, The pseudo-Hnes 
shall be the lines of Sg, except that in case of those lines which pass 
through 0 the pseudo-Hnes do not contain 0, Clearly A 3 is false 
whenever the pseudo-points A, P, C, P, P are chosen so that the 
lines AB and BE meet in 0. A 1, A 2, E 0, E 1, E 2, E 3, E 3' are 
obviously true. A harmonic sequence and a net of rationaHty of 
pseudo-points can be found identical with an ordinary harmonic 
sequence and net of rationaHty on any line not passing through 0, 
Hence H, C, and E axe also true. 

E 0. The pseudo-points shaU be the vertices of a tetrahedron, and 
the pseudo-Hnes the six pairs of pseudo-points. Thus the pseudo¬ 
planes are the trios of pseudo-points, and a pseudo-space consists of 
aU four pseudo-points. A 1 and A 2 are obviously true. A 3 is true 
because we may have P=A and P=P. E1, E 2, E 3, E 3' are true. 
H, C, E are vacuously true. 

E1. There shall be one pseudo-point and no pseudo-Hne. E 1 is 
false and all the other assumptions are vacuously true. 

E 2. There shaU be three pseudo-points and one pseudo-Hne con¬ 
taining aU three pseudo-points. A1, A2,E0, E1 are true. A3, E3# 
E 3', H, 0, E are vacuously true. 
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E 3. The paeudo-points and pseudo-lines shall be the pointe and 
lines of a real projective plane. A1, A 2, A 3, E 0, E1, E 2, H, G, E 
are true and E 3^ is A^acuous. 

E 3^ The pseudo-points and pseudo-lines shall be the points and 
lines of a real four-dimensional projective space. E 3' is false and all 
the other assumptions are true. 

H. The pseudo-points and pseudo-lines shall be the points and 
lines of any modular projective three-space (cf. § 72, Vol. I, and § 16, 
below). All the assumptions A and E are true, H is false, and C and 
E are vacuously true. 

C. The pseudo-points and pseudo-lines shall be the points and 
linear nets of rationality of a three-dimensional net of rationality in 
an ordinary real projective space. All the assumptions are true except 
C, which is falsa E is vacuously true. 

R The pseudo-points and pseudo-lines shall be defined as the 
points and lines in Theorem 15, the coordinates, however, being ele¬ 
ments of the system of ordinary complex numbers. All the assump¬ 
tions are true except E, which is false. 

Assumption 0, which is more complicated in its statement than 
the others, is, however, such that neither of the two statements into 
which it is separated may be omitted. This result is established in 
the following theorem: 


Theorem: 18. Asmm^twn C(l) is not a consequence of Assump^ 
tion C (2) and all the other asmmptwTis. Assumption. C (2) is not a 
consequence of G (1) and of the other assumptions even if we add to 
C (1) the following: If a frojeetvoity transforms into itself and 
and into points of and transforms an open cat 

(A, B) into an open cut (C, D), it transforms the point associated with 
(A, B) into the point associated with ((7, D). 


Proof* (1) Any real number x detenninea a dasa of numbers 
of the form ax-il where a and I are any rationals. is the same 

“ for all rational valuea of a and h. Hence, if a; Jid y are two 
irrationala, and Aj, are either identical or mutually exclusive. Thus 
the dass of all real numbers falls into a set of mutually exclusive 


argument makes use of portions of the theory of classes which could not 

Hence we ^TtaoSe of 
tenmnology of this branch of mathematics without fu^er 
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classes [-S']. With each class K we associate a particular one of its 
numbers,*^ k, and thus obtain a set of numbers \lc\ such that every 
real number can be written uniquely in the form ak-\-'b. 

Now consider the number system whose elements are the complex 
numbers of the form ai + where a and J are rational and i = vCTi. 
If we take as pseudo-points and pseudo-lines the points and lines of 
a three-space based (as in the proof of Theorem 15) on this number 
system, it is clear that all the assumptions except G are satisfied. 
If we also take as the pseudo-points those ha\dng the 

coordinates (0, 1, 0, 0), (1, 1, 0, 0), (1, 0, 0, 0), the net of rationality 
consists of and the points whose coordinates are 
{Xy 1, 0, 0), where x is rational Suppose now that we associate the 
pseudo-point (ai -f- &, 1, 0, 0) with every cut in this net which in the 
ordinary geometry would determine an irrational point (aJc -f- 6,1, 0, 0). 
Every point is thus associated with an infinity of cuts, contrary to 
Assumption C (1). Moreover, the cuts with which any point is asso¬ 
ciated occur between every tw^o pseudo-points and hence between every 
two cuts of Therefore Assumption C(2) remains true 

in this space. 

(2) For the second half of the theorem the pseudo-points and 
pseudo-lines shall be the points and lines of a three-space based on a 
commutative number system whose elements are the ordinary rational 
numbers and all open cuts in the rational numbers. The laws of 
combination shall be such that addition is precisely the same as for 
the ordinar}’ number system and multiplication is the same between 
rationals and rationals or rationals and irrationals, but different 
between irrationals and irrationals. Thus the product of the num¬ 
bers associated with two open cuts will not, in general, be the number 
associated with the cut given by the usual rule. Hence the pro¬ 
jective transformation nd = ax^ will not preserve order relations, and 
Assumption C (2) must be false. On the other hand, C (1) and the 
other assumptions are obviously true. 


* We do not show how to set up the correspondence. The assumption that this 
correspondence eziste is a weaker form of the assumption used hy Zermelo 
(Mathematische Annalen, Vol. LIX, p. 614) in his proof that any class can be well 
ordered. Our proof of the second part of the theorem is dependent on the validity 
of Zermelo ’3 result that the continuum can be well ordered. The whole theorem 
is therefore subject to the doubts that attach to the Zermelo process because of the 
]a<ik of explicit methods of setting up the correspondences in question. 
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The existence of the required new number system can be inferred 
from Hamel’s theorem* that there exists a well-ordered set of real 
numbers 

(5) Cl „} ’ * “j 

such that every real number can be given uniq^uely by an expression 
of the form 

( 6 ) • * • + 

containing only a finite number of terms, the 0*8 all being rationaL 
The ordinary rules of combination for cuts determine a multiplication 
table for the a's ; that is, a set of rules of the form 

(7) aflj = y3„+ ■ • ■+Ka^, 

where the )8*s are rationaL The laws of combination for the number 
system in general may now be stated as follows: Express the two 
numbers to be added or multiplied in the form (6); add or multiply 
by the rules for addition and multiplication of polynomials, reducing 
the result in the case of multiplication by means of the multiplication 
table for the a’s. 

ITow suppose we denote by 

( 8 ) < < <, ••• 

the same set of numbers [a] arranged in a difFerent order of the same 
type as (5). Such an order would be obtained, for example, by mter- 
changing and and leaving the other a*s unaltered. There is 
therefore a one-to-one correspondence in which every corresponds 
to the a\ having the same subscript. Moreover, since the set of all fl*s 
includes the same elements as the set of all a/\ every real number 
is expressible in the form 

(9) a,a',+ ■■■ + «,<■ 

A new law of multiplication, which we shall denote by x, is now 
defined by setting up a multiplication table for the a'*8 according tc 
the rule that 

(10) a'i X al = + ... + a^g>^ 

wheriever 

( 11 ) + 

* Mathematiflche Amialen, Vol. T.Tj p. 4591 t 
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The product, according to the new law of combination, of two real 
numbers is obtained by expressing each in the form (9), multiplying 
according to the rule for polynomials, and reducing by the multipli¬ 
cation table for the 

Since the set of all expressions of the form 


®o+ - 

forma a number system, the set of all expressions of the form 

forms a number system isomorphic with the first. For if we let each 
a. correspond to the a[ with the same subscript, the sum of any two 
elements of the first number system corresponds, by definition, to 
the sum of the corresponding two elements in the second number 
system. Similarly for the product of a rational by a rational or of 
a rational by an irrational. The product of two irrationals in the first 
system corresponds to the product of two irrationals in the second, 
because the two polynomials in the a’s are multiplied by the same 
rules as the two in the and are also reduced by corresponding 
entries in the respective multiplication tables. 

We may insure that the two number systems shall be distinct by 
selecting the a% in the first place, so that a^=V2 and a^=Vs, and 
then choosing the a'’a so that 

*14. Foundations of the complex geometry. Let us add to Assump¬ 
tions A, E, H, C the following assumption: 

Assumption E. On some line, I, not all points belong to the same 
chain. 

Let ij, be three points of I, The geometric number system 
determined by the method of Chap. VI, VoL I, by the scale ij, Z is 
commutative for all the points in the chain C but not neces¬ 

sarily for other points. However, it is clear, without assuming the 
commutativity of multiplication, that 


a/= X ^ 0 ?'= x+ a, x'= ax, oi — xa (a = constant) 


define projectivities. For x[ — x~'^ this follows from § 54, Yol. I; for 
x!~x +a it reduces to Theorem 2, Chap.VI, VoLT; and for the other 
two cases, to Theorem 4, Chap. VI, Vol. 1. " " 

Let J" be any point of I not in C and let be the set of 

all points in Then, by Theorem 11 (1), the set of points 


lISc 
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[A' -f J] is a chain. This chain has no point except j 5 in common 
with C because, if -Z’+ «/= AT' = 5 ^ it would follow that 

AT' — X= j; and thus e7 would be a point of Let us denote 

the chain [JT+J] by C'. 

In order to continue this aigument we need the following assump¬ 
tion of closure: 

Assumption L Through a jpoint P of any chain C of the line I, 
and any jgobit J on I hut not in C, tlure is not more than one chain 
of I lahich has no other point than P in common with C. 

Now let P be any point of I not in or C'. Such points 

exist, because, for example, the chain does not coincide with 

or C. The chain Z{PJZ) has, by Assumption I, a point 
different from ^ in common with Let AT^ be this point. 

In case ^ the projectivity 

(12) A'=A^+«/(^-Af".Z) 

transforms into J, into itself, and -£ into itself. Hence it trans¬ 
forms C(P,P,P^)=C(P^Xfi) into C(JX^P^). Hence every point of 
C(J3rj^), and in particular F, is of the form X+ JZ", where Xand 
Z" are in [X]. If X^=^j the pro jectivity 

(13) Z'=JZ 

transforms JJ, F.) into which contains P. Hence, in 

this case P is of the form JZ Thus we have 

Lemiia 1. Every jpoint of (he line I is expressible in the form A+JB, 
where A and B are in C(F^F). '* 

Lemma 2. Tm points A + JB and A'+JB\ where A, B, A', B' are 
in C{FFF,), are iderUiedl if and only if A = A' and B = B'. 

Tor if P=#=P', A + JB = A'+JB' implies J= (A' — A)(B — B')-^ 

and thus J would be in C(^^P); and if P=P', it implies directlv 
that A = A', 

Each of the projectivities Z'=JZ and X'=XP transforms the 
chain C(^p) into C(^pp). Hence, if ^ be any point of C(P^F). 

(1^) AJ=JA’, 

where A' is also in C(^^J2). 
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Each of the projectivities X' ={I^ — J)X and X' = X{^ — J) trans¬ 
forms into —J)^). Hence, if A he any point of 


where is also in By the distributive law (Theorem 5, 

Chap. YI, Vol. I) it follows that 

By (14), this reduces to 

A-JA^=A”-JA^\ 


By Lemma 2, it follows that A=A-^ = A', Hence AJ=JA. From 
this W'e can deduce, by the elementary laws of operation, 

(A + JB){C+JD)=^A(C + JD) + JB(C+ JB) 

= AC-h AJD + JBO-{- JBJD 
= CA + CJB 4- JBA + JBJB 
= C{A + JB)^JB{A + JB) 

= {G+JB){A + JB), 

Hence the geometric number system determined by any scale on I 
is commutative. Siuce chains are transformed into chains by any 
projective transformation, it follows that the geometric number sys¬ 
tem determined by any scale on any line in a space satisfying A, E, 
H, C, E, I satisfies the commutative law of multiplication. Hence, 
by Theorem 1, 

Theorem 19. Assum;ption P is satisfied m any 's;pace satisfying 
AssvmptioTis A, E, H, 0, E, I. 

Since every point in the geometric number system is expressible 
in the form A -f JB, we have 

(15) J^ = A, + JB,, 

where A^ and are in C Thus J is one of the double points 

of the involution 

(16) XX'-:^B,(^X+X')-A=Q. 

which transforms C(^if5) into itseli Any two points of C(JJ2J-g) 
which are conjugate in this involution may be transformed projec- 
tively into and £ by a transformation which carries C(iJj^Zi) into 
itselt This reduces the involution to 

(17) = 
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where A must be negative relatively* to the scale si nce t he 

double points are not in C(P^I[I^. The transformation AX 

now reduces (17) to _^ 

and thus transforms eT” to a point satisfying the equation 
Hence we have 

Theorem 20. The geometric numher system in any space satisfying 
Assumptions A, E, H, C, E, I is isomorphic with the complex number 
system of analysis^ i.e. with the system of numbers a + where 
= — 1 and a and b are real, 

*15. Ordered projective spaces. There is an important class of 
projective spaces which may be referred to as the ordered projective 
spaces and which are characterized by the Assumptions S given below. 
This class of spaces includes the rational and real projective spaces 
and many others. The set of assumptions. A, E, S, is not categorical, 
but it may be made so by adding a suitable continuity assumption or 
by some other assumption of closure. 

These assumptions introduce a new class of undefined elements, 
called senses* in addition to the points and lines which are the 
imdefined elements of Assumptions A and E. The senses are denoted 
by symbols of the form S{ABC\ where A, B, G denote points.t 

S1. For any three distinct coUinear points A, E, C there is a sense 
S{ABC), 

S 2. For any three distinct collinear points there is riot more than 
one sense S{ABCy 

53. S{ABC)^ S{BCA). 

54. S{ABC)^ S{ACB), 

So. S{ABG)^S{A^B^C^) and S{A'B'G') = S(A^^B^^G% then 

SO. 7/ S{ABO) = S{BGO), then S(ABO) = S{AGOy 
S 7. If OA and OB are distinct lines, and S{pAAj) = 8{0AA^ and 
OAA^A^^ OBB^B^, then S{0BB;) = S{0BB^. 

* Sets of aasumptioiiB more or less related to these have been g^ven by A. E. 
Schweitzer, American Jonmal of Mathematics, Vol. XXXI, p. 306, and A. X. Whlte^ 
head, The Axioms of Projective Geometry, Cambridge Tracts, Cambridge, 1906. 

t With respect to the Intuitional basis of these assumptions, cf. fics. 0-12 
Chap.n. r -6 
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If S{ABC) be identified with the sense-class which is discussed 
below in § 19, Chap. II, it will be seen that S1 and S 2 are immedi¬ 
ately verified and S 3, • • S 7 reduce to Theorems 2-6, Chap. 11. This 
shows that the assumptions S are satisfied by a rational or a real 
projective space. 

These assumptions are capable, as is shown in Chap. II, of serving 
as a basis for a very complete discussion of geometric order relations. 
Assumption P is not a consequence of A, E, S alone. 

EXERCISES 

1. Prove that Assumption H is a consequence of A, E, and S. 

2. Prove that with a proper definition of the symbol < (less than) the 
geometric number system in an ordered projeotive space satisfies the following 
conditions : 

(1) If a and h are distinct numbers, a<h or Z><a. 

(2) If a < &, then a 

(3) If a < & and 6 < c, then a<c. 

(4) If a<&, there exists a number, rr, such that a<x and x<h. 

(5) If 0 < a, then fe < a + 6 for every h. 

(6) If 0 < a and 0 < &, then 0 < a • 6. 

(Cf. E. V. Huntington, Transactions of the American Mathematical Sociely, 
YoLVI (1905), p. 17.) 

3. Introduce an assumption of continuity, and with this assumption and 
A, E, S prove Assumption P. 

4. Prove that P is not a consequence of A, E, S alone. 

* 16. Modular projective spaces. We have seen (§ 7) that, in any 
space satisfying Assumptions A and E, any two harmonic sequences 
are projective. Hence, if one harmonic sequence contains an infinity 
of points, every such sequence contains an infinity of points, and 
by § 8 these points are in one-to-one reciprocal correspondence with 
the ordinary rational numbers. On the other hand, if one harmonic 
sequence contains a finite number of points, every other harmonic 
sequence in the same space contains the same finite number of 
points. Hence the spaces satisfying Assumptions A and E fall into 
two classes — those satisfying Assumption H and those satisfying 
the following: 

Assumption H. If any harraonic sequence exists^ at least one coiin 
tavns only a finite n/wmb&r of points. 
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The spaces satisfying H may be called modulary and those satisfy¬ 
ing H nonmodular. 

It follows, just as in Theorem 5, that the principle of duality is 
true for any modular space. 

Let n be any parabolic projectivity on a line, and let be its 
invariant point. If iZj. be any other point of the line, the points 

• •• n(5;), 

form a harmonic sequence, by definition. If this is to contain only 
a finite number of points, there must be some positive integer n such 
that n*(.5‘^) = n“(J?g), where m is zero or a positive integer less 
than 71. If 71 — 7/1 = I', we have 

and hence 11* = 1. 

Hence all the pointe of the harmonic sequence are contained in the set 

In case A is not a prime number, that is, it there exist two positive 
integers, different from unity such that h-h^ - let us con¬ 
sider the paraboHe projectivity im The points 

-h;, n«-(a;,)..... 

satisfy the definition of a harmonic sequence. Since any two harmonic 
sequences contain the same number of points, it follows that the given 
sequence could not have contained more than points. In case k^ 
breaks up into two factors, the same argument shows that the given 
harmonic sequence could not contain a number of points larger than 
either factor. This process can be repeated only a finite number of 
times and can stop only when we arrive at a prime number. Hence 
we have 

Theorem 21. The nwmher of points in a harmonic sequence is prime. 
The points of a harmonic sequence may he denoted hy 

.... 

v^re IS. is a parabolic projectivity. The periody py of any paraholic 
projectivity is a prime number. 
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With reference to a scale in which if, = 0, 11 = 1, and the limit 

point of the harmonic sequence is oo, 11 has the equation 

X^z=z x + 1. 


Hence the coordiuates of the points in the harmonic sequence are 

0, 1, 2, •. p -1, 

respectively, where 2 represents 1 +1, 3 represents 2+1, etc. Since 
= 1, we must have that p = 0, p + l = l, np-^Jc = k, etc. In other 
words, the coordinates of the points in a harmonic sequence are ele¬ 
ments of the field obtained by reducing the integers modulo p, as 
explained in § 72, Yol. I. 

By Theorem 14, Chap. VI, Yol. I, the net of rationality determined 
by the points whose coordinates are 0, 1, co consists of the point oo 
and all points whose coordinates are obtainable from 0 and 1 by 
the operations of addition, subtraction, multiplication, and division 
(except division by zero). Since all numbers of this sort are con¬ 
tained in the set 

0, 1, •••, _2?-l, 

we have 

Theorem 22. The number of points in a net of rationality in a 
modular space is p-\-\, p being a prime number constant for the 
space in question. 

Obviously, if Assumption Q (§10) be added to the set A, E, H, 
the number of points on any line must be ^ +1, being prime. 
A space satisfying A, E, H shall be called a rational modular space. 
The problem of finding the double points of a projectivity in a rational 
modular space of one or more dimensions leads to the consideration 
of modular spaces bearing a relation to the rational ones analogous 
to the relation which the complex geometry bears to the real geometry. 
The existence of such spaces follows from the considerations in Chap. 
IX, YoL I (Propositions and KJ. The geometric number systems 
for such spaces may be finite* (Galois fields) or infinite.! 

*E. H. Moore, The Subgroups of the Generalized Finite Modular Group, 
Decennial publications of The University of Chicago, Vol. IX (1903), pp. 141-100 ; 
L. £. Dickson, Linear Groups, Chap. I. 

t L. E. Dickson, Transactions of the American Mathematical Society, Vol. VIII 
(1907), p. 889. See also the article by E. Steinitz referred to in § 92, Vol. I. 
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17, Recapitulation. The various groupings of assumptions which 
we have considered thus far may be resumed as follows: A space 
satisfjdng Assumptions 


A,E 
A,E,P 
A,E, H 
A, E,H 
A, E, S 
A, E, H, Q 
A, E, H, Q 


is a general projective space; 

is a proper projective apace; 

is a nonmodular projective space; 

is a modular projective space ; 

is an ordered projective apace; 

is a rational modular projective space; 

is a rational nonmodular projective space; 


A, E, H, C, Pt\ 
or A, E, K J 
A, E, H, C, E, I 
or A, E, J 


is a real projective space; 
is a complex projective space. 


The first six sets of assumptions are not, and the remaining ones 
are, categoricaL The set of theorems deducible from any one of these 
sets of assumptions is called a projective geometry, and the various 
geometries may be distinguished by the adjectives applied above to 
the corresponding spaces. 
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18. Direct and opposite projectivities on a line. In § 9 a point A 
was said to precede a point B relative to a scale ^ if tlie coordi¬ 
nate of -4 in this scale was less than the coordinate of B, Supposing 
the coordinate of ^ to be a and that of B to be the projectivity 
changing ^ to ^ and B and leaving fixed has the equation 

(1) a/= (6 — a)£c-f-a. 

Tn this transformation the coefficient of a; is positive if and only if 
A precedes B. But the transformations of the form 

(2) a/ =: a£c + A 

where a is positive, evidently form a group. This group is a subgroup 
of the group of all projectivities leaving li invariant, for the latter 
group contains all transformations (2) for which a: =7^ 0. 

The group of transformations (2) for which a is positive is, by what 
we have just seen, such that whenever a pair of points A and B are 
transformed to A^ and respectively, A precedes B if and only if A^ 
precedes The discussion of order relative to a scale could therefore 
be based on the theory of this group, 

The order relations defined by means of this group have all, how¬ 
ever, a special relation to the point and they can all be derived by 
specialisation from a more general relation defined by means of a more 
extensive group. We shall therefore enter first into the discussion of 
this larger group, and afterwards (§ 23) show how to derive the rela¬ 
tions of " precede ” and follow ” from the general notion of " sense.” 
The definitions for the general case, like those for the special one, will 
be seen to depend simply on the distinction between positive and 
negative numbers. 

A projective transformation of a line may be written in the form 


^3) 


K - ^ 00^0 + ^ 01 ^ 1 * 


A=: 


Of o 

00 01 

Of o 

10 11 


= 5 ^= 0 , 


where the a^.’s are numbers of the geometric number systenL 
. 37 
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Under Assumptions A, E^ H, 0, R (or A, E, K) the are real 
If attention be restricted to a single net of rationaJitv satisfying As¬ 
sumption H, the may be taken (Theorem 6, Cor. 2, Chap. I) as 
integers. The discussion which follows is valid on either hypothesis.* 

Defixitiox. The projectivities of the form (3) for which A > 0 
are called direct^ and those for which A < 0 are called opposite. 

Since the determinant of the product of two transformations (3) 
is the product of the determinants, the direct projectivities form a 
subgroup of the projective group. The same transformation (3) cannot 
he both direct and opposite, for two transformations (3) are identical 
only if the coef&eients of one are obtainable from those of the other 
by multiplying them all by the same' constant p; but this merely 
changes A into /d'A. 

In form, the definition is dependent on the choice of the coordinate 
system which is used in equations (3). Actually, however, the defi¬ 
nition is independent of the coordinate system, for if a given projec- 
ti\dty has a positive A with respect to one scale, it has a positive A 
with respect to every scale. This may be proved as follows: 

I^t the fundamental points of the scale to which the coordinates 
in (3) refer be , and let be the fundamental points of 

any other scale. By § 66, VoL I, the coordinates of any point R 
with respect to any scale are such that yjy^ = gj Q^R). 

Suppose that, relative to the scale JJ, P,, R, the projectivity which 
transforms to R, J?, R respectively has the equations 


( 4 ) 


^ 1 = 


10 “u 


0 . 


Thus any i^int S. whose coordinates relative to the scale ^ 
(^o< *i) is transformed by this projectivity to a point B' whose 
coordinates relative to the scale are y). 

Since cross ratios are unaltered hy projective transformations, 

B ( Q. Q^, Q^R) = B (5-^, P^R') = h. 

Hence it foUows that if and are the co&rdinaL of any point R 
relative to the scale the corresponding values ofy^ and y^given 
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by (4) are the co&rivmtes of B relative to the scale Q^, Q^, Q^. Let ti 3 
indicate (4) by = T{x^, and (3) by « a^) =S{x^, x^. 

Kow a direct transformation (3) carries a point whose coordinates 
relative to the scale ij, ij, R are into one whose coordinates rela¬ 

tive to the same scale are (a;', where (a:-, x[) = S(x^, x^. The coordi¬ 
nates of these two points relative to the scale Q^, Q* are = 

T(x^, x^ and y[) = T(xl^, x[) respectively. Hence, by substitution, 

yO = TiSix^, x^) = T(S{T-^(y^, y^t)), 
or {yi,y[) = TST-^{y„y;), 

where T~'^ indicates, as usual, the inverse of T, The determinant of 
the transformation TST^"^ is 

x^a 

A'=i)A§. 

where K is real (or rational), and A' therefore has the same sign as A. 
Thus the definition of a direct projectivity is independent of the 
choice of the coordinate systeim 

This result can be put in another form which is important in 
the sequel: 

Definition. Two figures are said to be eoiijugate mider or equiva-^ 
lent with respect to a group of transformations if and only iE there 
exists a transformation of the group carrying one of the figures into 
the other. 

Theohem 1. If two sets of points are conjugate under the group of 
direct projectivities on a line, so are also the two sets of points mto 
which they are tramformed ly any projectivity of the line. 

Proof Let iS be a direct projectivity changing a set of points \A\ 
into a set of points [j5], and let T be any other projectivity on the 
line, and let T{Jl) = A* and T{B) = Since (A^) — A, S{A) = B, 
and T{B)z=zB', it follows that TST'''^{A-)—B\ But the discussion 
above shows that TST~^ is a direct projectivity. Hence \_A^'\ and 
[B^] are conjugate under the group of direct projectivitiea, as was 
to be proved. 

According to the definition in § 75, Vol. I (see also § 39, below), the group 
of direct projectivities is a self-conjugate subgroup of the group of all projec- 
tivities on a line. Since this is the only relation between the two groups 
which we have employed in the proof of the theorem above, this theorem 
can be generalized to any case in which we have one group of transformations 
appearing as a self-conjugate subgroup of another. 
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EZESCISSS 

1. Within the field of all real numbers the poative numbers may be defined 
as those numbers different from zero which possess square roote. Generalize 
this definition to other fields, and thus generalize the definitions of direct 
projectivities. In each case determine how far the theorems on sense and 
order in the following sections can be generalized (cf. § /2, VoL ^ 

2. The group of projecti\-itiea which transform a net of rationality into 
itself has a self-conjugate subgroup consisting of those transformations which 
are products of pairs of involutions having their double points in the net of 
rationality. This group contains aU projectivities for which the determinant 
ia the square of a rational number. 

*a. Work out a defimtion and theory of the group of direct projectivities 
independent of the use of coordinates. This may be done by the aid of 
theorems in Chap. VTII, Yol. I (cf. §§69 and 70, below). 

19. The two sense-classes on a line. Deitsition. Let be 

any three distinct points of a line. The class of all ordered* triads 
of points ABC on the line, such that the projectiyitiea 

are direct, is called a sense^lass and is denoted by jS'(-djj.BjjC'jj). Two 
ordered triads in the same sense-class are said to have the same sense 
or to he in the same seme. Two coUinear ordered triads not in the same 
sense-dass are said to have opposite senses or to he in opposite senses. 

One sense-class chosen arbitrarily may be referred to by a particnlar name, 
as right-handed, clockuiUe, podLive, etc.f 

The term “ sense,” standing by itself, might have been defined as follows: 
" The senses are any set of objects in one-to-one and reciprocal correspondence 
with the sense classes.” This is analogous to the definition of a vector given 
in § 42. When, there is question only of one line, any two objects whatever 
may serve as the two senses—for example, the signs -1- and — . This agrees 
with the definition of sense as «the sign of a certain determinant.” When 
dealing with more than one line, it is no longer correct to say that there are 
two senses; there are, in facty two senses for each line. 

* “ Order,” here, is a logical rather than a geometrical term, just as in the defi¬ 
nition of “ throw ” {§ 23, Yol. I). It iya device for distinguishing the elements of 
a set. For example, when we say that ABC cannot be transformed into A CB by 
any transformation of a given group, it is a way of saying that the group contains 
no transformation changing A Into A^ B into C, and C into B. 

t A partial list of references on the notion of sense in one and more dimensions 
would include: MObius, Barycentrlsche Calcul, note In § 140 ; Gauss, Werke, Vol. 
VUI, p. 248; von Staudt, Beitrage zur Geometrle der Lage, §§ 3,14; Study, Archiv 
der Mathematik und Physik, Yol. XXI (1913), p. 193; Enoyclopfidie der Math, 
Wias. Ill AB 7, p. 818. 
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When one adopts as we do, 'Qie symbol S(ABC) to stand foT a sense-class, 
there is no occasion for attaching a separate meaning to the word " sense.” It 

may be regarded as an incomplete symbol,* lihe the ^ in the ^ of the calculus. 

ax dx 

Theorem 2. IftheorderredtriadABCisint'h&sensb^la&aS^A^B^C^, 
thm S{ABC)=S{A^B^C^). If S(ABG)^ S{A'B'C) and S^A'B'G) 
= S(A"B"C"), then S(ABC) =S{A"B"C"). 



ABO 


y ^ 

Fig. 6 


A' S' 


Proof. Both statements are consequences of the fact that the direct 
projectivities form a group. 

Theorem 3. If S(ABC)=^ SiA'B'C) and S(A'B'C')=^ S(A''B"C"), 
then S{ABC) = S{A"B"a’). 


0* 


C' 5' 


-O-0-O-O-O-O- 

A B C A" B’' A' 

Fig. 7 


Proof. If S{ABC)^ S(A'B^C^), the projectivity ABCj^j^B^O ia 
opposite. Hence the theorem follows from the fact that the product 
of two opposite projectivities is direct. 

COEOLLABY. There are two and only two sensenilasses on a line. 

Theoeem 4. If A, B, C are distinct collinear 'points, S{ABC) 
= S{BCA) and S{ABC)-^ S{ACB).\ 

Proof. Let A, B, C be taken as (1, 1), (1, 0), (0, 1) respectively. 

x'- X. 

•^0 — ■ ** 1 * 

is an opposite projectivity interchanging B and C and leaving A 
invariant. Hence S{ABC) ^ S{ACB). In like manner, we can prove 
that S(ACB)^S(BCA). It foUows, by Theorem 3, that S(ABC) 
= S(BCA). 

* The term “ incomplete symbol ” appears in Whitehead and Enssell’s Prlncipia 
Mathematica, Yol. 1,'Ghap. ni) of the Introduction, together with a discussion of 
Its logical significance. 

t This may be expressed by the phrase “ Sense is preserved by even and altered 
by odd permutations.” A transposition is a permutation in which two and only two 
elements are interchanged, and an even (odd) permutation is the resultant of an 
even (odd) number of transpositions. Of. Burnside, Theory of Groups of Finite 
Order, Chap. I. 
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Theorem 5. If S{ABD) = S{BCD), then S{ASD)=S{ACD). 
Proof Choose the coordinates so that D = (0, 1)> A = (1, 0), 
5= (1, 1). The transformation of ABD to BCD may be written in 

the form q q - O - O— 

®o = *»» A B CD 

x[ = x„-i-axi. I'm. 8 

because (0,1) is invariant and (1, 0) goes to (1,1). This transforma¬ 
tion will be direct if and only if a > 0. The point C, being the trans¬ 
form of (1, 1). is (1, 14-a). Tlie transformation carrying ABD to 

x' = x„ 

(1 

which is direct because (1+ «) > 0. 

As an immediate consequence of Theorem 1 we have 
Theorem 6. IfS(ABC)=S(Afi^C^)andAPCA^B^Gj^A'B'C'AiBiG[, 
S(A'B'C') = SiA[B[C^. 



Theorems 2-6 contain the propositions given in § 15, Chap. I, as Assump¬ 
tions S. Theorem 6 is slightly more general than S 7 but is directly deducible 
from it. The developments of the following sections will be based entirely on 
these propositions, and hence belong to the theoiy of any ordered projective 
space, except where reference is made to figures whose existence depends 
on Assumption P. Theorems of the latter sort hold in any space satisfying 
A, E, P, S. 

These propodtions have the advantage, as assumptions, of corresponding to 
some of our simplest intuitions with regard to the linear order relations. The 
reader may verify this by constructing the figures to which they correspond 
(cf. figs. 6-9). Each proposition will be found to correspond to a number of 
visually distinct figures. 
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20. Sense in any onesiimensional form. Definition. If 1, 2, 3. 
1', 2', 3' are elements of the same one-dimensional form, and A, B, (7, 
A\ B\ C" are coUinear points such that 

then the ordered triad 123 is said to Tia/ce the same sense as 1^2'3^ ii 
and only if S(ABC) = S(A'B'C'). The set of all ordered triads having 
the same sense as 123 is called a sense-class and denoted by aS'(123). 

In view of Theorem 6 this definition is independent of the choice 
of the points A, B, C, A', B', C'. It is an immediate corollary" of the 
definition that the plane and. space diiEils of Theorems 2-6 all hold 
good (of. figs. 10 and 13). 

By the definition of a point conic there is a one-to-one correspond¬ 
ence between the points [P] of the conic and the lines joining them 
to a fixed point of the conic. We now define any statement in 



terms of order relations among the points of the conic [P] to mean 
that the same statement holds for the corresponding lines [J?P]. By 
Theorem 6, above, together with Theorem 2, Chap. V, VoL I, it follows 
that this definition is independent of the choice of the point ij. The 
definitions of the order relations in the line conic, the cone of Lines, 
and the cone of planes are made dually.* 

The propositions with regard to sense are perhaps even more evident intu- 
itionally when stated with regard to a conic or a flat pencil than with regard 
to the points of a line (cf. figs. 10 and 11). 

* These definitions are in reality special cases of the definition given above for 
any one-dimensional form, since the cones and conic sections are one-dimensional 
forms of the second degree (§ 41, Vol. I) and since the notion of projectivity 
between one-dimensional forma of the first and second degrees has been defined 
in § 76, Vol. I. However, at present we do not need to avail ourselves of the 
theorems in Chap. VIII, Vol. I, on which the latter definition is based. 
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21. Separation of point pairs. DEmiTio>'. Two points A and B of 
a line are said to separate two points C and J) of the same line if and 
only if S{ABC) ¥= S{ABD). This is indicated by the symbol AB II CD. 

Theobem 7. (1) The relation AB li CD implies the relations CD II AB 
and AB'iDC, and excludes the relation ACWBD. (2) Given any 
four distinct points of a line, we have either AB II CD or AC\^ BD 
or ADWBC. (3) From the relations ABWCD and ADBE follows 
the relation AD II CB. (4) If AB II CD and ABCD^A'B’C'D', then 
A'B'CD'* 

Proof. (1) If AB il CD, we have 

(5) S{ABC) ¥= S{ABD), 

which, by the definition of separation, implies AB II DC. By Theorems 
2-6 we obtain successively, from 

S(ABC) = S{ADB), 

S{ABC)=S{ADC), 

S(ACB) = S(DAB), 

S(ACB) = S{DCB), 

S(ABC) = S{CDB). 

S(pDA)^S{CDE), 

the last of which implies CD WAB. The relation ^0II BD is excluded 
because it means S(ACB) S{ACD), which contradicts the second of 
the equations above. 

(2) By the corollary of Theorem 3 we have either S(ABC)4^ 
S(ABD) (in which case AB\ICD) or S{ABC) = S(ABD). In the 
latter case either S{ABC)=f= S{ADC) or S{ABC) = S{ADC). The 
first of these alternatives is equivalent to S{ACB)^ S{ACD) and 
yields AC^BD', the second implies S(ADC) = S{ABC) = S{ABD) 
^ S(ADB), and thus yields AD^BC. 

(3) The hypotheses give (7) #= S{ABD) and S{ADS) S{ADE). 

The first of these gives S(BCA) = S{DBA), which, by Theorem 6, 
implies S{DBA) = S{D CA), and thus S{ADB) = S{AD C). Hence, by 
the second hypothesis, S{ADC) =# S{ADE), and therefore AD II CE. 

(4) This- is a direct consequence of Theorem 6. 

* The properties expressed in this theorem are sufficient to define ahstrootly the 
reladon of separation. Cf. Yidlali, Bevne de Mathftnatlqnes, Vol. Y, pp. 76, 183; 
also Padoa, Revue de Mathdmatiqnes, Yol. VI, p. SS. 
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Theorem B. If A and B are harmonically conjv/gate with regard 
to C and they sejparate C and D. 

Proof Bj Theorem 7 (2) we have either AB II CD ov AC WBD or 
ADWBC. We also have ABCDj;^BACD, Hence AC'^\BD would 
imply II ADy contrary to Theorem 7(1); and AD II BC would imply 
BD WACy contrary to Theorem 7 (1). Hence we must have AB II CD. 

Theorem 9. An involution in vjhich tvjo pairs separate one another 
has no d,ouble points. 

Proof Suppose that the given involution had the double points 
My Ny and that the two pairs which separate one another are Ay A^ 
and By Bl respectively. Since the involution would be determined 
by the projectivity 
in which, by Theorem 8, 

S{MNA) =?t S{MNA!)y 

it would follow, by Theorem 6, that every ordered triad was carried 
into an ordered triad in the opposite sense. Since the involution 
carries AJ!B to AlAB^y we should have 

S{AA!B) -h S{AUB '); 
and hence S {AA!B) = S {AAlB^), 

contrary to hypothesis. 

This theorem can also be stated in the following form: 

Corollary 1. An involution -with double points is such that no two 
pairs separate one another. 

Corollary 2. If an involution is directy each pair separates every 
other pair. If an involution is opposite, no pair separates any other 
pair. 

22. Segments and intervals. Dettnitioh. Let 4,^, C be any three 
distinct points of a line. The set of all points X such that 
S{AXC) ^S{ABC) 

is called a segment and is denoted by ABC. The points A and C are 
called the ends of the segment. The segment ABCy together with its 
ends, is called the interval ABC. The points of ABC are said to be 
interior to the interval ABCy and A and C are called its ends. 

Corollary 1. A segment does not contain its ends. 

Corollary 2. If D is in ABC, then 


ABC^ADC. 
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COEOLLART Z. If D is in ABC, then B and Z> are not separated hy 
A and C, 

Theorem 10. If A and B are any tv:o distinct jpoints of a line, there 
are tico and only tivo segments, OAid also two and only two intervals, 
of vjhich A and B are ends. 

Proof. Let C and D be two points which separate A and B har- 
monicaUy. If X is any point of the Line distinct from A and B, either 
S{AXB) = S{ACB) 
or S{AXB)^S{ADB). 

In one case X is in -4 CB, and in the other case in ABB. 

Lefixitiox. Either of the two segments (or of the two interv'als) 
W'hose ends are two points A, B may be referred to as a segment AB 
(or ah interval AB). The two segments or intervals AB are said to 
be complementary to one another. 

Corollary. If A, B, C are any three distimt points of a line, the 
line consists of the three segments complementary to ABC, BCA, CAB, 
together with the points A, B, and C. 

Proof. Any point X distinct from A, B, C satisfies one of the rela¬ 
tions AC IBX or AB li CX or AXX^BG. 


Theorem 11.^ A^, A^, • ■ is any set of n(p>l) distinct points 
of a line, the remaining points of the line constitute n segments, each 

T • I T . m 


A^, 


A^ as end points and no 

A^ 


of which has two of the points A 
two of which have a point in common. 

Proof The theorem is true for n=z 2, 
by Theorem 10. Suppose it true iovn^lc. 

If A- -f-1 points are given, the point A^^^^ 
is, by the theorem for the case n^Jc, on 
one of the k segments determined by the 
other k points, say on the segment whose 
ends are A^ and A^ By the corollary to 
Theorem 10, this segment consists of 
together with two segments whose ends 

are respectively Aj._^^, A^ and Aj. Hence the theorem is valid 
for ?i = A +1 if valid for n = h. Hence the theorem is established by 
mathematical induction. 

Defixitiox. a finite set of coBinear points, A,(i = 1, ■ ■ n), is in 
the yeoTneirical ordsr « no two of its pi)ints are 
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separated by any of the pairs -4 .^q, • • •, As an obvious 

consequence of Theorem 11 we now have 

Theorem 12. To any set [^] ofn points of a line the notation A^, 
A^, • • •, A^ may be assigned so that they o.re in the order {A^A^ • • • A^. 
A set of points in the order {A^A^ • • • -4^- is also in the orders 
• • • A„A^} and {A„A„_^ ■ ■ ■ A^^}. 


EXERCISES 

1. If ARII CD and A C II RE, then CD !l RE. 

2. The relations AD II CD,AB !l CE, AB WDE are not possible simultaneously. 

3. Any two poiuts A, B are in the orders {AR} and {RA}. Any three 
coUinear points are in the orders {ARC}, {ACR}, {CAR}. 

23. Linear regions. The set of all points on a line, the set of all 
points on a line with the exception of a single one, and the segment 
are examples (cf. Ex. 1 below) of what we shall define as linear regions 
on account of their analogy with the planar and spatial regions con¬ 
sidered later. 

Definition. A region on a line is a set of coUinear points such 
that (1) any two points of the set are joined by an interval consisting 
entirely of points of the set and (2) every point is interior to at least 
one segment consisting entirely of points of the set. A region is said 
to be con/vex if it satisfies also the condition that (3) there is at least 
one point of the line which is not in the set. 

Definition. An ordered pair of distinct points AB of a convex 
region R is said to be in the so.me sense as an ordered pair AB^ of R 
it and only if S(ABAy,) = S(AB-Aa:), where A* is a point of the Une 
not in R. The set of aU ordered pairs of R in the same sense as AB 
is denoted by S(AB) and is caUed a senserclass. The segment comple¬ 
mentary to AA„B is caUed the segment AB. The corresponding inter¬ 
val is caUed the interval AB. A set of points of R is said to be in 
the order {A^A^ • • • AJ- if they are in the order {A^A^ • • • A„A*}. If C 
is separated from A* by A and B, C is between A and B with respect 
to R. If S{AB) = R(CD), then C is said to precede D, and JD to follow 
C, in the sense AB. 

If there is a point R«, other than A*, which is not in the convex 
region R, the sense S(ABA„) is the same as the sense S(ABB^), and 
the segment AAa,B is the same as the segment AB^B. Hence 
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Theorem 13, For a given convex region R the above definition has 
the scLitie 'meaning if any other jpoint collinear v)ith R hut not in R he 
suhstitnted for 

Corollary 1. If S(AB)=jS(A'B') and S{£B^)^S{A!'B% then 
S{AB)=S{A^'By 

Corollary 2. If S{AB)^ S{A^B^) and S{AlB^)^ S{A^^B% then 

Corollary 3. S { AB )^ S { BJ ^. 

Corollary 4. If S{AB)—S{BC), then S{AB) — S{AG). 

These corollaries are direct translations of Theorems 2~5 into our 
present terminology. Theorem 7 translates into the following state¬ 
ments in terms of betweenness: 

Theorem 14, (1) If C is between A and By then B is rwt between A 
and C. (2) If three points A, B, C are distincty C is between A and B 
or B is between A and C or A is between G and B. (fi) If G is between 
A and B and A is between B and F, then G is between B and K 

Theorem 7 translates into the following statements in terms of 
"precede” and "follows” 

Theorem 15. (1) If C precedes B in the sense AGy then B does riot 
precede G in this sense. (2) In the scTise AGy either B precedes G or G 
precedes B. (3) Ify in the sense AB, A precedes G and E precedes Ay 
then E precedes G. 

Depikitiox. If A and B axe any two points of a convex region R, 
the set consisting of all points which follow A in the sense AB is 
called the ray AB. The point A is called the origin of the ray. The 
ray consisting of all points which precede A in the sense AB is 
said to be opposite to the ray AB. The set of all points which 
precede A in the sense AB is sometimes called the prolongation of 
{he segment AB beyond A 

EXERCISES 

1. A convex region on a line is either a segment or the set of all points on 
the line with the exception of one point* 

2. If three points of a convex region are in the order {ABOy they are in 
the order {CBA} hnt not in the order {ACB} or {CAB). 

3. In a convex region^ if A is between B and C, it is between C and B. 

4. Between any two points there is an infinity of points. 


* This exercise requires the use of an assumption of continuity (0 and By or 
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5. If B is on AC and C is on BDy then C is on AD and 5 is on AD. 

6. The relations S is on ^1(7, R is on AD, -5 is on CD are not possible 
simultaneously. 

7. If B and C are on ADy then R is on AC or on CD. 

8. Choosing a system of nonhomogeneous coordinates in which A**, is oo, 
show that the sense AR is the same as the sense A'R' if and only if R — A 
is of the same sign as B' — A'\ also that two point pairs have the same sense 
if and only if they are conjugate under the group 

= ax by 

where a > 0. 


24. Algebraic criteria of sense. If A = a^, 6j), and 

C= (Cj, Cj) are any three distinct points of the line, the transformation 


changes (1, 0), (0, 1), and (1, 1) into A, B, and C respectively if and 
only if Pq and satisfy the equations 

^o = /’o^o + /^A» 

^=Po^i+pA> 


that is, if 



e b 

0 c 

£s- 

Cl i, 






With this choice of p^/p^ the determinant of the transformation (6) 
is of the same sign aa 


«=!»• I- 

l“l h 


|6„ e„ 

j.® “ 


c a 
1 1 


By definition the projectmty is direct if and only if R is positive. 
Now if A' = a[)y R' = (h^y b^)y C' = {c^, are any three points of 
the Une, and 


R' = 


< A\ 

\K 

«o' 



4 


Uo' 


*0. 


c[ a[ 




two caaes are possible. If S! is of the same sign as S, the projectivities 
in which 


(7) (1,0)C0,1)(1,1)7^AR67, 

(8) (l,0)(0.1)(l,l)x^'.B'C" 


are both direct or both opposite, and hence the projectmty in which 

(9) ABC-f^A!B'C' 
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is direct. If iS" is opposite in sign to S, one of the projectivities (7) and 
(8) is direct and the other opposite, and hence (9) is opposite. Hence 
Theokem 16. Let A=(ag, a^),£={\, 6j), C = (c^, c^, A' = (a'„, a^), 
B'= (b[, h[), C"= (c', c[) he collinear points. Then S{ABC) = S^A'S'C) 
if and only if the expressions 


® 7 .“ 

a 0 
1 


K e. 
1° “ 


0 0 
G CL 

1 


CLlld 


K 


K <='o 

a[ l[ 


K ci 


< < 
Cj a[ 


have the same sign. 

Corollary 1. Three ^points given hy the finite nonhomogeneous codr~ 
dinates a, h, c are conjugate under the group of all direct projectivities 
to three points given hy the finite nonhomogeneovLS coordinates a\ Vy c\ 
respectivelyy if and only ^ (a — 6) (J — c) (c—a) and (a' — V) (&' — d) 
{d — a') have the same sign. 

Proof. Set a = h = hjb^y c = and apply the theorem. 

Corollary 2, Two points given hy the finite nonhomogeneous coor¬ 
dinates a and h are conjugate under the group of all direct projectivities 
leaving the point co of the nonhomogeneous coordinate system invariant 
to the two points given hy the finite nonhomogeneous coordinates al and V 
respectively if and only if a —I and d — V have the same sign. 

Proof Set a^aja.yh'^h^fb^y c^= 0, c^=l,and apply the theorem. 

Theorem 17. A, JB separate C, I) if and only if the cross ratio 
Bf {AB, CD) is negative. 

Proof. By the last theorem, A, B separate (7, 2) ii and only if 


a h. 
0 0 


0 0 


fin 

0 0 

and 

a h 

0 0 




^0 “o 





c a 

1 1 


a h 

1 *^1 






are opposite in sign. But the quotient of these two expressions has 
the same sign as B {AB, CD) (cf. p. 165, Chap. VI, VoL I). 

With the aid of this theorem the proof of Theorem 7 can he made 
much more simply than in § 21. 

25. Pairs of lines and of planes. Theorem 18. The points of space 
not on either of two planes <x and fall into two classes such that two 
points Oj, 0^ of the same class are not separated hy the points in which 
the line Op^ meets the planes a and )8, while two points 0, P of differ¬ 
ent classes are separated hy Hie points in which the line OP meets a and 

Proof By the space dual of Theorem 10 the planes of the pencil 
a/8 are separated hy a and /8 into two segments. Let [0] be the set 
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of points on the planes of one of these segments but not on the line 
and let [P] be the set of the points on the planes of the other 
segment but not on 
the line a^. 

The two planes 
and TT of the pencil 
which are on any two 
points 0 and P are 
separated by a and ^8. 

Hence, by Theorem 7 
and § 20, the points 
in which the line OF 
meets a and y8 are 
separated by 0 and P. 

In like manner, any 
two points Oj, Og de¬ 
termine with the line a pair of planes (or a single plane) not sepa¬ 
rated by a and A and hence the line 0^0^ meets a and yS in points (or a 
single point) not separated by 0^ and 0,. By the same reasoning, any 
line JiE meets a and yS in points (or a point) not separated by and 

Corollary 1, If I and m are two cojplanar lines, the points of the 
plane which are not on I or m fall into hvo classes such that two points 
0^, Og of the same class are not sepa¬ 
rated hy the points in which the line 
meets I and m, while two points 0, 

P of dijferent classes are separated ly 
the points in which OF meets I and m. 

Corollary 2. There is only one 
pair of classes [0] and [P] satisfying 
the conditiom of the above theorerm 
{or its first corollary) determined hy a given paAr of planes (or lines), 

Defin^ition. Two points in different classes (according to Corol¬ 
lary 1) relative to two coplanar lines are said to be separated by the 
two lines; otherwise they are said not to be separated by the lines. 
Two points in different classes (according to Theorem 18) relative to 
two planes are said to be separated by the two planes; otherwise 
they are said not to be separated by the planes. 
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EXERCISES 

1. If \ and /j are two coplanar lines and 0 any point of their common 
plane^ all triads of points in a fixed sense-class on are projected from 0 
into triads in a fixed sense-claas on (Theorem 6). If P is any other point 
of the plane, it is separated from 0 by and Zg if and only if triads in the sense 

are not projected from P into triads in the sense S^. 

This problem can be stated also in terms of the sense of pairs of points in 
the region obtained on or Zg respectively by leaving out the common point. 
The theorem in this form is generalized in § 30. In the form stated in Ex. 1 
it has the following generalization. 

2. If Zj and Z^ are two noncoplanar lines, and o is any line not intersecting 
them, all triads in a fixed sense on Z^ are axially projected from o into 
triads in a fixed sense on Zg (Theorem 6). The lines not intersecting Zj and 
Zg fall into two classes: those by which triads in the sense S-^ are projected into 
triads in the sense S^, and those by which triads in the sense are projected 
into triads in the sense opposite to Sy 

3. Obtain the definition of separation of two coplanar lines by two points 
as the plane dual of the definition of separation of two points by two coplanar 
lines. Prove that if two coplanar lines separate two points, then the points 
separate the lines. State and prove the corresponding result for pairs of points 
and of planes. 

26. The triangle and the tetrahedron. 

Theorem 1^, If a line I Tiot passing through any vertex of a triangle 
ABC meets the sides BC, CA, AB in A^, B^, respectively, then any other 
line m which meets the segments BAfi CB^A also meets the segmentAC^. 

Broof Suppose first that m 
passes through A^\ then 

and hence, if and B^ do not 
separate A and C, and do 
not separate A and B. Similarly, 
the theorem is true if m passes 
through B^. 

If m does not pass thiough or B^, let m' be a line joining A to - 
the point in which m meets CA, By the argument above we hav# 
first that in' meets all three segments BA^C, CB^A, and A^, an^ 
then that m meets them. ^ 

Let us denote the segment AC^B by 7 , BA^^j a, and by / 9 , 
and the scents complementary to a, /3 ,7 by a, 7 respectivdy. The 
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above theorem then gives the information that every line which meets 
two of the segments a:, yS, 7 meete the third. Any line which meets a 
and ^ meets 7 , for, as it does not pass through A or B, it meets either 
7 or 7 ; but if it met 7 , and by hypothesis meets cc, it would meet yS. 
Hence the theorem gives that a, yS, 7 are such that any line meeting 
two of these segments meets the third. By a repetition of this argu¬ 
ment it follows that every line of the plane which does not pass 
through a vertex of the triangle meets all three segments of one of 
the trios and no line whatever meets all three 

segments in any of the trios ay 87 , 

The Lines of the plane, exclusive of those through the vertices, 
therefore fall into four classes: 

( 1 ) those which meet a, 7 , 

( 2 ) those which meet a, y8, 7 , 

( 3 ) those which meet a, y8, 7, 

(4) those which meet a, y 8 , 7 , 

Ho two lines of the same class are sepai'ated by any pair of the 
lines joining the point to the vertices of the triangle, while any two 
lines of different classes are sepeirated by two of the hnes joining 
the point to the vertices. 

This result is perhaps more 
intuitively striking when put 
into the dual form, as follows: 

Theoeem20. The points of 
a plane not on the sides of a 
triangle fall i/nto four classes 
such that no two points 
of the same class are separated 
ly any pair of the points in 
which the line meets the 
sides of the triangle, while 
any two points of different classes are separated by two of the 

points in which the line meets the sides of the triangle. 

Definition. Any one of the four classes of points in Theorem 20 
is called a triangular region. The vertices of the triangle are also' 
called vertices of the triangular region. 



Fig. 10 
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The property of the triangle stated in Theorem 19 can also serve 
as a basis for a discussion of the ordinal theorems on the tetraliedion 
and for those of the {n + l)-point in ?i-space. Suppose we have a tetra¬ 
hedron whose vertices are - 4 ^, A^, A^, A^. Let us denote its faces by 
a^j a^, the face being opposite to the vertex Aj, etc.; let us denote 

the edges by a^, the edge being the line ^ 4 . 

Each edge is separated by the vertices 4> 4 segments, 

which we shaE denote by <r^ and Let tt be a plane not passing 
through any vertex; the six segments which it meets may be denoted 
by o-jg, • • •, and the complementary segments by <r^, ^i 3 > * ’ ^ 43 - 
Then as a corollary of 
Theorem 19 we have 
that any plane which 
meets three nonco- 
planar segments of the 
<r„, •••, 

meets all the rest of 
them, and, moreover, 
no plane meets aU the 
s^ments • • •, - 

If we observe that 
any plane not passing 
through a vertex must 
meet the edges 

^14 ^ three distinct points, it becomes dear that the planes not 
passing through any vertex fall into eight classes such that two planes 
of the same class are not separated by a pair of vertices, whereas 
two planes of different classes are separated by a pair of vertices. 
Under duality we have 

Theorem: 21. The joints not upon the faces of a tetrah^ron fall 
into eight classes such that two points of the same class are not sepa^ 
rated by the points in which the Urn joining them meets the faces, 
whereas two points of different classes are separated hy two of the 
points in which their line meets the faces of the tetrahedron. 

Definition. Any one of the eight classes of points in Theorem 21 
is called a tetrahsdral region. The vertices of the tetrahedron are 
also called vertices of any one of the tetrahedral regions. 



Fig. 17 
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It would be easy to complete the diacussion of the triangle and the 
tetrahedron at this point — for example, to define the term “boundary” 
and to prove that the boundary of any one of the classes of points in 
Theorem 20 is composed of A, B, C and three segments having the 
property that no Hne meets them all We shall defer this discussion, 
however, to a later chapter, where the results will appear as special 
cases of more general theorems. 

27. Algebraic criteria of separation. Cross ratios of points in space. 
The classes of points determined (Theorems 18-21) by a pair of inter¬ 
secting lines, a triangle, a pair of planes or by a tetrahedron can be 
discussed by means of some very elementary algebraic considerations. 
As these are similar in the plane and in space, let us carry out the 
work only for the three-dimensional cases. 

Suppose that the homogeneous coordinates of four noncoplanar 
points Ag, Ag, A^ are given by the columns of the matrix, 


01 0 ; 


03 04 ) 


( 10 ) 


CL.. 


a CL 
21 as 


a CL , 

88 84/ 


and let be the homogeneous coordinates of any other 

point X. Let us indicate by \x, a^\ the determinant of the 

matrix obtained by substituting x^, x^ respectively for the ele¬ 
ments of the first column in the matrix above; by \a^, x, a^| the 
determinant obtained by performing the same operation on the second 
column, etc. The expressions |y, a^\ etc. have similar mean¬ 
ings in terms of the coordinates of a point y^ = F. The 

following expressions are formed analogously to the cross ratios of 
four points on a line (cf. § 58, VoL I): 


( 11 ) 





a . 
8^ 

«* 







a,. 

“»> 

X 

■ l«i> 


"'a. 

y 



X, 


CL 

4 


y. 


®4 


“l. 

CL . 

CL . 

X 




y 



CL . 

X, 

CL 

4 



y> 




CL^j 

%> 

X 

■ l“i- 



y 


Clearly there are twelve numbers which could be defined analo¬ 
gously to these; and if the notation A^, Aj,, Ag, A^, X, F be permuted 
among the six points, 720 such expressions are defined. Each number 
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is an absolute invariant of the sis points, for it is unaltered if the 
coordinates of any point be multiplied by a constant or if all six points 
be subjected to the same linear transformation. 

If Y be not upon any of the planes determined by the points 
A^, there exists a projectivity which carries Y into (1,1,1,1) and 
the points A^, A„, A^, A^ into the points represented by the columns of 


( 12 ) 


/I 0 0 0\ 

0 10 0 
0 0 1 0 1 
\o 0 0 1/ 


Let (X^, Xj, X^, Xg) be the point into which x^) is carried 

by this projectivity. By substituting in (11) we see that 



From this it follows that a,, a, a^\, etc. could he 

taken as the homogeneous coordinates with respect to the tetrahedron of 
reference whose vertices are A^, A„, A^, A^. 

The line (JT^. X^, X,)- X(1, 1. 1, 1) 

meets the planes determined by the four points represented by (12) 
in four points given by the values \ = X^, \ = X^, X = X = X^. 
The cross ratios of pairs of these points with (X^, X^, X^, X^) and 
(1,1, 1,1) are Xyx^, Hence are cross 

ratios of X and Y with pairs of points in which the line joining them 
meets the faces of ths tetrahedron A^A^^A^. 

By Theorem 17, the points X and Y are separated by the planes 
^ ^ ^14 is negativa They will be sepa¬ 

rated by A^A^A^ and A^A^^A^ if and only if is negative, and by 
A^A^^ and A^A^A^ if and only if is negativa Hence, by Theorem 21, 
we have 


Theorem 22. 27ie points X and Y will he in the same class with 
respect to the tetrahedron A^A^A^^ if and only if k^^, k^, k^ are all 
positioe. 

Corollary. The eight regions deterrmned hy the tetrahedron A^A^^A^ 
are those for which the algebraic signs of k^^y k^y k^ appear in the 
foUowing combinations: (-h, -I-, +), (-f-, +, -), (+, +), +, +), 

+)j ^ “)i (+, —, —). 
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Eecalling that [a;, aj= 0 is the equation of the plane 
(of. § 70, VoL I), we see that iE 

a(x)^ a^x^ + ^ a 

^ +^ 2 ^ + ^ 8^8 = 0 

are the equations of two planes, the formula given above for the cross 
ratio of two points X and Y with the points of intersection of the 
Line XY with these planes becomes 

a(x) /3(x) 

(i^> 

Thus two points are in the same one of the two classes determined 
by the planes a(x) and j3 (x) if and only if this expression is positive. 

This result assumes an even simpler form when specialized somewhat 
with respect to a system of nonhomogeneous coordinates. Suppose 
that = 0 be chosen as the singular plane in a system of nonhomo¬ 
geneous coordinates; then the same point is represented nonhomo- 
geneously by (x, y, z) or homogeneously by (1, x, z), and the plane 
represented above by a{x) = 0 has the equation 

a^x + a^y-\-agZ + cf^=0. 

If /3 (£d) = 0 be the plane x^ = 0, the expression for the cross ratio 
written above becomes , v 

which reduces in nonhomogeneous coordinates, when (x^, x^, x^, x^) and 
(yo> Vv Va* replaced by (1, a/, y\ 2 /) and (1, «/', to 

a^a! + a^ + + a^ 

^ + ay + «/' + % 


Hence two points (a', y', z') and (a;", y'^ ar") are separated by the sin¬ 
gular plane, and a^x -f a^y + if and only if the numerator 
and denominator of (14) are of opposite sign. For reference we shall 
state this as a theorem in the following form: 

Theorem 23. The two classes of points determinedy according to 
Theorem 18y iy the singular plane of a nonhomogeneous coordinate 
system and U plane ax-^-hy + cz + d^O are respectively the points 
y» for which ax + iy + cz-\-d is positive and the points for 
which it is negative. 
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EXERCISES 

1. CaiTV out the discussion analogous to the above in the two-dimensional 
case. Generalize to n dimensiona. 

2. How many of the 720 nmnbera analogona to are distinct? 

28. Euclidean spaces. Definition. The set of all points of a pro¬ 
jective space* of n dimensions, with the exception of those on a single 
(n — 1) -space S* contained in the ?i-space, is called a Euclidean space 
of 71 dimensions. Thus, in particular, the set of all but one of the 
points of a projective line is called a Euclidean line, and the set of 
all the points of a projective plane, except those on a single line, is 
called a Euclidean plane. 

Dehnition. The projective (ti — 1 )-space S* is called the singular 
(n — 1)-space or the (n — 1)-space at infinity or the ideal (n — 1)-space 
associated loith the Euclidean space. Any figure in S* is said to be 
ideal or to be at infinity, whereas any figure in the Euclidean ?i-space 
is said to be ordinary. 

The ordinary points of any line in a Euclidean plane or space form 
a Euclidean line and thus satisfy the definition (§23) of a linear 
convex region. The definitions and theorems of that section may 
therefore be applied at once in discussing Euclidean spaces. Thus, 
if A and B are any two ordinary points, we shall speak of ** the seg¬ 
ment ABf " the ray ABf etc. 

The first corollary of Theorem 18 yields a very simple and impor¬ 
tant theorem if the line m he taken as the line at infinity, namely: 

Theorem 24. The points of a Euclidean plane which are Tiot on a 
line I fall into two classes such that the segment joining two poirits of 
the same class does not meet I and the segment joining two points 
of different claves does meet I, 

Corollary. If a is any ray whose origin is a point of I, all points 
of a are either on I or on the same side of I, 

In like manner Theorem 18 yields 

Theorem 2o. The points of a Euclidean threerspace which are not on 
a plane ir fall into two classes such that the segment joining tvjo points 
of the same class does Twt meet tt and the segment joining two points 
of different classes does meet ir. 

♦We shall refer to a line, plane, or n-space in the sense of Chap. I, Vol. I as a 
projective line, plane, or n-space whenever there is possibility of confusion ’with 
other types of spaces. 
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Definition. The two classes of points determined by a line Z in a 
Euclidean plane, according to Theorem 24, are called the two sides 
of L The two classes of points determined by a plane tt in a Euclidean 
three-space, according to Theorem 25, are called the two sides of tt. 

The two sides of tt are characterized algebraically in Theorem 23. 

Definition. An ordered pair of rays A, k having a common origin is 
called an angle and is denoted by 4 hk. If the rays are AB and A C, the 
angle may also be denoted by 4 BA C. If the rays are opposite, the angle 
is called a straight angle; if the rays coincide, it is called a zero angle. 
The rays A, k are called the sides of 4 hk^ and their common origin the 
vertex of 4 hk. 

EXERCISES 

1. The points of a Euclidean plane not on the aides or vertex of a nonzero 
angle 4 fall into two classes such that the segment joining two points of 
different classes contains one point of h or k. In case 4 h,k is not a straight 
angle, one of these two classes consists of every point which is between a point 
of h and a point of k. 

2. Generalize Theorem 25 to n dimensions. 

29. Assumptions for a Euclidean space. A Euclidean space can 
be characterized completely by means of a set of assumptions stated 
in terms of order relations. Such a set of assumptions is given below. 
It is a simple exercise, which we shall leave to the reader, to verify 
that these assumptions are all satisfied by a EucMean space as defined 
in the last section. 

The reverse process is also of considerable interest This consists 
(1) in deriving the elementary theorems of alignment and order from 
Assumptions I-VIII below, and .(2) in defining ideal elements and 
showing that these, together with the elements of the Euclidean space, 
form a projective space. For the details of (1) and an outline of (2) the 
reader may consult the article by the writer, in the Transactions of 
the American Mathematical Society, Vol. V (1904), pp. 343-384, and 
also a note by E. L Moore, in the same journal, VoL XIII (1912), p. 74. 
On (2) one may consult the article by R Bonola, Giomale di Matematiche, 
Vol. XXXVin (1900), p. 105, and also that by F. W. Owens, Trans¬ 
actions of the American Mathematical Society, Vol XI (1910), p. 141. 
Compare also the Introduction to Vol L 

This set of assumptions refers to an undefined class of elements 
called points and an undefined relation among points indicated by 
saying "the points 4, B, C are in the order {ABC}” 
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The assumptions are as follows: 

L If jpoints A, E, C are in the order {ABO}^ they are distinct 

IL If points A^ B, C are in the order {ABC}, they are not i/n the 
order {BCA}. 

DefdsItiox. If A and B are distinct points, the segment AB consists 
of all points X in the order {AXB}\ all points of the segment AB are 
said to he between A and B\ the segment together with A and B is 
called the interval AB; the lineAB consists of A andE and all points X 
in one of the orders {ABX}, {AXB}, {XAB}; and the ray AB consists 
of E and all points X in one of the orders {AXB\ and {ABX}. 

ILL If points C and D{C^ D) are on the line AB, then A is on the 
line CD. 

lY. If three distinct points A, E, and C do not lie on the same line, 
and D and B are two points in the orders {BCD} and {CEA), then a 
point F erists in the order {AFB} and such that D, E, and F lie on 
the same line. 

If A and B are two distinct points, there exists a point C such 
that A, B, and C are in the order {ABC}. 

YI. There exist three distinct points A, B, C not in o/ny of the orders 
{ABC}, {BCA}, {CAB}. 

DmNlTiOX. UA,B,C are three noncoUmear pointa, the set of all 
points collmear with pairs of points on the intervals AB, BC, CAis 
called the plane ABC. 

V ^ ih/ree Tvoneollin^aT points, fheTe exists o, point B 
not in the same plane with A, B, and C. 

YHL Two planes which have one point in common have two distinct 
points in common. 

IX. If A is any point and a any line not containing A, there is not 
more^Mn ovs line through A coplanar with a amd not meeting a. 

XYIL If there exists an infinitude of points, there exists a certain 
pair of points A, C such that if [<r] is any infinite set of segments of 
tlu line AC, having the property that each point of the interval AC 
« a poirU of a segment a, then there is a finite suiset, a , a,... a 
with the same property.* ^ 
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Assumptions I to VIII are sufficient to define a three-space which 
is capable of being eictended by means of ideal elements into a pro¬ 
jective space satisfying A, E, S. This space will not, in general, sat¬ 
isfy Assumption P. If the continuity assumption, XVII, be added, the 
corresponding projective space is real and hence properly projective. 
Assumption IX is the assumption with regard to parallel hnes. 
Assumption VIII hmits the nwber of dimensions to three. 

30. Sense in a Euclidean plane. Suppose that Z. is the line at 
infinity of a Euchdean plane. Every coUineation transforming the 
Euclidean plane into itself effects a projectivity on which is either 
direct or opposite (§ 18). Since the direct projectivities on form a 
group, the planar coUineations which effect these transformations on 

also form a group. 

Definition. A coUineation of a Euclidean plane which effects a 
direct projectivity on the ILae at infinity of this plane is said to be a 
direct coUineation of the Euclidean plane. Any other coUineation of 
the Euclidean plane is said to be opjposite. Let A, B, C be three non- 
coUinear points; the class of aU ordered triads A'B'C^ such that the 
coUineation carrying A, B, and C to A’y B\ and (7' respectively is direct, 
is called a sense-class and is denoted by S{ABC), Two ordered triads 
of noncollinear points in the same sense-class are said to have the 
same smse or to le in the same smse. Otherwise they are said to have 
opposite senses or to he in opposite senses. 

Since the direct projectivities form a group, it foUows that if a triad 
A^B^a is in S{ABC), then S(ABC) =^S{A^B'C'y 

Theorem 26. There are two and only two sense-classes in aEucHdeam 
plane. If Ay By and G are noncollinear pointsy S{ABC) = S{BCA) ^ 
S{ACB), 

Proof, Let A, By C be three nonooUinear points. If Al, are any 
three noncollinear points such that the projecti\dty carrying A, By C 
to A', B\ (7' respectively is direct, S{ABC) contains the triad A'B^C'. 
Because the direct projectivities form a group, S{ABG)^ S{A!B-C-), 
The triads to which ABC is carried by coUineations which are not 
direct aU form a sense-class, because the product of two opposite 
coUineations is direct. Thus there are two and only two sense-classes. 

Suppose we denote the lines BCy CA, AB by a, c respectively 
and let A', ffy be the points of intersection of a, J, c respectively 
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with Z*. The projectivity carrying ABC to BOA evidently carries 
a, b, and c to b,c, and a respectively, and thus carries A'B'G' to B'C'A', 
and thus is direct (§ 19). Hence 

S{ABC) =S{BCA). 

The projectivity carrying ABC to ACB carries A'B'C' to A'C'Bf, and 
hence is not direct; and hence 


S(ABC)=^S(ACB). 


Theorem 27. Two points C and, D are on opposite sides of a line 
S(4SC)* S^AB^. 


This theorem can be derived as a consequence of Ex. 1, § 25. It 
can also be derived from the following algebraic considerations. 

Let us choose a system of nonhomogeneous coordinates in such a 
way that the singular line of the coordinate system is the same as 
the sifigular line of the Euclidean plane. The group of aU projec¬ 
tive collineations transforming the Euclidean plane into itself then 
reduces (§ 67, VoL I) to 


A = 


\ 
a,, k 


¥= 0 . 


(15) + + 

y'=%x+iji+c^ ^ ^ 

If we change to the homogeneous coordinates for which x = x /x 
and y = xfx^, the line at infinity has the equation x^~ 0, and We 
equations (15) reduce to 


= Ci*o -h Oi®! -f \x^, 

On the line at infinity this effects the transformatian 


= ffljajj -f- i^Xf, 

which is direct if and only if A > 0. 

Let the nonhomogeneous coordinates of three points A, B, C be 
(®i> ®j)i (&j) 6j), (Cj, Cj) respectively. The determinant 


“ ri ''s 

K l| 

IS miritipUed by A whenever the points A, B, C are subjected to the 
transformation (lo). This is verified by a direct substitution. Hence 
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the algebraic sign of S is left invariant by all direct coUineations and 
changed by all others. Hence we have 

Theorem 28. An ordered triad of jpoints (a^, (6^, (c^, has 

the same sense as an ordered triad (a{y al), (&{, 6 ^, (ci and only if 
the determinants i ^ ^ u 

K 1 

have the same sign. 

Theorem 27 now follows as a corollary of Theorem 23, § 27. 


1 

1 

and 

6 ' b' 1 

1 

< < 1 


EXERCISES 

1. Ji 4ABC = AA'BC', S{ABC) = S(A'BC'), 

2. Let 4 hk be said to have the same senae as 4 ^'kf if S (ABC) — S(A'B'C'), 
where B is the vertex of 4hk, A a point of A, C a point of ifc, and A', B'j C' 
points analogously defined for 4 Define positive and negative angles and 
develop a theory of the order relations of rays through a point. 

3. Let p and o- be two planes of a projective space which meet in a line ; 
let us denote the two Euclidean planes obtained by leaving out of p and cr 
by Pi and o-i respectively; and let Sp be an arbitrary sense-class in py All 
ordered point triads of Sp are projected from a point 0 not on p or cr into triads 
of a fixed sense-class Sg. in a-y Any other point P not on p or c is separated 
from 0 by p and o- if and only if triads in the sense-class Sp are not projected 
from P into triads of Sg. 

*31. Sense in Euclidean spaces. The definition given above of 
direct transformations in a EucMean plane, baaed on the concept of 
direct transformations on the singular Une, cannot be generalized to 
three dimensions. This is because the plane at mfinity is projective 
and, as will be proved in the next section, does not admit of a dis¬ 
tinction between direct and opposite projectivities. Nevertheless, the 
algebraic criterion A > 0 does generalize and is made the basis of the 
definition which follows. 

With reference to a nonhomogeneous coordinate system, of which 
the singular (n — l)-space ig the (n — 1 )-space at mfinity, the equations 
of any projective coUineation of a Euclidean Tz^-space take the form* 

(18) scf^ = ‘ 

where the determinant \a^.\ is different from zero. The resultant of 

• The readei>may, If he wishes, limit attention to the case n = 3. We have not 
actually developed the theory of coiJrdinate systems in n dimeufflons, but as there 
Is DO essential diSerence In this theory between the three-dimensional case and the 
n-dimensional, we do not intend to write out the details. 
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two transformations of this form has a determinant which is the 
product of the determinants of the two transformations. Smce the 
coefBcients appear nonhomogeneously in (18), it is clear that a seK 
conjugate subgroup of the group of aU transformations (18) is defined 
by the condition \a,j\> 0. It foUows by the same reasoning as used 
in § 18 that this subgroup is independent of the choice of the frame 
of reference, so long as the singular {n — l)-space coincides with the 
singular {n — l)-space of the corresponding Euclidean 7 i-space. 

Definition. The group of all transformations (18) for which the 
determinant |oe^j|>0 is called the group of direct coDineations. In a 
Euclidean 7 i-space let A^, • ■ be + 1 linearly independent 

points; the class of all ordered (u4-1)-ads* A^A^ • • • A'such that the 
collineation transforming A^, A^, * ‘ intoAi 4, •••, 4+1 respec¬ 

tively is direct is called a seme-class and is denoted by S • • • 4+i)- 

Theorem 29. ITiere are tico and only two sense-classes in a Euclidean 
n-space. The sense-class of an ordered n-ad is unaltered hy even per¬ 
mutations and altered hy odd permutations. 

Proof. The argument for the three-dimensional case is typical of 
the general casa Let the coordinates of four points A, B, G, D be 
(a,, a,), (S^, \), (c^, c^), (^ 4) respectively. The determinant 


(19) 


a a a 1 

1 i 8 

\ h h 1 

c <; c 1 

d d d 1 

1 **a a **■ 


is multiplied by | a^.| whenever the points are simultaneously subjected 
to a transformation (18). Hence the algebraic sign of (19) is left in¬ 
variant by aU direct coUineations. 

Sincn an odd permutation of the rows of (19) would change the sign 
of ( 19)3 no such permutation can be effected by a direct collineation. 
The remaining statements in the theorem now follow directly from 
the theorem that any ordered tetrad of points can bo transformed by 
a transformation of the form (18) into any other ordered tetrad. 

* 32. Sense in a projective space. Let us consider the group of all 
linear transformations ^ 

(20) (i= 0, • • •, 71 ) 

for which the determinant is different from zero. 


' • An n-ad is a set of n objects (cf. 119). 
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If {x^y • • •, £c^) is a set of homogeneous coordinates, the equations (20) 
continue to represent the same transformation when all the a^’s are 
multiplied by the same constant p; and two sets of equations like (20) 
represent the same transformation only if the coefficients of one are 
proportional to those of the other. 

If each be multiplied by p, \a^\ is multiplied by p^'^\ Hence, 
if \a^\ is negative and n is we may multiply each by — 1 and 
thus obtain an equivalent expression of the form (20) for which \a^\ 
is positive. If, however, n is odd, = A < 0 has no real root. Hence, 
Unis odd, a transformation (20) for which \ a.j\ is negative is not equiv¬ 
alent to one for which |a^.| is positive. Hence the condition |ai,*|> 0 
determines a subset of the transformations (20) if and only if is odd. 
This subset of transformations forms a group for the reason given in 
§ 18 for the case n = l. 

Definitiox. If n is odd, the group of transformations (20) for which 
|a^| > 0 is called the group of direct coUineations in ?i-space. 

This definition of the group of direct coUineations is independent 
of the choice of the frame of reference, as follows by an argument 
precisely like that used to prove the corresponding proposition in § 18. 

In a space of three dimensions, let us inquire into what sets of five 
points the set (1, 0, 0, 0), (0,1, 0, 0), (0, 0,1, 0), (0, 0, 0,1), (1,1,1,1) 
can be transformed by direct coUineations. If the initial pointa are to 
be transformed respectively into the points whose coordinates are the 
columns of the matrix 


( 21 ) 


fa a a a a , 

00 01 Ofl 08 “^04 ) 

a a a a a 

10 11 la 18 *^14 

a a a a a 

20 21 22 28 a 

, a a a a a , 

'■ 80 81 82 83 84 / 


the coUineation must take the form 


< = />o“oo“'o + + /’s Vs* 

(2% ^ 

< = />0 Vo + + ^0 Vo + /’a Vs* 

where the p’s satisfy the equations 

P'^ai PjP'ta ^ 8^00 ~ ^M* 
/»o“l 0 + Al + + ^’ 8«18 = « 14 * 

Po^-i, + P Ai + + PfP-i» = “a*» 

/>o“a« + Pi“.i + = ".*• 


(23) 
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Subatitutiiig the values of p- determined from these equations in the 
determinant of the transformation (22), we see that the value of 
this determinant is 


/i)A\ fao 4 ^uQ^g- 2 ^aa) (^Qo^M^aa^Ba) (^oo^u^ai^aa) (^00^11^23^34) 

' (cc a a a )* 

where the expressions in parentheses are abbreviations for deter¬ 
minants formed from the matrix (21) having these expressions as 
their main diagonals. The number (24) has the same sign as 




which, is entirely analogone to the expression found in Theorem 16. 
The initial set of points is transformable into the points whose coor¬ 
dinates are the columns of (21) by a direct transformation if and only 
if (25) is positive. 

This result may be stated in the form of a theorem os follows: 


Theohem 30. set of Jiv6 points whose Tiomogeneoua coordinates 
are the columns of the matrix (21) he such that the product of the 
four-rowed determinants oUained hy omitting columns of this matrix 
IS positive, it can he transformed hy a direct collineation into any 
other set of points having the same property, hut not into a set for 
whwh the analogous product is zero or negative. 

Corollary. ,A.ny even permutation hut no odd permutation of the 
vertices of a complete fivepoint can he effected hy a direct collineation. 

DEmiTios. Let A, £, C, D, B be five points no four of which are 
coplanar. The class of all ordered pentads obtainable from the pentad 

A, B, C, D, B by direct coUineations is called a senserclass and is 
denoted by S{ABCI)B). 


Theorem 30 and its corollary now give at once the following: 

Theorem 31. There are two and only two sense-classes in a real pro¬ 
jective three-spaxe. The sense-class of a set of five points is unaltered 
hy evenpermutatioi^ and altered hy odd permutations. 

If an mdogous definition of sense-class had been made in the plane 
we should have had thai all planar coUineations are direct, and Lee' 
aat there is oiUy one senawdass in the plane. This remark, together 
with Theorem 31. expresses in part what is meant by the proposition: 

The re^ prcfective plane is one-sided and the real projective three 
sjpace IS two-sided. ^ 
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Although we have grounded this discussion upon propositions 
regarding certaia groups of coUineations, the notion of sense is 
connected with a much more extensive group. We shall return to 
this study, which will give a deeper insight into the notions of sense 
and of one- and two-sidedness, in a later chapter- 

33. Intuitional description of the projectiYe plane. We may assist our intuitive 
conception* of the one-sidedness of the real projective plane by a further 
consideration of the regions into which 
a plane is separated by a triangle. These 
are represented in fig. 16. Since any tri¬ 
angular region is projactively transform¬ 
able into any other, it follows that any 
triangular region may be represented 
like Region I in fig. 16. In fig. 18 the four 
regions are thus represented, together with a portion of the relations among them. 

The representation is more complete if the two segments labeled ^ are 
superposed in such a way that the end labeled A of one coincides with the 
end labeled A of the other. This is represented in fig. 10 and may be realized 
in a model by cutting out a rectangular strip of paper, giving it a half twist, 
and pasting together the two ends. 



To complete the model it would be necessary to bring the two edges labeled 
/3 in fig. 18 into coincidence. This, however, is not possible in a finite three- 
dimensional figure without letting the surface cut itself.j- ^ 

The twisted strip as an example-of a one-sided surface is due to Mdbius. j; 
It has only one boundary AJ3C/3A. An imaginary man OP on the surface 
(fig. 19) could walk, without crossing the boundary, along a path which is the 

* It would not be difficult to give a rigorous treatment of the propositions in this 
section, but it is thought better to postpone this to a later chapter. 

t Flaster models showing this surface are manufactured by Martin Schilling of 
Leipzig. t Gesammelte Werke, Vol. II, p. 619. 



Fig. 18 
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imag’e of a straight line in the projective plane, till he arrived at the antipodal 
position OQ. If a small triangle RST were to be moved with the man with¬ 
out being lifted from the surface or being allowed to touch the man, it would 
be found, when the man arrived at the position OQ, that the triangle could 
be superposed upon itself, R coinciding with itself, hut S and T interchanged. 
In other words, the boundary of the triangular region containing 0 would 
coincide with itself with sense reversed. 

It is not essential that the triangular region RST be small, but merely 
that the figure ORST move continuously so that the triangle RST remains a 
triangle and the point 0 is never on one 
gf its sides. The possibility of mating this 
transformation of the figure ORST into 
OR TS is not affected by joining the two 
^dges together, because none of the 
paths need meet the boundary of the strip. 

Therefore a corresponding continuous 
deformation can be made in the pro¬ 
jective plane. 

If we think of the figure ORST in the 
projective plane, the four points enter 
symmetrically. Thus, since S and T can 
be interchanged by continuously moving 
the complete quadrangle, any two vertices 
can be interchanged by such a motion, 
and hence any permutation of the four 
vertices can be effected by such a motion. 

This is intimately associated with the fact 
that all projeetivities in the plane are 
direct (§ 32), as wiU be proved in a later 
chapter, where the notion of continuous 
deformation of a complete quadrangle 
in a projective plane is given a precise 
formulation. 

The triangle RST may be r^laced 
by any small circuit containing 0, and 
it stiU remains true that 0 and the circuit may be continuously deformed till 
O coincides with itself' and the circuit coincides with itself reversed. For 
sample, the circuit may be taken as a conic section, and the projective 
imaged as the plane of elementary geometry plus « a line at infinity ” (see the 
introducidon to Vol. I, §§ 3, 4, 5, and also § 28 above). The ellipse I (fig. 20) 
may be deformed into the parabola H, this into the hyperbola IH, this into 
the parabola IV, and this into the ellipse T. The reader can easily verify 
that the sense indicated by the arrow on I goes continuously to that indicated 
on V. The figures may be regarded as the projections from a variable center 
of an ellipse in a plane at right angles to the plane of the paper. 
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This defoTmation of an ellipse and also the corresponding one of the 
quadrangle ORST depend on internal properties of the surface; i.e. they are 
independent of the situation of the surface in a three-dimensional space. They 
are sharply to be distinguished from the property expressed by saying that 
the man OP comes back to the position OQ, for the latter is a property of 
the space in which the surface lies.* In fact, the closely related proposition, 
that if the man OP walk along a straight line in a projective plane till he 
comes back to the position OQ, the triangle RST cornea back to RTS, implies 
that if a tetrahedron (e.g. PQRS) be deformed into coincidence with itself so 
that two vertices are interchanged, the other two vertices will also be inter¬ 
changed. And the last statement is a manifestation of the theorem (§ 32) 
that although the projective plane is one-sided, the projective three-space is 
two-sided. 

A sort of model of the pro¬ 
jective three-space may be 
obtained by generalizing the 
discussion of the plane given 
above. Any one of the eight 
regions determined by a tetra¬ 
hedron is projectively equiva¬ 
lent to any other. Hence we 
pass from fig. 17 to fig. 21, 
which represents in full only 
the relations among the seg¬ 
ments, triangular regions, and 
tetrahedral regions having 
as an end, or vertex. Each of 
the triangles having A,, Ag, 
as vertices is represented by two 
triangles in fig. 21. Thus, in 
order to represent the projectiye space completely we should have to bring 
each of the triangular regions A^AgA^ into coincidence with the one which 
is symmetrical with it with respect to A^. In other words, fig. 21 would 
represent a projective three-space completely if each point on the octahedral 
surface formed by the triangular regions AjAgA^ were brought into coinci¬ 
dence with the opposite point. 



EXERCISE 

Show that the octiihedron in fig. 21 may be distorted into a cube so that 
the projective three-space is represented by a cube in which each point coin¬ 
cides with its symmetric point with respect to the center of the cube, 

*£. Steinitz, Sitzungsberlchte der Berliner Mathematischen Gesellschaft, 
Vol. VII (1908), p. 36. 


CHAPTER HI 

THE AFFINE GROUP IN THE PLANE 

34. The geometry corresponding to a given group of transformations. 
The theorems which we have hitherto considered, whether in general 
projective geometry or in the particular geometry of reals, state prop¬ 
erties of figures which are unchanged when the figures are subjected 
to coUineations, For example, we have had no theorems about indi¬ 
vidual triangles, because any two triangles are equivalent under the 
general projective group, and thus are not to be distinguished from 
one another. On the other hand, there does not, in general, exist a 
coUineation carrying a given pair of coplanar triangles into another 
given pair of coplanar triangles; and thus we have the theorem of 
Desargues, and other theorems, stating projective properties of pairs 
of triangles. We have thus considered only very general properties 
of figures, and so have dealt hardly at all with the familiar relations, 
such as perpendicularity, parallelism, congruence of angles and seg¬ 
ments, which make up the bulk of elementary Euclidean geometry. 
These properties are not invariant under the general projective group, 
but only under certain subgroups. We shall therefore approach their 
study by a consideration of the properties of these subgroups. 

There are, in general, at least two groups of transformations to con¬ 
sider in connection with a given geometrical relation: (1) a group by 
means of which the relation may be defined, and (2) a group under 
which the relation is left invariant. These two groups may or may 
not be the same.* 

We have already had one example of a definition of a geometrical 
relation hy means of a group of transformationa In § 19 two coUinear 
triads of points are defined as being in the same sense-class if they are 
conjugate under the group of direct projectivities on the line. The 
relation between pairs of triads which is thus defined is invariant 
under the group of all projectivities (§ 18). 

♦The group (1) will always be a self-conjugate subgroup of (2), as follows directly 
from the defimtiou of a self-conjugate subgroup. See § 89, below, where the idle of 
self-con jugate subgroups is explained and illustrated. 
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The system of definitions and theorems which express properties 
invariant under a given group of transformations may be called, in 
agreement with the point of view expounded in Klein’s Erlangen 
Programm,* a geometry. Obviously, all the theorems of the geometry 
corresponding to a given group continue to be theorems in the 
geometry corresponding to any subgroup of the given group; and 
the more restricted the group, the more figures will be distinct rela¬ 
tively to it, and the more theorems will appear in the geometry. 
The extreme case is the group corresponding to the identity, the 
geometry of which is too large to be of consequence. 

For our purposes we restrict attention to groups of projective 
coILineations,t and in order to get a more exact classification of 
theorems we narrow the Kleinian definition by assigning to the 
geometry corresponding to a given group only the theory of those 
properties which, while invariant \mder this group, are not invariant 
under any other group of projective collineations containing it This 
will render the question definite as to whether a given theorem belongs 
to a given geometry. 

Perhaps the simplest example of a subgroup of the projective group 
in a plane is the set of all projective coUineations which leave a line 
of the plane invariant. The present chapter is concerned chiefly with 
the geometry belonging to this group. 

The chapter is based entirely on Assumptions A, E, P, In fact, 
the theorems of §§ 36, 38, 39, 40, 42, 45, 46, 48 depend only on A, 
E, Hq. The class of theorems which depend on assumptions with 
regard to order relations has already been touched on in §§ 28-30. 

35. Euclidean plane and the affine group. Let L be an arbitrary but 
fixed line of a projective plane tt. In accordance with the definition m 
§ 28 we shall refer to as the line at infinity. The points of shall be 
called idealt points or points at infinity, whereas the remaining points 
and lines of tt shall be called ordinary points and lines. The set of all 
ordinary points is a Euclidean plane. In the rest of this chapter the 
term “ point,” when unmodified, will refer to an ordinary point. 

* Cf. F. Klwn, Vergleichende Betrachtongen tiber neuere geometrisohe For- 
Bchungen, Erlangen 1872; also in Mathematische Annalen, Yol. XLIII (1893), p. 63. 

t From some points of view it would have been desirable to include also all 
projective groups containing correlations. 

t There is some divergence in the literature with respect to the use of this word 
and the word “improper.” On the latter term see § 85, Yol. I. 
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Defisitiox. Any projective collineation tranaforming a Euclidean 
plane into itself is said to be affine ; the group of all such, coUineations 
is called the affine group, and the corresponding geometry the affine 
geometry. 

Theorem 1. There is one cltuI only one ciff/ne collineation transform^ 
ing three 'vertices A, B^C of a triangle to three 'vertices A!^ B\ respec-' 
tively of a triangle. 

Proof. Since Z* ia transformed into itself, this is a corollary of 
Theorem 18, § 35, VoL L 

With respect to any system of nonhomogeneons coordinates of 
which Z* is the singular line, any affine collineation may be written 
in the form (§ 67, YoL I) 


(1) 

ai=a^x + l^ + 
y'=a^x + l^ + 

where 

A= ^ 0. 

a s 


36. Parallel lines. Definition. Two ordinary lines not meeting 
in an ordinary point are said to be parallel to each other, and the 
pair of lines is said to be parallel. A line is also said to be parallel 
to itself. 

Hence, in a Euclidean plane we have the following theorem as a 
consequence of the theorems in Chap, I, VoL I: 

Theorem 2. In a Budidean plane, tivo points determine one and 
only one line; Uvo li'nes meet in a point or are parallel; two lines 
parallel to a third line are parallel to each other; through a given 
point there is one and only one line parallel to a given line Z. 

Definition. A simple quadrangle ABCD such that the side AB is 
parallel to CD and BC to DA is called a parallelogram. 

Definition. The lines AC and BD are called the diagonals of the 
simple quadrangle ABCD. 

In terms of parallelism, most projective theorems lead to a con¬ 
siderable number of special cases. Moreover, since the affine geom¬ 
etry is not self-dnal, theorems which are dued in projective geometry 
may have essentially different affine special cases. A few affine theo¬ 
rems which are obtainable by direct specialization are given in the 
following list of exercises, and a larger number in the next section. 
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EXERCISES 

1. If the sides of two triangles are parallel by pairs, the lines joining corre¬ 
sponding vertices meet in a point or are parallel. 

2. If in two projective flat pencils three pairs of corresponding lines are 
parallel, then each line is parallel to its homologous line. 

3. With respect to any system of nonhomogeneous coordinates in which 

Zx is the singular line, the equation of a line parallel to ax + fty + c = 0 is 
ax + + c' = 0. 

4. A homology (or an elation) whose center and axis are ordinary trans¬ 
forms he into a line parallel to the axis. 

5. If the number of points on a projective line is/? -H 1, the number of points 
in a Euclidean plane is j)^, the number of triangles in a Euclidean plane is 
p^(p — l)^(p+l)/6, and the latter is also the number of projective collinea- 
tions transforming a Euclidean plane into itself. 

37. Ellipse, hyperbola, parabola. Definition. A conic meeting L 
in two distinct points is called a liyjperhola, one meeting it in only 
one point a parabola, and one meeting it in no point an ellipse. The 



Ellipse Parabola JBypeibcla 

Eio. 22 


pole of Z« is called the center of the conic. Any line through the 
center is called a diameter. The tangents to a hyperbola at its points 
of intersection with Z» are called its asymptotes. A conic having an 
ordinary point as center is called a central conic. 

EXERCISES 

1. An ellipse or a hyperbola is a central conic, but a parabola is not. 

2. The center of a parabola is its point of contact with Z». 

3. Ko two tangents to a parabola are parallel. 

4. The asymptotes of a hyperbola meet at its center. 

5. Two conjugate diameters (cf. §44,Vol. I) of a hyperbola axe harmon¬ 
ically conjugate with respect to the asymptotes. 

6. If a simple hexagon be inscribed in a conic in such a way that two of 
its pairs of opposite sides are parallel, the third pair of opposite sides is paralleL 
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7. If a parallelogram be inscribed in a conic^ the tangents at a pair of 
opposite vertices are parallel. 

8. If the vertices of a triangle are on a conic and two of the tangents at 
the vertices are parallel to the respectively opposite sides, the third tangent 
is parallel to the third side. 

9. If a parallelogram be circumscribed to a conic, its diagonals meet in 
the center and are conjugate diameters. 

10. If a parallelogram be inscribed in a conic, any pair of adjacent sides are 
parallel to conjugate diameters. Its diagonals meet at the center of the conic. 

11. Let P and P' be two points which are conjugate with respect to a conic, 
let p be the diameter parallel to PJP', and let Q and Q' be points of intersection 
with the conic of the diameter conjugate to^. The lines PQ and P'Q' meet 
on the conic. 

12. If a parallelogram OAPB is such that the sides OA and OB are conju¬ 
gate diameters of a hyperbola and the diagonal OP is an asymptote, then the 
other diagonal AB is parallel to the other asymptote. 

13. If two lines OA and OB are conjugate diameters of a conic which they 
meet in A and B, then any two parallel hnes through A and B respectively 
meet the conic in two points A' and B' such that OA' and OB' are conjugate 
diameters. 

14. Any two parabolas are conjugate under a collineation transforming 
Z* into itself.* 

15. Any two hyperbolas are conjugate under a collineation transforming 
into itself.* 

16. Derive the equation of a parabola referred to a nonhomogeneous coor¬ 
dinate system with a tangent aud a diameter as axes. 

17. Derive the equation of a hyperbola referred to a nonhomogeneous co6r- 
dinate system with the asymptotes as axes. 

18. Derive the equation of an elUpse or a hyperbola referred to a nonhomo- 
geneona coordinate aystem with a pair of conjugate diameters as axes. 

38. The group of translations. Definition. Any elation having 
as an axis is called a translation. If Hs any ordinary line through 
the center of a translation, the translation is said to be paralld to 1. 

Corollary. A translatwin carries every proper line into a parallel 
Uvs and leaves invariant every line of a certain system of parallel lines. 

Theorem 3. There is one and only oTie tramlation carrying a point 
A to a point B. 

Proof. Any translation carrying AioB must he an elation with 
as axis and the point of intersection of the line AJB with Z. as center 
Hence the theorem foUows from Theorem 9, Chap. HI, VoL L 

• On the corre^ondlng theorem for ellipses, see § 76, Bx. 7. 
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Theorem 4. An ordered •point pair AB can he carried hy a trans¬ 
lation to an ord.ered point pair A’B^ such that A is not on the line AB, 
if and only if ABB^A is a parallelogram. 


Proof. Let and be the points at infinity on the lines AA and 
AB respectively. The translation carrying A to A must carry the Hne 


AM^ to AM^ and leave 
the line BL^ invariailt. 
Hence the point B, 
which is the intersec¬ 
tion of AM:^ with jBL,, 
is carried to B\ which 
is the intersection of 
AM^^iihBL^. Hence 
the points A and B’ to 
which A and B respec¬ 
tively are carried by 
a translation are such 



that ABB'A is a parallelogram. Since there is one and only one 
translation carrying A to A, the same reasoning shows that when¬ 
ever ABB'A is a parallelogram there exists a translation carrying 
A and B to A and B' respectively. 


Theorem 5. An 
ordered point pair 
AB is ca^rried hy a 
translation to an 
ordered point pair 
A'B'y where A is on 
the line AB, if and 
only if Q(Z^AA', 
La^B'B), X* being 
the point at infinity 
ofAB. 



Proof. Let P be I’m. 24 

any point not on 

the line AB, and let and AT. respectively be the points of inter¬ 
section of PA and PA with L. Let Q be the point of intersection of 
BM^ with PX*. Then, by the last theorem, the translation carrying 
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A to B carries P to Q, and hence carries to the point of intersection 
of with AB. Hence 0, and B‘ are coUinear, and hence we 
have Q{LUA\ L^B^B), 

Theorem 6. If A, B,C are any three points, the remdtant of the 
translations carrying A to B and B to C is the translation carrying 
A to C. 

Proof Let A^, P., O. be the points of intersection of the lines 
BC, CA, AB respectively with L- Suppose first that the three points 
A^, P*, (7. are all distinct. The translation carrying A to P changes 
the line AB^ into the line BB^, and the translation carrying B to C 
changes the line PP* into Hence the line AB„ is invariant 

under the resultant of these 
two translations. 

Consider now any other 
line through and let it 
meet AA^ in A^ and BGvaC^] 
also let P' be the point of 
intersection of with 

PC (fig. 25). We then have 
that the translation carrying 
-4 to P carries A^ to P' 

(Theorem 4), and on ac¬ 
count of Q(-4«PP', A^C^C) 

(Theorem 5) the translation 
carrying P to C carries P' 
to C'. Hence the resultant of the two translations carries A! to C' and 
thus leaves the line AB^ invariant; that is, it leaves all the lines 
through P« invariant. Since it obviously leaves aU points on L 
invariant, it is a translation (Cor. 3, Theorem 9, Chap. Ill, YoL I). 

If two of the three points P*, C. coincide, they aU coincide, and 
in this case the theorem is obvious. 

By definition, the identity is a translation. Hence we have 

Corollary. The set of all translations form a group. 

Theorem 7. The group of translatioTis is commutative. 

Proof Given two translations T^ and T^^ and let A be any point, 
T^(^) = ^' and T,(.4') = P'. If P' = ^, T, is the inverse of T^, and 
hence and are obviously commutativa H B'^ A and P' is not 
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on the line AA', let B (fig. 23) be the point of intersection of the line 
through A parallel to A'B' with the line through B’ parallel to AA\ 
then ABB'A^ is a parallelogram, and it is obvious that T^(B)=B' 
and T^(A)^B, Hence T^^(A) =B\ But, by the definition of A' 
and B', T^T!^(A) = B'. Hence, in this case also, and are 
commutative. 

In case 15' is on the line AA', let F and Q (fig. 24) be two points 
such that A^B’QP is a parallelogram, let B be the point of inter¬ 
section of AA^ with the line through Q parallel to AF^ and let X*, 
jlX:,iV*be the points at infinity olFQ,FA, andP^' respectively. 
Then, since T^{A’)=B',it is obvious that Tj(P) = Q, and hence that 
T^(A)=B, Moreover, on account of Q(L„ABj L^B'A'), T^(A) = A' 
implies that Tj(P)=P'. Hence T^Tg(-4) = P', and thus, in this case 
also, and are commutative. 

Theorem 8. If OX and 0 Y are two nonjparallel lines and T is any 
translation^ there is a itnique paAr of translations T^, such that 
is parallel to OX, T^ parallel to OY, and T^T^ = T. 

Proof In case T is parallel to OX ox OY the theorem is trivial 
If T is parallel to neither of them, letP=T((!?) and let and Y^ 
be the points in which the lines through F parallel to 0 Y and OX 
respectively meet OXand OY respectively. Then OX^PY^ is a par¬ 
allelogram, and if be the translation carrying 0 to X^, and the 
translation carrying 0 to it follows, by Theorems 4 and 6, that 
T,T- = T. 

On the other hand, if is any translation parallel to OX, and Tj 
any translation parallel to OY, and T((0) =Xl and TJ(0) =F(, the 
product T^Tj carries 0 to a point P' such that OX^F'Y^ is a par¬ 
allelogram. But P'=P if and only if X-[=X^ and Y^= Y^, Hence 
T determines and uniquely. 

Theorem. 9. With respect to a nonhomogeneous coordinate system 
in which L is the singular line a translation parallel to the x-axis 
has the equations 

( 2 ) 

i/=y- 

Proof The point into which (0, 0) is transformed by a given trans¬ 
lation parallel to the a>azis may be denoted by (a, 0). By Theorem 5 
and § 48, VoL I, it then follows that any point {x, 0) of the ar-aris 
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is transformed into 0). Since lines parallel to the y-axis are 

transformed into lines parallel to the y-axis, and since lines parallel 
to the avaxis are invariant, it follows that the given translation takes 
the given form (2). 

Conversely, any transformation of the type (2) leaves aU lines par¬ 
allel to the x-Qxis invariant and transforms any other line into a line 
parallel to itself. Hence it is a translation parallel to the i 2 >-axis. 

Theorem 10. With respect to a mnJwmogeneous codrdAnate system 
in which is the singular line^ any translation can le expressed in 
the form 
(3) 

Proof By Theorem 8 any translation is the product of a translation 
parallel to the x-SLsis by one parallel to the y-axis. Hence it is the 
product of a transformation of the form 

xl=X’}-a^ 

by a transformation of the form 

X, 

2/^y + l. 

EXERCISE 

Investigate the subgroups of the group of translations. 

39. Sdf-conjugate subgroups. Congruence. DErufiTiON. Any sub¬ 
group G' of a group G is said to be sdf-conjugaU or invariant* 
under ff if and only if STS"* is an operation of G' whenever 2 is an 
operation of G and T of G'. 

The geometric significance of this notion is as follows: Suppose 
that two figures and A’j are conjugate under G', and T is a trans¬ 
formation of G' such that A'j = T(Jf). 

If A’j and are changed into F[ and 
by any transformation 2 of G, tbnu 
2-^(A\') = Jp. Hencet T2-‘(J’/) = 

• These terms have already been defined in 
§ 75, Vol. I. 

•f These relations may be Hlnstiated by the 
accompanying diagram (probably due to S. Lie). 
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and 2T2"^(i^/) = -F 2 . Therefore, if is self-conjugate under G, the 
figures F[ and Fl are conjugate under G'. Hence tTie projperty of 
being conjugate und.er the self-conjugate subgroup & is a property 
left invariant by the group G. Thus the theory of figures con¬ 
jugate under G' belongs to the geometry corresponding to G, pro¬ 
vided that G is not a self-conjugate subgroup of any other group 
of projective coUineations. 

Theorem 11. The group of translations is self-conjugate under the 
affine group. 

Proof. Let T be an arbitrary translation and 2 an arbitrary ajSBne 
transformation. We have to show that 2T2“^ is a translation. If 
P be any point of /*, 2(P) is also on L. Therefore, since T 
leaves all points of Z* invariant, so does 2T2“^. The system of 
lines through the center of T is a system of parallel lines; 2 trans¬ 
forms this system of parallel lines into a system of parallel lines; 
and hence the latter system of parallel lines is invariant under 
2T2"\ Hence (cf. Cor. 3, Theorem 9, Chap. Ill, VoL I) 2T2”^ is 
a translation. 

Corollary 1. The group of translations is self-conjugate wider 
any subgroup of the affine group which contains it 

Corollary 2. For any affine collineation 2, and any translation T, 
there exists a translation T' such that 2T=T'2 and a translation T'' 
such that T2 = 2T''. 

Proof. Let 2T2"^ = T' and 2“^T2 = T^'. By the theorem, T' and 
T" are translations. But 

2T2- ^ = T' and 2“^T2 = T" 

imply 2T = T'2 and T2 = 2T" respectively. 

Definition- Two figures are said to be congruent if they are con¬ 
jugate under the group of translations. 

This definition will presently be extended by giving other condi¬ 
tions under which two figures are said to be congruent.* In view of 
Theorem 11, the theory of congruence as thus far defined belongs to 
the affine geometry. 

* A complete definition would be of the form, “ Two figures are said to be con¬ 
gruent if and only • • • ” 
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40. Congruence of parallel point pairs. The figure consisting of 
two distinct points A, B may be looked at in two ways with respect 
to congruence. We consider either the two ordered* point pairs 
AB and BA or the point pair AB without regard to order. In the 
second case AB and BA mean the same thing and AB is congruent 
to BA because the identity belongs to the group of translations. 
On the other hand, the ordered pair AB is not conjugate to the 
ordered pair BA under the group of translations, because the trans¬ 
lation carrying AtoB does not carry B to A (this is under Assump¬ 
tions A, E, B.^). 

Theorem 12 . If AB DC is a paToUelogram, the ordered point pair 
AB is congruent to the ordered point pair CD, If the condition 
Q(JiAC, liDB) is satisfied where Z is an ideal pointy the ordered 
point pair AB is congruent to the ordered point pair CD, 

Proof This is a corollary of Theorems 4 and 5. 

Corollary 1. Let A and B le a,ny two distinct points and 0 the 
harmonic conjugate of the point at infinity of the line AB with respect 
to A and B, Then the pair AO is congruent to the pair OB, 

DEFiYiTioy, The point 0 in the last corollary is called the mid¬ 
point of the pair AB, In case B=A, A is called the mid-point of 
the pair AB, 


COEOLLABT 2. The linejoinmg {he mU-jpoints of the pairs of vertices 
AB and AC of a triangle ABC is parallel to the Ime BC. 

Proof, B„ and C, be the points at infinity of the lines AB and 
-d (7 respectively, and let B^ and C^ he the mid-points of the pairs AB 
and AC respectively. Then, by the definition of “mid-point,” 


AB^BB,=AC^CC,. 

Hence the lines B^C^. BC, and B.C. concur, which means that B C 
and 5(7 are paralleL 


X^l 


DEm’inoir. The line joining a vertex, say A, of a triangle ABC to 
the nud-point of 5<7is called a median of the triangle. 

Theoeem 13. The three medians of a triarngle meet im a point. 

* Cf. footnote on i>age 40. 
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Froof. Let the triangle he ABC\ let A^, N., <7. be the points at 
infinity of the sides BC, CA, AB respectively; and let A^, B^, be the 
points of intersection of the pairs of lines BB, and CC„, CC^ and AA^,, 



A Am and BBm respectively (fig. 27). Then, by ■well-known theorems on 
harmonic sets (§ 31, Vol. I), the medians of the triangle ABG are AA^^ 
BB^, and CC^, and these three lines concur. 


EXERCISES 

1. The diagonals of a parallelogram.bisect one another; that is, if ABCD 
is a parallelogram, the mid-pointa of the pairs A C and BD coincide. 

2. Let a and h be two parallel lines. The mid-pointa of all the pairs AB 
where is on a and B on h are on a line parallel to a and K 

3. If the aides AB,BC, CA of a triangle ABC are respectively parallel to 
the sides A'Ry B'C% C'A' of a triangle A'B'C't and the ordered point pair AB is 
congruent to the ordered point pair A'B', then the two triangles are congruent. 

4. The mid-points of the pairs of opposite vertices of a complete quadri¬ 
lateral are collinear. Let us call this line the diameter of the quadrilateral. 

5. A line through a diagonal point C) of a complete quadrangle, parallel to 
the opposite side of the diagonal triangle, is met by either pair of opposite 
sides of the quadrangle which do not pass through 0 in a pair of points having 
0 as mid-point. 

41. Metric properties of conics. The following list of exercises 
contains a number of theorems on conics which involve the congru- 
^ ence of parallel point pairs and .can be derived by aid of the theorems 
in the last sections. 
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EXERCISES 

1. Tlie mid-points of a system of pairs of points of a conic A A , BB , CC, 
etc. are coUinear if the lines A A', BB', CC' are parallel. The line containing 
the mid-points is a diameter conjugate to the diameter parallel to AA . 

2. Let A and B be two points of a parabola. If the line joining the mid¬ 
point C of the pair AB to the pole P of the line AB meets the conic in 0, 
then 0 is the mid-point of the pair CP. 

3. If a line meets a hyperbola in a pair of points and its asymptotes 

in a pair A^A^t the two pairs have the same mid-point. The pair is con- 
grueht to the pair H^A^. 

4. The point of contact of a tangent to a hyperbola is the mid-point of 
the pair in which the tangent meets the asymptotes. 

5. Let A^ and A* he each a fixed and X a variable point of a hyperbola, 

and let and X^ be the points in which the lines and XA^ meet one of 
the asymptotes- The point pairs determined by different values of A 

are all congruent. 

6. The centers of aU conics inscribed in* a simple quadrilateral ABCD 
are on the line joining the mid-points of the point pairs CA and BD. 

7. The centers of all conics which pass through the vertices of a complete 
quadrangle ABCD are on a conic CP, which contains the six mid-points of the 
pairs of vertices of the quadrangle, the three vertices of its diagonal triangle, 
and the double points (if existent) of the involution in which is met by 
the pencil of conics through A, B, C, D. From the projective point of view, 
according to which is any line whatever, (P is called the nine-point (or the 
eleven-poinC) conic of the complete quadrangle ABCD and the line Derive 
the analogous theorems for the pencils of conics of Types H-Y (cf. § 47, Yol. I). 

8. The five diameters f of the complete quadrilaterals formed by leaving 
out one line at a time from a five-line meet in a point A, which is the center 
of the conic tangent to the five lines. 

9. The six points A determined, according to the last exercise, by the six 
complete five-lines formed by leaving out one line at a time from a six-line 
are on a conic CK 

10. The seven conics C^ determined, according to the last exercise, by the 
seven complete six-lines formed by leaving out one line at a time from a 
seven-line, all pass through three points. 

42. Vectors, Any ordered pair of points determines a set of pairs 
all of wliicli are equivalent to it under the group of translations. In 
order to study the relations between such seta of pairs we introduce 
the notion of a vector. The term " vector ” appears in the literature 

* A conic is said to be inscribed In a given figure if the figure is circumscribed 
to the conic (cf. § 43, Yol. I). 

t Cf. Ex. 4, § 40. This and the following exercises are taken from an article by 
W. W. Taylor, Messenger of Mathematics, Yol. XXXYI (1007), p. 118. 
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under a multitude of guises, none of wMcli, however, is in serious 
contradiction with the following abstract definition. In this definition 
the term “ ordered pair of points ” is to be understood to include the 
case of a single point counted twice. 

Definition. A ^planar field of xectora (or vector field) is any set of 
objects, the individuals of which are called vectors, such that (1) there 
is one vector for each ordered pair of points in a Euclidean plane, and 
(2) there is only one vector for any two ordered pairs AB and A^B^ 
which are equivalent under the group of translations. A vector cor¬ 
responding to a coincident pair of points is called a null vector or a 
zero vector, and denoted by the symbol 0. 

For example, a properly chosen set of matrices would be a vector field 
according to this definition. So would also the set of all translations including 
the identity; also a set of classes of ordered point pairs such that two point 
pairs are in the same class if and only if equivalent under the group of trans¬ 
lations. However a vector field be defined, it will be found that, in most 
applications, only those properties which follow from the definition as stated 
above are actually used. 

A precisely similar state of affairs exists in the definition of a number 
system. The objects in the particular number system determined for a given 
space by the methods of Chap. VI, Yol. I, are points, but a number system in 
general is any set of objects in a proper one-to-one correspondence with this 
set of points. 


In the foUowing discussion we shall suppose that one field of vectors 
has been selected, and aU. statements will refer to this one field. Thus, 
the vector corresponding to 
the point pair AB is a definite 
object, and we shall denote it as 
«the vector AR,” or, in symbols, 

Vect (AR). 

Since any point of a Eu¬ 
clidean plane can be carried by 
a translation to any other point, ^ 
the set of aU vectors is the same 
as the set of vectors OA, where 
0 is a fixed and A a variable point. Consequently, the following defi¬ 
nition gives a meaning to the operation of " adding ” any two vectors. 

Definition. If 0, A, C are points of a Eudidean plane, the vector 
OC is called the mm of the vectors OA and AC, In symbols this is 
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indicated by Vect (GC-) = Vect (GA) + Vect (AC). The operation of 
obtaining the sum of two vectors is culled addition of vectors. 

An obvious corollary of this definition is that 
Vect {AB) + Vect {BA) = 0. 

Hence we define: 

DEFDTtTiox, The vector Yect {BJ^ is called the negative of the 
vector Vect {AB), and denoted by — Vect (AE). 

Theoeem 14. The, operation of addition of vectors is associative; 
that is, if a^h,c are vectors, (ft + 6) + c + (5 + c)- 

Broof. Let the three vectors be OA, AB, B C respectively; then, by 
definition, both (Vect (CA) -fVect (AE))+Vect {BC) and \ect (CA) -J- 
(Vect (AE)+Vect (EC)) are the same as Vect (OC). 

DEFLS^iTioy. Two vectors are said to be collinear i£ and only it 
they can be expressed as Vect (CA) and Vect (CE) respectively, where 
0, Ay B are coUinear points. 

Theoeem 15. The sum of two noncollinear vectors OA and OB is 
the vector 00, where C is such that OACB is a parallelogram. 

Proof By Theorem 4, the vector OB is the same as the vector AC, 
Hence, by definition, the sum of CA and CE is CC. 

Theoeem 16. The sum of two collinear vectors OA and OB is a 
vector OC such that Q(.5AC, -SEC), where li is the point at irnfinity 
of the line AB. 

Proof Let E and 
M be two points 
such that OBML 
is a parallelogranL 
Hence V eet (CE)= 

Veot(Eitf). Then, 
by definition, 0 
must be such that 
Vect (Eif) = Vect 
(AC), that is, such 
that ACML is a 
parallelogranL Let 
E* be the ideal 
point of intersection of the lines OL and BM, and let be the ideal 
point of intersection of the lines AL and MC. The complete (Quadrangle 
LML^Ma, determines Q(-5AC, JJEC). 
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Corollary. If 0, A, B are three collmear jpoints, and C a point 
such that Vect (OA) + Visct (OB) = Vect (OC), then, with respect to any 
scale (cf. § 48, VoL I) in which is 0 and R the point at infinity 
of the line OA, A-\~B = C, 


Proof. Cf. Cor. 1, Theorem 1, Chap. VI, VoL I. 

Theorem 17. The operation of adding vectors is commutative; that 
is, if a and b are vectors, a + b=^b + a. 

Poof. Let the vectors a and 6 be Vect (OA) and Vect (OB) 
respectively. H 0, A, B are noncoUinear, the result follows from 
Theorem 15, and if they are coUinear, from Theorem 16. 

43. Ratios of colHnear vectors. By analogy with the case of addition 
we should be led to base a definition of multiplication of coUinear 
vectors upon the multiplication of points in § 49, Vol. I. There are, 
however, a great many ways of defining the product of two vectors, 
which would not reduce to this sort of multiplication in the case of 
coUinear vectors. Hence, in order to avoid possible confusion we shaU 
not introduce a definition of the multipUcation of vectors at present, 
but only of what we shall call the ratio of two coUinear vectors. 

Definitiox. The ratio of two coUinear vectors OA and OR is the 
number which corresponds to A in the scale in which is 0, is R, 
and H is the point at infinity of the Une OA. It is denoted by 
Vect(O^) - OA 
Vect (OR) ^ OR 

It is to be emphasized that the ratio of two coUinear vectors as 
here defined is a number. By comparison with the definition in § 66, 
Vol. I, we have at once 


Theorem 18. If A, R, 0, are coUinear points, being ideal. 
Theorem 13, Chap. VI, VoL I now gives 

Theoeem 19. If A^, A^, A^ are any four collmear ordinary points, 

Theoeem 20. If two triangles ABC and AUtC are such that the 
sides AJB, BC, CA wre parallel to A'B', B'C\ C'A' respectively, 

AB BC CA 

A'B' B’C C'A '' 
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Proof. Suppose that the translation which, cames to A carries 
B' to and to C\. Then B^ is on the line AB and on the line 
AC, and the line B^C^ is parallel to BC. Thus, if he the point at 
infinity of the line AB, and G* the point at infinity of the line AC, 


B^ABB^= C^AGC^. 

TT V on, 10 AB AC CA 

Hence, by Theorem 18, Jb^Tc^C^' 

which is, by definition, the same as 


AB ^ CA 
A'B^ “ C^A* ‘ 


In like manner, it follows that 


AB _BC 
A^B'^ B'C^' 


Since we have not defined the product of two vectors, it is necessary 
to resort to a device in order to compute conveniently with them. 
This we do as follows: 

Defixitiox. With respect to an arbitrary vector OA, which is called 
a unit vector, the ratio qb 

OA’ 

where OB is any vector collinear with OA, is called the magnitude of OB. 

Observe that the magnitude of OB is the negative of the magnitude 
of BO. Since the magnitude of a vector is a number, there is no diffi¬ 
culty about algebraic computations with magnitudes. In the rest of 
this section we shall use the symbol AB to denote the magnitude of 
the vector AB. Ho confusion is introduced by this double use of the 
symbol, because the ratio of two vectors is precisely the same as the 
quotient of their magnitudes. 

Definition. If F is any coUineation not leaving Z* invariant, the 
lines r(Z«) and r“^(Z*) are called the vanishing lines of F. If H is 
any projectivity transforming a line Z to a line V (which may coincide 
with Z), the ordinary points of Z and V which are homologous with 
points at infinity are (if existent) called the vanishing points of H. 
If n is an involution transforming Z into itself but not leaving the 
point at infinity invariant, the vanishing point is called the center of 
the involution. 

Theoeem: 21. Definition. If 0 and O are the vanishing points, 
on I and V respectively, of a projectivity transforming a line I to a 
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parallel* line l\ and Xis a variable point of Z, andthe point of V 
to which X is transformed^ the product OX ■ G'X' is a constant, called 
the power of the transformation. 

Proof Let R be the point at infinity of I and V ; and let X^ and 
X^ be two values of X, and JT/ and Xl the points to which they are 
transformed by the given projectivity. Then, by the fundamental 
property of a cross ratio, 


B {P^O, X^X^) = ^(CyR, X'Xi) = B G', X^Xl), 


and hence, by Theorem 18, 


OX^ O'XI 
ox^ axi 


Hence, by the definition of magnitude of vectors, 


ox ^. ax[ = ojq. ax[, 

CoEOLLABT 1. The power of an involution having a center 0 and 
a conjugate pair AA^ is OA • OA^, 

Corollary 2. Let Tl le a homology whose center is an ordinary 
point F and whose axis is an ordinary line, and let D he any point of 
the vanishing line n“^(Z«). If P is a variable point, F = n(P), and 
i>' is the point in which the line through P' parallel to FP meets the 
vanishing line 11 (Z«), then jgjp j)P 

fF^p^' 


Proof, Let Q and be the points in which the line FP meets the 
vanishing lines and n(Z») respectively. By the theorem, 

PQP^Q^^FQFQ'; 
from which we derive successively 

PF+FQ ^ FP^+P^Q^ 

FQ PV ' 

PF ^ FP^ 

FQ'^P'Q^' 

FP QF 
FP^^RQi' 


Since 11 is a homology, the two vanishing lines are parallel 

QF PF 


Hence 


FP ^ PF 
FP^ “ P'i>' 


Hence 


* With the extenmon of the dehnition of congruence in the next chapter the 
restriction to parallel lines may he removed. 
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EXERCISES 

1. If a projectivity .4'R'C'D' is such that the point at infinity of 

the line A£ corresponds to the point at infinity of the line A'B'j 

AB _ A'B' 

CD CD'^ 

2. If three parallel lines a, h, c are met by one line in the points A', B', O' 
respectively and by another line in A"B"C" respectively, then 

A'R ^ A"B" 

A'O' ~ A"C"' 


3. If ABCD are any four eoUinear points, 

^R.CD+AC-DR+.4R.RC = 0. 


4. Six points form a quadrangular set Q {A^B^C^, A^B^C^ if and only if 

B (A^A^, RiC,) . B (RiR,, C^A^) • B A^B^)=--l. 

5. The condition for a quadrangular set may also be written 

.4iRa RiCa ^ 

.djRj Uj-dj 


6, If three tangents to a parabola meet two other tangents in Pj, Pj, Pg and 
Qv Qs» Qa respectively, then _ 


_[j _ QiQa ^ 

PiPa QiQfl 


Conversely, if five lines are such that the points in which two of them meet 
the other three satisfy this condition, the conic to which the five lines are 
tangent is a parabola. 

7. Let 0 be the center of a hyperbola, and A^ and A^ the points in which 
the asymptotes are met by an arbitrary tangent; if another tangent meets the 
asymptotes OA^, OA^ in Rj and R^ respectively. 


a4i ^ QRa 
ORi 


8. If a fixed tangent to a conic at a point P meets two variable conju¬ 
gate diameters in Q and O', then PQ-PQ' is a constant. Let 0 be the center 
of the conic. If the diameter parallel to p meets the conic in S, then 

PQ^P(^=-(OS)^. 


9. Let Oj and 0, be the points of contact of two fixed parallel tangents to 
a conic. If a variable tangent meets the two fixed tangents in and 
respectively, is constant. If 0 is the center of the conic and B is 

a point of intersection of the diameter through 0 parallel to the fixed tangents, ’ 

OiZ,.0,Z,=(0£)». 


! 


t 
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44. Theorems of Menelaus, Ceva, and Carnot. 

Theoeem 22 (Mejtelaus). Three points A', S', C’ of the sides BC, 
CA, AB, respectivdy, of a triangle are collinear if and ordy if 
A'B B'C CA , 

A!C' B'A ' CB 



the intersection of AJ^ with BC. Then, supposing A', B', C collinear, 

P P 

{B..B'AC) = (A,A'A"C) and {C.CBA) = (A.A'BA"). 

{B.B', AC) = a (AW, A"C) = ^. 

H = E ((7. O', BA) = R (AW, BA") = ^ • 

A'B ^ C'A ^ A'B A'C ^ A'A" ^ 

A'C ' B'A ' C'B“ A'0^ A'A" ' A'B ~ ' 

The converse argument is now obvious. 

Theorem 23 (Ceva). The necessary and suficient condition for the 
concurrence of the lines joining the vertices A, B, C of a triangle to 
the points A', B', C' of the opposite sides .is 

A'B B'C C'A^ ^ 

A'C ' B'A ‘ C'B 


Hence 

and 

Hence 


(4) 
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Proof, Let C" be the point of intersection of the lines A'H' and AB. 
Suppose first that is an ordinaiy point. Then, by the theorem of 
Menelaus, ^ C"A _,. 

'Yc ' B'A G"B~ 


The point is harmonically conjugate to with respect to A and B 
if and only if the lines AA\ BB\ GG^ meet in a point. Thus, 


( 6 ) 


O'A . C^'A 
C'B * C^'B 


is a necessary and sufficient condition that AA'^ BB'i GO' concur. But 
on multiplying (o) by (6) we obtain (4). 



In case 0" is an ideal point, the line A'B' is parallel to AB ani 
by Theorem 20, 


The condition that O" be harmonically conjugate to O' with regard to 
A and B now takes the form 


CU 

C'B 


- 1 . 


On multiplying this into (7) we again obtain (4). 

Theorem 24 (Carnot). Three pairs of points, A^A^, B^B^, 
respectively, on the sides BC, CA, AB, respectively, of a triangle are 
on the same conic if and only if 

^ ^ ^ ^ ^ G^A _^ 

Afd ■ B^A ■ CJB ‘ Afi ‘ B^A' 


(8) 
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Proof, Suppose first that the conic reduces to two lines containing 
^ 1 , and (7, respectively. The formula (8) in this case 


follows directly from 
Theorem 22 when we 
multiply together the 
conditions that A^y 
Cj and A,y R,, 0, be re¬ 
spectively coUinear. 

Now consider any 
proper conic through A^, 
A^y Rj, Rj meeting the 
line AB in C[ C^. By the 
theorem of Desargues 
(Theorem 19, Chap. V, 
VoL I) the pairs AB, 
C^C^y and 0(01 are in 



involution. Hence 


and hence 

or 


Oi CiAB CiBA ^ Cl C^AB, 

C^A ^CjA ^CjA ^C^A ^ 
C^B'ClB~ClB'C^B* 
C,A c^.^c^ qA 

c^b' c^B cib‘ cib' 


Hence the formula (8) is equivalent to the formula obtained from it 
by substituting G/, Cl for G^, G^ respectively. Hence the formula holds 
for any conic. The converse argument is now obvious. 

The last three theorems are the most important special cases of 
the “theory of transversals.” A few further theorems of this class and 
some other propositions which can readily be derived from them are 
stated in the exercises below. Further theorems and references will 
be found in the Encydopadie der Math. Wiss. Ill AB 5, § 2, and 
III 0 1, § 23. 

EXERCISES 


1. The six lines joining the vertices A, R, G of a triangle to pairs of points 
RiRj, G^Gj on the respectively opposite sides are tangents to a conic if 
and only if the relation (8) is satisfied. 


2. If the sides RG, CA, AB of a triangle are tangent to a conic in Aj: 


B^y Gi respectively, 


G^i ABj BCi 
BA^' CB^ ' AGi 
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3. If a line BC meets a conic in .Ii and .4,, and two parallel lines through 
B and C, respectively, meet it in the pairs C\, and B^, R, respectively, 

A 2 B B^C BaC _ 2 

4 . Let two lines a and b through a point 0 meet a conic in the pairs -4^, 
and B^ respectively. If 0, a, h are variable in such a way that a and 6 
remain respectively parallel to two fixed lines, 

OA^ • OA^ 

OB\ * OB^ 

is a constant 

5. If the sides of a triangle meet a conic in three pairs of points, the three 
pairs of lines joining the pairs of points to the opposite vertices of the triangle 
are tangents to a second conic. State the dual and converse of this theorem. 

6. If two points are joined to the vertices of a triangle by six lines, these 
lines meet the sides in six points (other than the vertices) which are on a 
conic. Dualize. 

7. If a line meets the sides • • 'i -In-Io* respectively, of a simple 

polygon AqA^A^ • ■ ■ -4, in points B^, Bj, B^ respectively, 

■4o-Bq ^ ^ Af^B^ _^ 

AiBq A2B1 AqB^ 

8 . If a conic meets the lines A^A^, A^^A^, •••, AnA^, respectively, in the 

pairs of points B^C^f respectively, 

•* 4 qBq AqCq AiBi Ai^i A^B^ A^G^^ ^ 

A^Bq ' .4iCi ‘ ‘ A2C1 '' ’ a 4 oB„ ' AqC^ ~~ 

9. If a oonio is tangent to the lines AqA^, A^A^s • • ‘j .4 ,i-4q, respectively, in 
the points Bq, B^, • • -, B„ respectively, 

AjBq AiBi ^ , 

AiBo A3B1 AoB^ '• 

45. Point reflections. Definition. Ahomology of period two whose 
axis is L is called a point Tefieetion. 

From this definition there follows at once: 

Theoeem 26. A point reflection is fully determined hy its center. 
The center is the midrpoint of every pair of homologous points. Every 
two homologous lines are parallel. 

Theobem 26. The product of two point reflections whose centers 
are distinct is a translation parallel to the line joining their centers. 

Proof. The product obviously leaves fixed aU points of and also 
the line joining the two centers. Let and be the two centers. 
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and let P be any point not on the line Also let P' be the trans¬ 
form of P by the point reflection with as center, and let Q be the 
transform of P' by the point reflection with as center. Since is 
the mid-point of the pair PP\ and of the pair P'Q, the Line P$ is 
parallel to (Theorem 12, Cor. 2). Thus the product of the two 
point reflections leaves invariant all hues parallel to and hence 
is a translation. 

CoROLLAitY. Tlie product of any even number of point reflections is 
a translation. 

Theorem Hr Any translation is the product of two point reflections 
one of which is arbitrary. 

Proof Let T be any translation, the center of any point reflec¬ 
tion, Cg = T((7^), and the mid-point of the pair C^C^. The product 
of the reflections in and is a translation, by Theorem 26, and 
since it carries to Cg, it is the translation T, by Theorem 3. 

Corollary 1. The product of any odd number of point reflections 
is a point reflection. 

Poof. Let the given point reflections be Pj, P^, • • Pa^+j. By 
Theorem 26 the product P^P^ • • ■ Pg^ reduces to a translation, which, 
by Theorem 27, is the product of two point reflections one of which is 
l? 2 n+v Hence there exists a point reflection P such that 

PP---P =PP P —P 

Corollary 2. The product of a translation and a point reflection 
is a point reflection. 

Corollary 3. The set of all point reflections and translations form 
a group. 

Theorem 28. The group of point reflections and translations is a 
self-conjugate svJbgroup of the affine group. 

Poof. It has been proved, in Theorem 11, that if T is a trans¬ 
lation and 2 an affine collineation, 2T2“^ is a translation. Precisely 
similar reasoning shows that if T is a point reflection, 2T2“^ is a 
point reflection. 

Corollary. The group G of point reflections and translations is 
self-conjugate under any subgroup of the affine group vjhich contains G. 
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Theorem 29. With respect to any system of nonhomogeneous coordi¬ 
nates in which Z* is the singular line, the eq^uations of a point reflection 
ha'ce the form , 

(^) / o/ J_ ft 


Proof, The point reflection whose center is the origin is of the form 

3d = —x, 

because this transformation evidently leaves (0, 0) and Zod pointwise 
invariant and is of period two. Since any other point reflection is the 
resultant of this one and a translation, it must be of the form (9). 


EXERCISES 

1. An ellipse or a hyperbola is traneformed into itself by a point reflection 
whose center is the center of the conic. 

2. Let [C^ be a system of conics conjugate under the group of translations 
to a single conic. Under what circumstances is [C^ invariant under the group 
of translations and point reflections ? 

3. Investigate the subgroups of the group of translations and point 
reflections. 

4. Any odd number of point reflections P^, Pj, • • •, P» satisfy the condition, 

5. Let T be the point reflection whose center is the pole of with 

respect to the n-point whose vertices are the centers of n point reflections 
Pi, Pg, •. P^. Then* 

PjTPgTPgT • • • P„T = 1. 

46. Extension of the definition of congruence. Definition. Two 
figures are said to be congruent if they are conjugate under the group 
of translations and point reflections. 

This definition is obviously in agreement with that given in § 39. 
It will be completed in § 57, Chap. IV, The main significance of the 
present extension of the definition is that it removes any necessity of 
distinguishing between ordered and nonordered point pairs in state¬ 
ments about congruence. 

* Cf. pp. 40, 84, Vol. I. The center of T is the “ center of gravity ” of the cen¬ 
ters of Pi, Cf. E.WieneT, Berichte der Gesellschaft der WiGsenscliaften za 

Leipzig, Vol. XLV (1898), p. 668. 
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Theorem 30. Any ordered point pair AB is congruent to the 
ordered point pair BA. 

Proof. Let 0 be the mid-point of the ordered point pair AB. The 
point reflection with 0 ae center interchanges A and B. 

Corollary. If a point reflection transforms an ordered point pair 


AB to AB\ 


Vect {AB) = - Vect {AB^). 


Proof. By Theorem 26 the given point reflection is the product of 
the point reflection in the mid-point of AB and a translation. The 
point reflection in the mid-point of AB interchanges A and By and the 
translation leaves all vectors unchanged. 

47. The homothetic group. DErmTiON. A homology whose axis 
is is called a dilation. Dilations and translations are both called 
homothetic transformations. Two figures conjugate under a homo¬ 
thetic transformation are said to be homothetic. 

Homothetic figures are also called, in conformity with definitions 
introduced later, similar and similarly placed.” 

The point reflections are evidently special cases of dilations. Since 
the product of two perspective collineations (§ 28, VoL I) having a 
common axis is a perspective collineation, the set of all homothetic 
transformations form a group; and by an argument like that used 
for Theorem 11 this group is self-conjugate under the afline group. 
Hence we have 

Theorem 31. The set of all homothetic transformations form a 
group which is a self-conjugate subgroup of the afline group. 

Eurther theorems on the homothetic group are stated in the 
exercises below. 

EXERCISES 

1. The ratios of parallel vectors are left invariant hy the homothetic group. 

2. If two point pairs AB and CD are transformed by a dilation into A'R 
and C'D' respectively, 


AB , 
A'B' 


CD 

CD'' 


3. If two triangles are homothetic, the lines joining corresponding vertices 
meet in a point or are parallel. 

4. The equations of the homothetic group with respect to any nonhomo- 
geneouB coordinate system of which is the singular line are 

x' = oa; + J, 

/ = ay + d. 


(«^ 0 ) 
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48 • Eq^tiivalcnce of ordered point triads • Although the theory of 
congruence as based on the group of translations and point reflections 
does not yield metric relations between pairs of points unless they 
are on parallel lines, yet when applied to point triads it yields a 
complete theory of the equivalence (in area) of triangles.* 

In this section we shaU give the definitions and the more important 
sufficient conditions for equivalence, using methods somewhat analo¬ 
gous to those in the first book of Euclid*s Elements. Instead of tri¬ 
angles, however, we shaU work with ordered triads of points. This 
permits the introduction of algebraic signs of areas, though, as we do 
not need to refer to the interior and exterior of a triangle, we shall 
not actually employ the word '‘area.” The triads of points which are 
referred to are all triads of Twncollmear points. 

Our definitions have their origin in the intuitional notions; that any 
triangle ABC equivalent in area to the triangle BCA^ that two triangles 
are equivalent in area if one can be transformed into the other by a transla¬ 
tion or point reflection, and that two triangles which can be obtained by adding 
equivalent triangles are equivalent 

Defixitiox. If ABC and A CD are two ordered point triads, and 
E, U, and B are collinear, and D (fig. 33), the point triad ABB is 
called the of ABC and ACB and is denoted hj ABC+ACB or by 



Definition. An ordered point triad t is smd to be equivalent to an 
ordered point triad (in symbols, t t^) (1) if t can be carried to t^ 
by a point reflection, or (2) if t and t^ can be denoted by ABC and 

* The idea of building up the theory of areas without the aid of a full theory of 
congruence is due to E. B. Wilson, Annals of Mathematics, Yol. Y (2d series) (1903), 
p. 29. His method is quite difierent from ours, being based on the observation 
(cf. § 52, below) that an equiafflne coUineatlon is expressible as a product of simple 
^ears. Still another treatment of areas based on the group of translations and 
employing continuity considerations is outlined by Wilson and Lewis, “The Space- 
time Manifold of Helativity," Proceedings of the American Academy of Arts and 
Sciences, Yol. XLYIII (1912), We shall return to the subject in later sections. 
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BCA respectively, or (3) if there exists an ordered point triad t such 
that and t ^ or (4) if there exist ordered point triads 

such that and t — and ^'=^^ + ^ 3 . An ordered 

point triad t is not said to be equivalent to an ordered point triad 
unless it follows, by a finite number of applications of the criteria ( 1 ), 
( 2 ), (3), (4), that 

Since any translation is a product of two point reflections. Criteria 
(1) and (3) give 

Theorem 32. Two ordered point triads are equivalent if they o.re 
conjugate under the group of translations and point reflections. 

Theorem 33. If Ay By and C are noncollvtuar pointSy ABC^ ABC, 
ABC ^ BCA, ABC^ CAB. 

Proof From (2) of the definition it follows that ABCBCA and 
BCA^ CAB. Hence, by (3), ABC ^ CAB. But, by (2), CAB ^ ABC. 
Hence, by (3), ABCABC. 

From the last two theorems and from the form of the definition 
we now have at once 

Theorem 34. If t^— t^y then t^—t^- 

Theorem 35. If A, ByC are any three noncollinear points and 0 
the mid-point of the pair AB, then 
AOC'^OBC. 

Proof. Let C' be the point to which 
C is changed by the translation 
shifting A to 0, and let M be the 
point of intersection of the non¬ 
parallel lines BC and OC^. Since 
COBC^ is a parallelogram, M is the 
mid-point of the pairs CB and C'O. 

Thus we have 

AOC^ OBC^ ^ B&O^BC^M+ BMC 
and 0-8(7= OBM^ CMC. 

But the point reflection with M as center carries CMC into C'MB. 

OMC O'MB BC'M, 
and OBM^BMO, 

and hence, by comparison vath the equivalencea and equations above^ 

AOO^OBC. 


c C' 
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Theorem 36. Two ordered point triads ABC^ a'nd ABC^, where 
are equivalent if the line is parallel to the hiw AB. 

Proof. Let be such 
that B is the mid-point of 
and let the line 
meet the line AB in 0, which 
is £in ordinary point because 
is not on the line 
It follows (§ 40) that 0 is the 
mid-point of the pair C^C^. a 
By Theorems 34 and 35, 

ABC^^ BAC^^ C^BA By 
definition, 4- 

CfiA, By Theorem 35, CgBO 
^CpB and CfiA^ C,AO. 

Hence C^BA^C.AOA'ClOB 

= C^AB ^ ABCl. Hence ABC^^ ABC,. 1 

COROLLAET. If a point B' is on a line OB and a point C' on a 
different line OC, and the lines BC' and B^ C are parallel, BOC^B'OC'. 

Proof By hypothesis, 

boc=^bog^a-bc^c 

and C^B^O=C'BB-^C'BO. 

But C^B^B^C^CB^BC’C, 
by Theorems 36 and 34, 
and C^BO ^ BOC\ by 
Theorem 34. Hence BOC 

Theorem 37. If A, B, and C are any three noncollimar points, and 
P and Q are any two distinct points, there eansts a line r parallel to 
PQ such that if R is any point of r, ABC ^PQR. ** 

Proof Let T he the translation such that T(.4)=P, and let 
T(P)=-B' and T(C') = (7'. If P' is not on the line PQ, let P' ' 

be the intersection (fig, 37) of the line through C^ parallel to PP' I 

with the line through P parallel to QB^. If P' is on the line PQ, let j 

P' be -the point of intersection with P<7' of the line through Bf j 

parallel to 0^7^ \ 
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In both cases the hnes wliich int-ersect in R' are by hypothesis non- 
paraUel, so that R' is always an ordinary point. By Theorem 32, 
ABC^PB'C’. In case B' 
is not on RQ, it follows, by 
Theorem 36, that PR' 

RB^R^^FQR^. In caseR' 
is on FQ, it follows, by the 
corollary of Theorem 36, 
that FB^C^^FQR, By 
Theorem 36 the line r 
through R' parallel 
to P§ is such that 
for every point R 
on t,ABC^FQR. Fig. 87 

EXERCISES 

1. Two ordered point triads ABC and ARO' are equivalent if the points 
R, C, R', C' are collinear and Vect (RC) = Vect (R'C'). 

2. Let 0 be the point of intersection of the asymptotes I and tw of a 
hyperbola, and let L and M be the intersections with I and m respectively 
of a variable tangent to the hyperbola. Then the ordered point triads OLM 
are aU equivalent. 

49. Measure of ordered point triads. The theorems of the last sec¬ 
tion state sufficient conditions for the equivalence of ordered point 
triads. In order to 
obtain necessary con¬ 
ditions, we shall in¬ 
troduce the notion 
of measure, analogous 
to the magnitude of 
a vector. 

Definition. Let 
0, P, Q be three non- 
collinear points. The 
measv/reoi an ordered 
point triad ABC rda- 
tme to the ordered triad OPQ as a unit is a number m{ABC) deter¬ 
mined as follows: If the line BG is not parallel to OF, let R^ and C^ 
be the points in which the lines through R and C respectively, parallel 
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to OP, meet the line OQ, and let be the point in which the line 
through Aj parallel to OP, meets the line B C. Let AA^ denote the magni¬ 
tude of the vector AA^ relative to the unit OP (§ 43), and B^C^ the 
magnitude of the vector B^C^ relative to the unit OQ. The measure of 
the ordered triad JlBC is * q 

and is denoted by m {ABC), If the line PO is parallel to OP, CA is 
not parallel to OP, and the measure of APO is defined to be m (PO-4). 

If this definition be allowed to apply to any ordered point triad 
whatever (instead of only to noncoUinear triads, cf. § 48), we have 
in {ABC) = 0 whenever the points A, P, 0 are coUinear. 

Theorem 38. If ABC ^A'B^C\ then m {ABC) = m {A^B^C% 

Proof Let us examine the four criteria in the definition of equiva¬ 
lence in § 48. 

(1) In case ABC is carried to A'B^C^ by a point reflection, each of 
the vectors AA^ and Bf)^ is transformed into its negative (Theorem 30, 
corollary), and hence the product of their magnitudes is unchanged. 

(2) According to the second criterion, ABC^BCA Suppose, first, 
that neither BC nor CA is parallel to OF, and let A^, P^, C^ have the 
meaning given them in the definition above. Then 

7n{ABC)=AA^^B^C^. 

Let Pj, (fig. 38) be the point in which the line through P, parallel to 
OF, meets the line CA, and let A^ be the point in which OQ is met by 
the parallel to OF through A Then if PP^ and C^A^ represent the 
magnitudes of the corresponding vectors relative to OF and OQ 
as units. 


By Theorem 20, 


m(PaA)=PP^. 
AA^ A.C 
BO' 






But since the lines CO^, JBB^ are parallel, it follows from § 43 that 


Hence 


or 


m{ABC) =AA^ 


BC 
AA^ A^O^ 

B,B B^C^ 

• B^C^=BB^ • <7A=»» (BGA). 




* The factor J Is lacking in this expression, because we are falriTig a triajigle 
rather than apar^lelogram as the unit. 
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In case BC parallel to OP, the last clause of the definition states 
ni (ABC) = m (BCA). 

In case CA is parallel to OP, AB and BC are not parallel to OP, and 
hence the argument above shows that 

m{CAB)^m{ABC). 

But, by definition, m {BCA) = m {CAB). 

Hence m {AB 0) = m (P CA). 

(3) Corresponding to the fact that if and then 

we have that, since r/i{t) is a uniquely defined number, 
if m {t) = m {t)y and m {t) = rn {t), then m = m {t). 

(4) Let B, Gy D be three col- 
lineaj points and A any point not 
on the line BC (fig. 39). In case 
the line P 0 is not parallel to OP, 
let A^ be the point m which the 
line through Ay parallel to OP, 
meets BO, and let P^, 0^, be 
the points in which the fines 
through By G, D respectively, 
parallel to OP, meet OQ. Then 

m{ABD) 

^m{ABC)-\^m{ACD). 

In case the line PO is parallel 
to OP, let S be the point in which 
BC meets 00, and A^ be the 
point in which the line through 

parallel to OP,meets 00. Then 

m{ABD)^7n{BDA)^BD ■ SA=BC • SA^-\- CD ■ SA^ 

=: m {BOA) + m{CBA) = m {ABO) + m {ACD). 

Thus, in every case, if = {t)’^- m{t) = m{t). 

Comparing the results proved in these four cases with the definition 
of equivalence, we have at once that whenever ^ 
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Theorem 39. If C, and B are colUnear jpoints, and the point A is 


not on the line BC^ 


m{ABC) _BG 
m{ABB)~ BB 


Proof In case the Line BG is not parallel to OP, let B^, have 
the meaning given them in the definition of measure, and let B^ be the 
point in which the line through B, parallel to OP, meets OQ (fig. 39). 
Then 


Til (ABC) _ AA^ ■ -^1 ^1 _ -^1 
m(ABB)^~AA^ ” 


BB 

11 


BB 

11 


But, by § 43, 


B^C^ BC 




BD 


In case 5(7 is parallel to OP, let be the point in which the line 
through A, parallel to OP, meets OQ, and S the point in which BC 
meets OQ. Then 


m(ABC) _ m(BCA) BC- SA^ BO 
m {ABB) m (BBA) ~ BB • SA^ ~ BB ' 


CoEOLLABT 1. If B, C, B, E are points ‘no t-wo of‘which are collvnear 
with a point A, 


'^{AB,AC,AB,AE) = 


m{ABB) . m{AOB) 
‘ni{ABE) ' ‘m{AGE) 


CoKOLLABT 2. If B, 0, B are points no two of which are collinear 
‘With a point A, and if P. is the point at infinity of the line CB {the 
latter not being parallel to AB), 


^{AP.,AB,AO,AB) = 


m{ABB) 

m{ABC)’ 


Theoeem 40. If m{ABO) = ‘m{A'B'G')^ 0, then ABG^A'B’d. 

Pioof. By Theorem 37 there exists a point G" on the hneA'G' 
such that ABG^A'B'G". Beaca A'B'G'^A'B'G", and by the last 
theorem, C' = (7". 

In consequence of the last two theorems the unit point triad may 
be replaced by any equivalent triad without changing the measure of 
any triad. 

Theoeem 41. If ABG^ABG<, and G^ G', the line GG' is parallel 
to the line AB. 
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Proof, The unit triad OPQ may be chosen so that OP is parallel 
to AB. Then if is the point in which the line through 0, parallel 
to OPy meets Oft and the point in which AB meets Oft 
m{ABC) = AB-B^C^. 

If 0/ is the point in which the line through O', parallel to OP, meets OQ, 
m{ABC') = AB'B^Cl, 

By Theorem 38, 7n(ABC) = 7n(ABC'), and hence 0^= 0/. Hence the 
line 00' is parallel to AB, 

Theorem 42. If ABC^AB^C\ and B' is on the line AB, and 0' on 
the line AC, then the line BC^ is jparallel to the line B>C, 

Proof By the coroUary of Theorem 36, if 0" is a point of AC* such 
that PO" is parallel to P'0, then 

^PO^AP'O". 

By Theorem 41 the only points O such that ABC'^AB^C are on the 
line through O", parallel to ABK Hence 0'= 0". 

It is notable that although the sufficient conditions for equivalence given 
in § 48 are all proved on the basis of Assumptions A, £, Hg, the discussion of 
the ratios of vectors, and hence all the necessary conditions for equivalence, 
involve Assumption P in their proofs. This is essential,* as we can show by 
proving that Assumption P is a logical cpnsequence of these theorems, together 
with the previous theorems on equivalence. As was pointed out in § 3, Assump¬ 
tion P is a logical consequence of the theorem of Pappus, Theorem 21, § 36, 
Vol. I. When one of the Hnes of the configuration is taken as Z«, this theorem 
assumes the form: 

If a simple hexagon 
AB'CA'BC is such 
that A, B, C are on one 
line and A', B, C' on 
another line, and if AB 
is parallel to A'B and 
Bd parallel toB'C, then 
CA' is parallel to O'A, 

In case the lines Fi&. 40 

containing ABC Bind 

A'Bd, respectively, are parallel, this can be proved from the Desargaes 
theorem on perspective triangles; so that we are interested only in the 

* The rOle of Assumption P(or rather of the equivalent theorem of Pappus) in 
the theory of areas was first determined in a definite way hy D. Hilbert, Grundlagen 
der Geometrie, Chap. IV. 
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case when AB and A'B' intersect in a point 0. By Theorem 30, since AB' 
is pamUelto OJA'^^^OBB'; and since BC'is parallel to B'C, OBB'^ 
OCC’. By the definition (3) of equivalence it follows that OAA'^OCC, 
But by Theorem 42 this implies that A C' is parallel to A'C. 

This is perhaps the simplest way of proving the fundamental theorem of 
projective geometry if it be desired to base projective geometry upon elemen- 
tary Euclidean geometry (cf. Ex. 3, § 54). 

The notion of measure can be extended to any ordered set of n 
points, i.e. (cf. § 14, VoL I) to any simple Tirpoint. The details of this 
discussion are left to the reader. An outline is furnished by the 
problems below. The principal references are to A. !F. Mobius, Der 
barycentrische Calcul, §§ 1,17,18,165; Werke, Vol. I, pp. 23, 39,200; 
VoL n,p. 485. See also the Encydopadie der Math. Wiss., Ill AB 9, § 12. 
It is to be home in mind in using these references that our hypotheses 
are narrower than those used by the previous writers. 


EXERCISES 

1. For any three points -4, B, C, 

m(.4J?C) + 7n(^CB) = 0. 

2. For any four points 0, A, C, 

Tn(ABC) = m(VAB) + m(jOBC') + wi(OCA). 

8. For any n points Aj, • • •, A„ the number 

TO(OAiAg) + ^(OAgAj) + • • • + m^OA^^iA^ + m{OA^A{) 

is the same for all choices of the point 0. We dehne it to be the measure of 
the simple n-point A^A^ • * • A* and denote it by m(A^A^ • ■ ‘A^. 

4. ot^A^A j • • • A„_iA„) = ?7 i(-4jjAj • ■ ■ A„Aj). 

5. m(A^A ^- • - A,) + m (A^A^A^+i• • ■ A„+1) = m(Aj^Aj• • • A„+i). 

6. Derive a formula for m(A-^A^*>'A^ analogous to the definition of 
m(ABC') in terms of vectors coUinear with two arbitrary vectors OP and OQ. 

7. Prove the converse propositions to those stated in the exercises in § 48. 

8 . If ABCDs.nA.A'B^C'iy are two parallelograms whose aides are respec- 

tively parallel, m{ABCD) _ AB BC 

m (A'BTC'jy) A'B'' B'C' ’ 

9- The variable parallelogram two of whose sides are the asymptotes of a 
hyperbola and one vertex of which is on the hyperbola has a constant measure. 

10. If a variable pair of conjugate diameters meets a conic in point pairs 
AA'j BB'y the parallelogram whose sides are the tangents at A, A', B' has 
a constant measure. The parallelogram A .5A'^ also has a constant measure. 
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50. The equiafBne group. Theorem 43. If two equivalent ordered 
point triads t^ and t^ are transformed iy an aftne collineation into 
t[ and t^, then t[ ^ t^ 

Proof It is necessary merely to verify that the relation used in 
each of the criteria (1), • ■ (4) in the definition of equivalence (§ 48) 

is unaffected by an affine coUineation. For Criterion (1) this reduces 
to Theorem 28. For Criteria (2), (3), (4) it is a consequence of the 
fact that an affine coUineation transforms ordered triads into ordered 
triads and coUinear points into coUinear points. 

Theorem 44. If an affi/ne collineation transforms one ordered point 
triad into am equivalent point triads it transforms every ordered point 
triad into an equivalent point triad. 

Proof. It follows from Theorem 43 that if ABC is transformed by 
a given collineation into an equivalent ordered point triad-4'J?'O', 
then every point triad equivalent io ABC iE transformed into a point 
triad equivalent to A!B^C? and thus into one equivalent to ABC. By 
Theorem 37 any ordered point triad whatever is equivalent to some 
point triad where i> is on the lineAB. Hence the present 

theorem will he proved if we can show that ADC is transformed into 
an equivalent point triad. 

Denote the point to which D is transformed by the given collinea¬ 
tion by D\ By Theorem 39, 

m {ADC) AD .m {A^P C^) A!ll 
m{ABC) AB^^ m{A'B'C) “ A‘B' ‘ 

AD 

By §43, ^ = 


where H, is the point at infinity of the line AB. But since the given 
coUineation is affine, IL is transformed to the point at infinity of 
the line A^B\ and 


E {PU> PD) = B (P:a\ B^Dl) = 


A^iy 

A^B' 


m(A'D^C^) 

m{A'B'C^y 


Since m{ABC) = m{A^B^C'), it foUows that m{ADC)^m{A!D^C^). 

ADC^A'I^C'. 


DBFnanoH. Any affine collineation which transforms an ordered 
point triad into an equivalent point triad is said to be equiafln^ 
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Theorem 45. The equiaffim collineations form, a self-conjugate 
suigroiip of the affine group. 

Proof. By the last theorem an equiaffine collineation transforms 
every ordered point triad into an equivalent point triad. Hencej by 
Condition (3) in the definition of equivalence, the product of two 
equiaffine collineations is equiaffine. By Theorem 43, 2T2~^ is equi- 
affine whenever T is equiaffine and 2 affine. 

Theorem 46. Let A, B, A\ le points such that A^B and A' ^ N'; 
let a he a line on A hut not on B, and let al he a line on A! hut not 
on B\ There is one and only one equiaffine collineation transforming 
A to A\ B to B\ and a to (d. 

Proof. Let C be any point distinct from .4 on a. By Theorem 37, 
there is a point C' on the line a' such that 

ABC^A^B^C^. 

By Theorem 1 there is one and only one affine transformation carrying 
A, B, C to A', 5', C' respectively, and by definition this transformation 
is equiaffine. By Theorem 41, C is the only point on a' such that 
ABC^A^B'C-. Hence (Theorem 44) there is only one equiaffine 
transformation carrying A, B, a into A\ B\ d respectively. 


C2!!SRCISSf 

Any affine coDlneatloii leaves invariant the ratio of the measures of any 
two point triads. 

*51. Algebraic formula for measure. Barycentric coordinates. 
Consider a nonhomogeneous coordinate system in which L is the 
singular line. Let the unit of measure for ordered triads be OPQ^ 
where 0 = (0, 0), P = (1, 0), Q = (0, 1). Let A= (a^, a^), B = (6^, 

C = (c^, cj; the line through A, parallel to OP, consists of the points 
(a^4- X, ffg), where X is. arbitrary, and the line BG has the equation 
(§64,VoLI). 


y 
\ 1 


= 0 . 


Iq case the lme5<7 is not parallel to OF, and therefore 6, ¥= c,, the point 
Aj which appears in the definition of naeasure (§ 49) is (fltj+X, a^, 
where X satisfies q Qj 

iO. 


X 0 0 


a a 1 

6,6, 1 

+ 

\ h 1 

fl, c, 1 


Cl 1 



§ 51 ] 


FORMULA FOB JIEASUBE 


107 


Hence 




-1 




i, h 1 

c c 1 
1 2 ■*■ 


The points and of the definition of measure are (0, and (0, cj, 
respectively, so that 

Hence 

(10) m{ABC)=^ 


Cj- 


®i % 1 

h h 1 
1 2 

c c 1 
1 2 


That the same result holds good in case BC \b parallel to OF is 
readily verified. 

ifow ii A, B, C are transformed to A\ B\ C" respectively by a 
transformation , ^ 

^ ^ + + !®a 

of the afSne group, 

‘'i“i+^A+'yi> ®a®i+/5a®*+'/j. 1 
*s^+^3^ + 'y2» 1 
“A + + 71. + 7,, 1 

!®i ^li 


(12) m(A'£'C') = 


5 % 11 

6 6 1 
1 » :rl 

<=a l| 


1*2 ^,1 


Hence we have 

Theokem 47. A transformation (11) of the affine group is equiaffine 
if and only if* o 

1 _i 

\a B 

I 2 ^2 

Let -4= (a^, a^^), 5= (&^, 6^), C = (c^, c^) be the vertices of any triangle, 
and F = {x, y) any point. In the homogeneous coordinates for which 
x^/x^= X, x^/x^=y, these points may be written A = (1, a^, a^), etc. 
Hence by the result established in § 27 for the three-dimensional 
case, the numbers proportional to 


fo = 


may be regarded as homogeneous coordinates of P in a system for 
which ABC is the triangle of reference. 


1 X y 


1 a, 


1 a, 


II 

mJT 

1 X y 

II 

1 h \ 

1 c c 
^1 2 


1 c c 


1 X y 


• By compEwison with § SO this conditioii yields the result that, in an ordered 
space, the eqniafidne collineationa are aU direct. 
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This is a particular one of the homogeneous coordinate systems 
for which ABC is the triangle of reference, and of course corresponds 
to a particular choice of the point (1, 1, 1). Other particular systems 
may be obtained by replacing (1, by (A;, and like 

changes. The coordinates written down, however, have (in view of (10)) 
the remarkable property that 

f^=w(PR(7), f,= m(APG). |,= m(JPP). 

Also, in view of Ex. 2, § 49, they satisfy the condition 

for all ordinary points P. If ABC be taken as the unit of measure, 
this condition assumes the form 

Since all ordinary points satisfy this condition, the equation 

which can always be satisfied by properly chosen homogeneous coordi¬ 
nates, must represent L- Therefore the point (J, ’^), which is poleir 

to L relatively to the triangle ABCy must be the point of intersection 
of the medians of this triangle. 

DEFDfiTiON. Given a homogeneous coordinate system with respect 
to which the line at infinity has the equation 

0 , 

the three numbers £c,, which are homogeneous coordinates of an 
ordinary point P and satisfy the condition 

are called the harycmtric coordinates of P, relative to the triangle 

= 0 , 0 , 3 ?^= 0 . 

EZESCISES 

1. Defining the baiycentric coSrdinates of a point P, relative to a triangle 
ABC, as ^ _m(ABP) > _m(BCF) . _m(CAP) 

m(ABCy m(ABCy m(ABCy 
prove that a line is represented by a linear equation. 

2. If A, B, C, D are four fixed points of a conic, and P a variable point, the 

ratio w (ABF) ■ m ( CDP) 

m(ADF) • m(CPP) 
is constant (cf. Cor. 1, Theorem 89). 
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3. Show that the equation of a conic through five points A, B, C, D, E may 
be written in the form 

{ADE) (BCE) (ABX) (CDX) - (^ABE) (CDE) (^ADX) (BCX) = 0, 
where (ADE) stands for 

^2 ^8 
fil 63 Cg 

and the other parenthetical triads have analogous meanings. 

*52. Line reflections. Deftnitio^t. A homology of period two 
whose center is on L is called a line reflection ; if its center is L and 
its axis Z, we shall denote the line reflection by {LI}. 

This definition could also be expressed by saying that a line reflec¬ 
tion is a transformation having an axis such that (1) if P' be the 
transform of a point P andP=FP', the mid-point of the pairPP' is 
on the axis of the reflection; and (2) if P^ and P[ are any other pair 
of homologous points, the line P^PJ is parallel to PP'. 

■ Theorem 48. A product of tivo line reflections is an egiiiafliTie 
coUineation. 

Proof. Let the given Line reflections be and {Lf^. Let Z be 
any line meeting both Z^ and l^, and let L be any point at infinity not 
on 1. Then ^ 

Let A be the point of intersection of Z and Z^, B any other point of l^, 
C any other point of Z, the point to which C is transformed by 
{P^ZJ, and 0 the point in which the line CC^ meets Z^. Since 0 is the 
mid-point of CC^, Theorem 35 
gives in case A^ O^B, 

COB^C^BO, 

CAO^Cf)A 

Since CAO + COB = CAB, 
and C^BO + C^OA = C^BA, 
it follows that 

CAB^CPA. 



Fig. 41 


In case A=0 or 0=B the same result follows directly from Theorem 35. 
In like manner, if be the point to which B is transformed by 

CAB^CB^A 
C^BA^CBjA 


Hence 
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The product {Ll} ■ transforms C^BA to CB^A and is therefore 
an equiafBne collineation. In like manner, ■ {Ll} is also equiaf&ne- 
Hence the product {L„Q • {-^A} is equiaffine. 

Theoeem: 49. An equiaffine collineation is a ^product of two line 
reflections. 

Proof. Let T be any equiaflBne collineation. If there be any point 
which is not on an invariant line of F, let A^ be such a point. Let 
A^, be defined by the conditions 

T{A;i=A„ rK)=j,. 

By the hypothesis on A^ the points A^ A^ are noncoUinear, and by 
the hypothesis that T is equiaffine 

A^A^A^ — A^A^A ^— 

Hence, by Theorem 41, the line A^A^ is parallel to A^A^, or else A^—A^. 

Let be the mid-point of the pair A^A^, and Jlfg of the pair A^A^. 
Let be the point at infinity of the line A^A^, of the line A^A^, and 
K of the lineA^Ag. Since is parallel toA^A^, it follows that 



AqAj,Lj=A gAjZ; and hence, by the definition of mid-point, that M^y M^y 
and Xg are coUinear. Since A^, A^, and the point at infinity of the line 
A^Ag are transformed by T to A^, A^, and the point at infinity of the 
lmeA^A3,r(ilf^)=ifg. “ 

Let l^ be the line Afl^^y and the line joining the mid-point of A^A^ 
to the mid-point of M^M^. By the above, 

Mid {LJ.^{A,A^M;) = A,AJI£^. 

Hence {i.ZJ • {A,A^m;)=A^A^M^. 

But since F (A^A^M^=A^A^M^, it follows, by Theorem 1, that 

r={x,y.{i:,y. 
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In case there is no point not on an invariant line of F, the invariant 
lines aU meet in a point 0. For the point of intersection of any two 
of them is invariant, and any three nonconcurrent ordinary line 5 have 
at least two ordinary pointe in common. Thus we should be led to 
a contradiction with Theorem 46 if the invariant lines were not 
concurrent. 

Let be a point which is not invariant, and let A^ = T (^^). 
Also let be another point which is not invariant and not on 
the line A^A^ and let T = The lines A^A^ and B^B^ neces¬ 
sarily meet in 0, 

If 0 is ordinary, then since any line through it is invariant, all 
points of are invariant, and hence A^B^ is parallel to A^B^, Since 
r is equiaf&ne, 

^ A^B^O^A^B^O. 

Hence, by Theorem 42, A^B^ and A^B^ are parallel, and A^B^A^B^ is a 
parallelogram. Hence 0 is the mid-point of A^A^ and BJB^, and F is 
a point reflection. 

Let a be the line A^A^ 
and A the point at infinity 
of a, and let I be the line 
B^B^ and B the point at 
infinity of 6. The product 
{Ah}' {Ba} transformsAj, 

B^y 0 into A^y B^y 0 respec¬ 
tively, and hence is F. 

If 0 is an ideal point, let I be the line A^B^y and let m be the Line 
joining the mid-points of A^A^ and B^B^. Then {Om} • {01} transforms 
Oy A^y B^ into 0, A^y B^ respectively, and hence, by Theorem 46, is F. 

, CoROLLAEY 1. An equiaffine collineation F such that Ay F {A) and 
F“(A) are colUnear for all choices of A is either a jpoint reflection or 
a translation or an elation vShose center is at inflyyity and whose axis 
is an ordinary line. 

Broof. In the argument above it was proved that iE the point 0 is 
ordinary, F is a point reflection; and that if (9 is ideal, F = {Om} • {OZ}. 
If m and Z are parallel, F is evidently a translation; and if m and Z 
are not parallel, it is an elation with 0 as center and the line joining 
0 to the point Im as axis. 



Fio. 43 


t 
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Definition. An elation whose center is at infinity and whose axis 
is an ordinary line is called a simple 

Corollary 2. ^ F = {LJ^ - ^ eoiuMrrent 

with and which is not a double line of F there exist points L and 
M and a line m such that 

There also exist a point Af' and a line wl such that 
F = {Z;^}-{Af'm'}. 

If I he taken as variable, 

Proof The first conclusion follows from the arbitrariness in the 
choice of in the proof of the theorem above. The second conclusion 
follows from the first, combined with the fact that 

The projectivities follow from the constructions given in the proof of 
theorem for A^, A^, M^, eta 

Corollary 3. ^ F = {Lf^ • every point L of l„ 

which is not a double point of F, there exists a point M of Z, and two 
lines I and m concurrent with and l^ such that 

r = {Afm}-{X0. 

There also exist a point M! and a line rmJ ^uch that 

F = {XO • {Af'w'}. 

Theorem 50. The set of all ajffine coUineations which are products 
of line reflections form a group. Every transformation of this group 
is either an equiafline transformation or the product of an eguiaffine 
transformation by a line reflection. 

Proof By Theorems 48 and 49 the product of an even number 
of line reflections is equiaffine and reduces to a product of two line 
reflections. Hence the product of an odd number of line reflections 
reduces to a product of three line reflections. The statements above 
follow in an obvious way from this. 
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EXERCISES 

1. Let tlie points at infinity of /g, I respectively in Theorem 49, Cor. 2, 
be denoted by £a, L\ If the points L-^, Xg, X^ are distinct, the pairs 
L-JL{y XjX^, LL' are in involution. 

2. In case X^ is on U and Xj is not on Z^, {XoZg} • (X^Z^^) = T is a collineation 
of Type II (cf. § 40, Yol. I), parabolic on and of period two on the line 
joining X^ to the point of intersection of and Zj. If Z be any line, except Zg, 
through the point Z^Zg, P the point in which I meets Z«, and X the harmonic 
conjugate of X^ with respect to P and T(P), 

T = {XZg}.{X,Z}. 

If M be the harmonic conjugate of Xj with respect to P and T*'i(P), 
T = fXiZ}.{3fZg}. 

3. The product {XgZg} • {X^Zj} is a point reflection if and only if X^ is on 
Zg and Xg on Zj. A point reflection with 0 as center is the product of any 
two line reflections and {XgZ,} for which is on 0, Zg on O, on Zg, 
and Xg on Z^. 

4. The product {XgZg} ■ is a translation if and only if = Xj and Z^ 

is parallel to Zj. The ideal point X^ is the center of the translation. If T is 
any translation, its center, P^ any ordinary point, P = T (Pi), Pg the mid¬ 
point of the pair PP^, and and two parallel lines throngh Pj and Pg 
respectively, T = ■ {T^,p^}, 

5. The product {XjZg}* {XiZ^} is a simple shear if Xj ?tXg and Zi = Zg, or 
if Xi = Xg and Zj intersects Zg in an ordinary point, but not in any other case. 

6. Let IS be a simple shear whose axis is I and whose center is X. 
Xet Pj be any point of Z^, P = 2 (^i)i and Pg the harmonic conjugate of 
X with respect to P and Pg. Then 2 = {PjZ} • {PjZ}. If p^ be any line 
meeting Z in an ordinary point, ^ = 2 (Pi), and p^ the harmonic conjugate 
of Z with respect to p and p^, 

2 = {Lp%} * {I'Pi}' 

7. Let PPjPgPjP^ be a simple pentagon. Let C^, Q, be the 

mid-points of the pairs PPj, PiPg, PnP^f P^P^y PJ^ respectively- If the line 
PPi is parallel to PgP^, and PP^ is parallel to PiPg, the three lines C^C^, 

PCg are concurrent or parallel. Discuss the degenerate cases. 

8. Every eqniaffine transformation is either the identity or a point reflec¬ 
tion or an elation whose center is at infini ty (i.e. a translation or a simple shear) 
or expressible as a product of two elations whose centers are at infinity. 

9. Prove Cora. 2 and 3 of Theorem 49 directly, without using the theory 
of equivalence. 

10. A necessary and sufficient condition that a planar collineation be the 
product of two harmonic homologies is that it transform ordered point triads 
into equivalent point triads relative to a fixed line of the collineation regarded 
as Zx (E. B. Wilson, Annals of Mathematics, Vol. V, 2d series (1903), p. 4o). 
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11. Let us deuote an t^l^J^cfinvolutions on the 

{LM). If A= and ^ double point 

same line, then for every point ^ ^ ^ that 

of /i • A, there erists a unique point M, ana mv 

if we denote {L,3/,} by 7, 

I^IJ^ = /*, and Lh - ^8^4* 

The pa^ Tpotet ircommon,in vrhich case all 

unless tte pairs and L^Ma aa f 

four pairs have this point in common. exnressible in the form 

12. The projectivities on a line which are expressiDie 

form a .... algebraic considerations 

The last two exercises connect with the loUovnng a g 
An involution in a net of rationality is always of the form o4. VoL I) 


i'= 


ax + h 

-— I 

car — a 


where a, 6. c, d are rational. The double points axe the roots of 

cai® — 2 or — & = 0, 

and both will he rational if i is rational in 


3f' = 


cx — g 

ax + 6 _/ 

o' - a 

cx — a 


(aa' + Vc')x + (a'b-ab') 

~ (ad -a'e)x + (be' + aa') ’ 


and so has the determinant 

aa^d + a*a's + bb'cd + dead - (adbd - ofiVd - d^bc + ao'6'c) 

= a= (a'3 + b'c') + be (b'd + o'*) = 

where *'*=«'* + b'd. Hence (1) the product of two involutions whose double 
points have rational coardinates is a projectivity 

telt square; and (2) if the determinant of a projectivity is a periwt square, and 

X TL involutions of which it is a product has rational double ^inte 

then the other has rational double points. Hence there is 

group of coUineations of a Unear net of rationaUte general^ 

tons with rational double points. This is the group of transformations whose 

detenninftiits are perfect squares. 
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*53. Algebraic formulas for line reflections. Let us employ the 
nonhomogeneous coordinates for which is the singular hne and 
the corresponding homogeneous coordinates for which 


“ = 




The hne L now has the equation = 0, and the equations (1) of the 
affine group become 


a:' = x^, 


(13) 


A=i“i 


=5^ 0. 


+ \x^, 

xl = -h 

On the line this effects the transformation 

x[ = + \x^, 

£Ca = 4- 

According to § 64, VoL I, this is an involution if and only if a^= — 6^. 
Thus a^= —Sg is a necessary condition that (13) represent a line 
reflection. 

The ordinary double points of (13) are given by the following 
equations, in which we have put a = 

((X-l)ic + 6^y + c^=0, 

%x^{a + l)y + c^=^. 

If (13) is to be a line reflection, it must have a line of fixed points. 
Hence the two equations (14) must represent a single ordinary line, 
which requires 

(15) 0 = 1 


(14) 


a — 1 



a -1 cj_ 


x 

-(a + l) 



— (a + 1 ) c,j 


The first of these conditions is equivalent to A = — 1. 

Since the coefiflcients of x and y in (14) cannot all vanish, the 
conditions (15) are also sufidcient that (14) represent a single ordinary 
line. Hence 

Theoeem 51. a tramformation of the form 

(16) a^=ax+\y + c^, 

y' = %x-ay+ c^, 

is a line reflection if and only if 


A = 


a 

= -l. 

a — 1 Cj 





9 9 


— (a + 1) Cj 


= 0 . 
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From this it follows that a product of two line reflections is such 
that A = 1, and a product of three line reflections is such that 
A = — 1. By Theorems 47 and 49 any transformation for which A = 1 
is a product of two line reflections. Any transformation T for which 
^ — Ij when multiplied by a line reflection A yields a transforma¬ 

tion 2 for whicli A=1, ie. an equiaffine transformation. From TA = 2 
follows T = 2A Hence T is a product of three Hne reflections. Thus 
we have (cf. Theorem 47) 

Theorem 52. The group of aflne traTisformatums which are prodj- 
'nets of line reflections ha^ the equations 

y' = %x + l^ + c^, 


EZSRCISBE 


1. The set of all afl&ne transformations which axe products of equiaflEine 
transformations by dilations form a group which is a self-conjugate subgroup 
of the affine group. Its equations are 




<h. 1 — u 

' 


where h is any number in the geometric number system. 

2. The set of all affine transformations which are products of line reflections 

and dilations form a group which is self-conjugate under the affine group. Its 

equations are . 

^ -a^x-\-\y Jr 

y'=aaX-}-6gy + Cj, 


\Z 

where k is any number in the geometric number system. 


54. Subgroups of the afflue group. We give below a list of the 
principal subgroups of the affine group which we have considered in 
this chapter and in § 30 of Chap. IL These are aU self-conjugate 
subgroups. We also indude the groups which will be considered in 
the next chapter in connection with the Euclidean geometry. 

The groups axe all described by means of the conditions which 
must be imposed on the coefficients of the equations of the affine 
group to reduce it to each of the other groupa In some spaces, i.e. 
when the variables and coefficients are in certain number systems, 
these groups are not all distinct. However, they are ah distinct in 
case the variahlea and coefficients are ordinary rational numbers. 
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With respect to a system of nonhomogeneous coordinates of which 
Z. is the singular line, the equations of the affine group are 

where A = !®i ?! ^0. 

I 2 ^2 

The principal subgroups connected with the affine geometry are: 

(2) A>0; 

the transformations satisfying this condition are direct (§ 30). 

(3) A = 

where is in the geometric number system (§53, Ex. 1). 

(4) A = ± 

where A: is in the geometric number system (§ 53, Ex. 2). 

(5) A® = 1; 

these are products of two or of three line reflections (Theorem 52). 

(6) A = l, 

the. equiaffine group (§ 51). 

(7) a,= 6,= 0, a=\, 
the homothetic group (§ 47). 

(8) a“ = l, 
the group of translations and point reflections (§ 45). 

(9) a,=\=0, ai=6,=l, 
the group of translations (§38). 

The principal groups connected with the Eudidean geometry are; 

(10) -h 0, 4- = 0, 

the EucMean group (§§ 55 and 62). Its transformations are called 
similarity transformations. 

(11) al + al = 6 * + II =F 0, =0, A > 0, 

the direct similarity transformations. 

(12) + + = 0, A = X:^, 

. where A is in the geometric number system. 

(13) al + al = hi + 6* ^ 0, =0, A = ± 

where A; is in the geometric number system. 




























CHAPTER IV 


EUCLIDEAN PLANE GEOMETRY 

55. Geometries of the Euclidean type. We come now to the 
extension of the definition of congruence which was promised in 
§§39 and 46. This requires the consideration of groups which are 
not seK-conjugate under the affine group. Xot being self-conjugate, 
these groups are not determined uniquely by the affine group, and 
hence our definitions wUl contain a further arbitrary element. 

Definition. Let I be an arbitrary but fixed involution on Z*. This 
involution shall be called the absolute or orthogonal involution. The 
group of aU projective collineations leaving I invariant shall be called 
a jparaiolic * metric group. The transformations of the group shall 
be called similarity transformations. Two figures conjugate under 
the group shall be said to be similar. The geometry corresponding 
to the group shall be called the parabolic metric geometry. 

The absolute involution is supposed to be fixed throughout the 
rest of the discussion, but of course there are as many parabolic metric 
groups as there are choices of I. We nevertheless speah of the para¬ 
bolic metric group in order to emphasize the fact that we are fixing 
attention on one group. 

In case the plane in which we are working is a real plane and 
the absolute involution is without double points, the parabolic 
metric geometry is the Euclidean geometry. It is for this reason 
that we refer to the parabolic metric geometries as geometries of 
the Euclidean type. 

The investigations in the following sections are arremged in order 
of increasing specialization. First we consider a perfectly general 
involution, I, in a projective plane satisfying A, E, P, Then we 
consider a particular type of involution in an ordered plane, and finally 
limit the plane to be the real plane. 

♦ The reason for the term “ parabolic ” in this connection is explained in a 
later chapter, where the elliptic and hyperbolic metric groups are defined, 
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When the plane and the involution are fully specialized, it is 
a theorem (§ 70) that the real plane is contained in a complex 
plane in ‘W'hich the absolute involution has double points. Thus 
the theorems on the general type of involution (where the possible 
existence of double points is taken into account) come to have a 
new application. 

56. Orthogonal lines. Definition. Two lines are said to be orthog- 
o-nal or perpeThdicular to each other if and only if they meet Z* in 
conjugate points of the absolute involution. 

The following consequences of this definition are obvious: 

Theorem 1. The pairs of peTpendimilarlmes through any point, 0^ 
are the pairs of an involution. Through any point there is one and 
iut one line perpendicular to a given line. A line perpendicular to one 
of two parallel lines is perpendicular to the other. Two lines perpen- 
dicular to the same line are paralld. 

Definition. In case the absolute involution I has two double 
points, and JT,, they are called the circular points. Any line 
through or 7^ is called an isotropic line or a minimal line. 

Anj isotropic hue has the property of being perpendicular to itself. 
The circular points are so called because all ordineiry points of any 
circle (cf. § 60) are on a conic through and I^. The ordinary points 
of the conic section referred to in the following lemma will later be 
proved to be on a circle. 

Definition. A homology of period two whose center i is on l„, and 
whose axis Z meets Z, in the point conjugate to the center with regard 
to the absolute involution, is called an orthogonal line reflection, and 
is denoted by {XZ}. 

Since the center of a homology is not a point of the axis, the center 
cannot be a double point of the orthogonal involution, nor can the 
axis pass through such a point. An orthogonal line reflection is of 
course a special case of a line reflection as defined in § 62. 

Lemma. Let 0 and le two points not collinear with either double 
point of the absolute involution. There is one and only one conic, C\ 
having 0 as center, passing through JJ, and having the pairs of the 
absolute involution as pairs of conjugate points. 

Proof. Let be the harmonic conjugate of with respect to O 
and the point at infinity, of the line 01^. Any conic containing 
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and having 0 as center must contain by the definition of center. 
Let X be a variable point of and Y the conjugate of X in the 
absolute involution- Any of the triangles OXY must be self-polar to 
any conic satisfying the required conditions. But if P is the point of 
intersection of the lines F^X and PE, and Q the point of intersection 
ofiJXandOr; 

Y \ 

and hence the 
points p and F 
are harmonically 
conjugate with re¬ 
spect to X and Q. 

Hence F must 
be on any conic 
through p with 
regard to which X 
is the pole of Q Y. 

Hence F must be 
on any conic satis¬ 
fying the hypothe- Fig. 46 

ses of the lemma 

Since [X] ■^p[F], the points P, together with ^ and ij, consti¬ 
tute a unique conic (§ 41, VoL I); and this conic, by its construction, 
satisfies the condition required by the lemma 

COROLLAHT. In case the absolute involution has double points the 
conic passes through them. 

Theorem 2. An orthogonal line reflection leaves the absolute in¬ 
volution invariant. 

Froof. If Z is the axis of an orthogonal line reflection and L 
its center, let 0 be any point on Z and any point not on Z. The 
conic (7^(cf. Lemma), which contains^, has 0 as center, and has the 
absolute involution as an involution of conjugate points, must have 
L and Z as pole and polar. Hence, by the definition of pole and polar 
(§ 44, VoL T)C^ is transformed into itself by the harmonic homology 
having L and Z as center and axis. Hence the absolute involution is 
transformed into itself by the orthogonal Une reflection {LI}. 
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Theorem 3. The product of two orthogonal line rejleetions whose 
axes are parallel is a translation parallel to any line perpendicular 
to the axes. 

Proof. Let the given line reflections he Their axes 

meet in a point U of and and must be conjugate to with 
respect to the absolute involution. Hence = The product there¬ 
fore leaves all points on L invariant and also all lines through L^. 
Hence it is a translation parallel to any line through 

Theoeeii 4 A translation^ T, icliose center is not a double point of 
the absolute involution, is a j^roduct of two orthogonal line reflections, 
{Ll^, where Lis the center of the translation. If 0 is an arbi¬ 
trary ordina^ry point and P the mid-point of the pair 0 and T (0), 

may be chosen as OV and as PL\ where L' is the conjugate of L 
with respect to the absolute involution. Or l^ may be chosen as PL' 
and l^ as the line joining T {0) to L'. 
double point of the absolute involu¬ 
tion is a product of four orthogonal 
lino reflections. 

Proof. If l^=OL' and l^ — PL', 
the reflection {Ll^ leaves 0 inva¬ 
riant and {Ll^ carries 0 to T {0). 

Hence the translation {XZJ • {XZJ 
carries O to T {0), and, by Theorem 3, 

Chap. Ill, is identical with T. 

If l^=PL' and l^^QL', where 
^ = T (G), the reflection {XZJ carries 0 to Q and {XZJ leaves Q 
invariant. Hence, as before, {XZJ- • {XZJ = T. 

A translation whose center is a double point of the absolute involu¬ 
tion can be expressed as a product of two translations with arbitrary 
points of Z* as centers (Theorem 8, Chap. Ill), and hence is expressible 
as a product of four orthogonal Line reflections. 

DEFDfiTioy. If the axes of two orthogonal line reflections intersect 
in an ordinary point, 0, the product is called a rotation about 0, and 
the point 0 is called its center. 

Theorem: 5. A rotation which is the product of two orthogonal line 
reflections whose axes are orthogonal is a point reflection. 


A translation vSkose center is a 
i! 



Fig. 46 
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Proof. Let the two line reflections be and and let 0 be 
the point of intersection of and Since and are orthogonal, 

is on Zj and on Z^. The product {-L^ZJ • therefore leaves 0 
and every point of Z. invariant. Moreover, it is of period two on the 
axis of either of the line reflections. Hence it is a homology of period 
two with 0 as center and Z» as axis, i.e. a point reflection- 

Definition. If a Line Z is perpendicular to a line m, the point of 
intersection of the two lines is called the foot of the perpendicular Z. 
A liue Z is said to be the jperpendicular bisector of a pair of points 
A and B if it is perpendicular to the line AB and its foot is the 
mid-point of the pair AB. 

Definition. A simple quadrangle AJ?CjD is said to be a rectangle 
if and only if the lines and CD are perpendicular to AD and BC. 

EXERCISES 

1. A parallelogram-4^CD is a rectangle if and only if the lines AB and 
AD are perpendicular. 

2. The perpendicular bisectors of the point pairs AB^ BC, CA of a tri¬ 
angle ABC meet in a point. 

3. The perpendiculars from the vertices of a triangle to the opposite sides 
meet in a point. 

4. The lines through the vertices of a triangle parallel to the transforms 
of the opposite sides by a fixed orthogonal line reflection are concurrent 

57. Displacements and symmetries. Congruence. Definition. The 
product of an even number of orthogonal line reflections is called 
a disjplacement. The product of an odd number of orthogonal line 
reflections is called a symmetry. 

Theorem 6. The set of all displacements form a self-conjugate 
subgroup of the parabolic metric group. 

Proof That the displacements form a group is evident because 
(cf. § 26, Yol. I): (1) the identity is a displacement, being the prod¬ 
uct of any orthogonal line reflection by itself; (2) the inverse of a 
product of orthogonal line reflections is the product of the same set 
of line reflections taken in the reverse order; (3) the product of an 
even number of orthogonal line reflections by an even number of 
orthogonal line reflections is, by definition, a displacement. 

The group of displacements is contained in the parabolic metric 
group by Theorem 2, 
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If {LI} is an orthogonal line reflection, 2 a similarity transformation, 
and V 2 • {LI} ■ 2“^ is a harmonic homology 

with X' as center and V as axis. But since X and the point at infinity 
of I are paired in the absolute involution, so are X' and the point 
at infinity of V, Hence 2 ■ {Ll} - 2“^= {L^V} is an orthogonal line 
reflection. 

If and A, are any two hne reflections 2A^Ajj2"^ = 2Aj2’^2A32"^ 
A similar argument shows that * * • A,i ■ is a product of 

7b orthogonal line reflections whenever A^, • • •, A^ are orthogonal line 
reflections and 2 is in the parabolic metric group. Hence the group 
of displacements is a self-conjugate subgroup of the parabolic metric 
group. 

ConOLLARY 1. The set of all displacements and symmetries form 
a self-conjugate subgroup of the parabolic metric group. 

Definition. Two figures such that one can be transformed into 
the other by a displacement are said to be congruent Two figures 
such that one can be transformed into the other by a symmetry are 
said to be symmetric, 

CoEOLLARY 2, If a figure is congruent to a figure and F^ to 
a figure F^^ then F^ is congruent to F^, 

CoBOLLARY 3. If a figure F^ is symmetric with a figure F^, and F^ 
is symmetric with a figure F^y then F^ is congruent to F^, 

CoEOLLARY ^ If a figure is symmetric with a figure F^y and F^ 
is congruent to a figure F^y then F^ is symmetric with F^, 

Since translations and point reflections leave the absolute invo¬ 
lution invariant, the definition of congruence given in this section 
includes the definitions in §§ 39 and 46 as special cases. Theorem 6 
shows that the theory of congruence and symmetry in general belongs 
to the geometry of the parabohc metric group. It must be remem¬ 
bered, however, that the theory of congruence of point pairs on parallel 
lines belongs to the afiSne group. In other words, the part of the theory 
of congrumce developed in Chap, m is independent of the choice of 
the absolute involutioiL 

In case the absolute involution has double points, the theory of 
congruence of point pairs on the minimal lines (§ 66) is different 
from that on other lines. As wiU appear in the following sections the 
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theory on any hne which is not minimal is essentially the same 
as that developed in Chap. HI on the basis afforded by the group of 
translations and point reflections. On a minimal line, however, the 
set of points [P] such that OiJ is congruent to OP consists of all points 
on this line except the point 0. For let and denote the double 
points of the absolute involution, being the one on the line OJJ. 
Let Q be a point of the line 01^ distinct from 0 and from 7^, and let 
P be any point of 01^ distinct from 0 and from 7^. If be the 


orthogonal line reflection whose center ^ 
is the point at infinity of the line P^Q 
and whose axis passes through 0, and 
Aj be the orthogonal line reflection 
whose center is the point at infinity 
of the line QP and whose axis passes 
through 0, we have A^(JJ) = ^ and / 

Aj(^) = P. Hence the rotation A^A^ / 

transforms to OjM 

P. Combining 
transformations 

oftheformAjjA^ / 

with transla- q J/' 1/ 

tions it is clear 

that we have Fig. 47 


Theorem 7. Any pair of points on a minimal line is congruent to 
any other pair of points on the same line. 

For example, if a mid-point of a pair AB were defined to be a 
point C such that AC congruent to CB, we should have that when¬ 
ever the line AB is minimal, the point C may be any point on this 
line different from A and P. The theorems on mid-points in Chap. Ill 
would in general have exceptional cases. It is to avoid this difficulty 
that we have adopted the definition of mid-point given in § 40, 
Chap. IIL A similar remark applies to the definition of ratio of 
coUinear point pairs in § 43, Chap. IIL 

DEroriTiON. A parallelogram ABCD whose sides do . not pass 
through double points of the absolute involution and in which the 
point pair AB is congruent to the point pair AB is called a rhombus, 
A rhombus which is also a rectangle is called a square. 
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EXERCISES 

1. Prove that the group of displacements and symmetries could be defined 
as the group of all collineations leaving invariant the set of all conics obtain¬ 
able by translations from a fixed central conic. 

2. The parabolic metric group consists of all projective collineations trans¬ 
forming the group of displacements into itself. 

3. Two point pairs on nonminimal lines are symmetric if and only if they 
are congruent. 

4. The perpendicular bisector of a point pair JR contains all points P such 
that JP is congruent to BP. 

5. The simple quEidrangle AB CD is a rhombus if and only if the lines A C and 
BD are the perpendicular bisectors of the point pairs BD and A C respectively. 

6. A parallelogram ABCD is a rectangle if and only if the point pair AC 
is congruent to the point pair BD. 

7. Specialize the quadrangle-quadrilateral configuration (§ 18, Yol. I) to the 
case where the vertices of the quadrangle are the vertices of a square. 

58. Pairs of orthogonal line reflections. Theokem 8. If A^, A^, A^ 
are three orthogonal line reflections whose axes jpass through a point 
0 {ordinary or ideal)y the product A^A^A^ is an orthogonal line 
reflection whose axis 
passes through 0. 

Proof. In case the 
three axes are parallel, 
the product A^A^ is a 
translation, and so by 
Theorem 4 is expressible 
in the form A^A^, where 
A^ is an orthogonal line 
reflection whose axis is 
parallel to the other 
axes. Hence 

In case two of the 
axes are not parallel, the 
third axis must pass 
through their common point 0. Let P be any point not coUinear with 
0 and a circular point. Let be the conic, existent and unicjue 
according to the lemma of § 56, which passes through P, has 0 as 
center, and has the absolute involution as an involution of conjugate 
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points. If be any point of C'“, let A^{Q^) = Q^, A^(Q^)=Q^, 
A,(Q,) = Q,: A,(0,) = Q„ A^{Q^ = <2,. 

According to this construction the line is parallel to 
and to where in case the line Q.Qj is taken to mean 

the tangent to C* at Q^. Hence, by Pascal’s theorem (Chap. V, Vol. I) 
or one of its degenerate cases, it follows that is parallel to 

A,(a.)=Q, 

and (AjA,Aj)®(@j) = Q^. 

Since is an arbitrary point of C\ 

The transformation AgA^A^^ is not the identity, because it cannot leave 
invariant a point, different from 0, of the axis of A^ unless A^ = Ag, 
and in the latter case the product is equal to A^. Since AgA^A^ leaves 
invariant the hne (or the tangent at if 0^ = Q^)y it leaves in¬ 
variant the point at infinity of this line and also the line through 0 
perpendicular to it. As AgA^A^ is of period two, it follows that it is 
an orthogonal line reflection. 

Corollahy 1. If A^y A^, and Ag are any three orthogonal line 
reflections whose axes meet in a point or are parallel, there exists an 
orthogonal line reflection A^ sneh that A^A^ = AgA^, and an orthogonal 
line reflection Ag snch that A^A^ = A,Ag.. 

Proof By the theorem, A^ exists such that 

Ag AgAj = A^. 

Hence 

In like manner, Ag exists such that 

AjAiAg = Ag. 

Hence 

Corollary 2. The product of any odd number of orthogonal line 
reflections whose axes meet in a point or are parallel is an orthogonal 
line reflection. 

Proof By the theorem, whenever n'^Zy the product of n orthog¬ 
onal line reflections whose axes are concurrent reduces to a product 
ot n— 2. Thus, H n ia odd, the number of line reflections can be 
reduced by successive steps to one. 
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If ?i is even, this process reduces the number of line reflections in 
the product to two. Thus we have 

CoROLLAHY 3. The product of any even moviber of orthogonal line 
reflections is a rotation in case their axes meet in a point, and is a 
translation in case the axes are parallel. 

Corollary 4. An orthogonal line reflection is not a d^isplacernent 
Corollary 5. The set of all rotations having a common center is a 
commutative group. 

Proof A rotation is defined as a product of two orthogonal line 
reflections whose axes meet in an ordinary point. So, by definition, 
the identity is a rotation, and the inverse of a rotation is the 
rotation A^A^. The product of two rotations is a rotation by Cor. 3. 
Hence the rotations having a given point as center form a group. 
To show that any two of these rotations are commutative amounts 
to showing that 

(1) aaaa = aaaa 

whenever the A’s are orthogonal line reflections whose axes concur. 
By the theorem we have 

■^A4=a,a,a^, 

and hence 

(2) MAa. = 4A3AA. 

But since KKK = 

which combined with (2) gives (1). 

Theorem 9. Any displacement leaving a point 0 invariant is a 
rotation about 0: 

Proof The given displacement is a product of an even number, n, 
of orthogonal line reflections, A, • • - A^- Bet A? be the line reflection 
whose axis is the line through 0 parallel to the axis of A^. Then the 
product = AfA^? is a translation (Theorem 3) and 

Thiis a.-.a = ta---ta. 

vhere each T, is a translation. But by Cor. 2, Theorem 11, Chap. Ill, 
if 2 is any affine coUineation, = 2T/, where T/ is a translation or 
the identity. Hence 

A---Ai=a---a't:...t'. 



$§68,69] 


DISPLACEMENTS 


129 


But since A„ • • ■ Aj and A;^ • ■ • Aj' leave 0 invariant, the product 
T' • • • Ti' leaves 0 invariant, and hence, by Theorem 3, Chap. Ill, is 
the identitv. Hence 

where A^, ■ * 0^® orthogonal line reflections whose axes pass 

through 0. By Cor, 3, Theorem 8, A^ • • ■ A^' is a rotation about 0. 

59. The group of displacements. Theorem 10. Let O he an arhi- 
trary point Any displacement can he expressed in the form PT, where 
V is a rotation about 0 a'nid T a translation. 

Proof By precisely the argument used in the last theorem the 
given displacement can be expressed in the form 

A' • • A'T' ■ T' 

where A/ (i = 1, • • •, 2 ?i) is an orthogonal line reflection whose axis 
passes through 0, and T/ (i = 1, ■ • 2 7i) is a translation or the identity. 

The product is, by Theorem 6, Chap. Ill, a translation. By 

Cor. 3, Theorem 8, Aj„ • • ■ A{ is a rotation or a translation. Since it 
leaves 0 invariant, it is a rotation. 

Corollary 1. Any displacement can also he eapressed in the form 
T'P', where is a translation and P' a rotation with 0 as center. 

Corollary 2. Any symmetry is a product of a line reflection whose 
axis contains an arbitrary point and a translation. 

Theorem 11. Any displacement, except a translation having a 
double point of the absolute involution as center, is a product of two 
orthogonal line reflections. 

Proof. Let 0 be an arbitrary point. By the lasrt; theorem the given 
displacement reduces to PT, where T is a translation and P a rotation 
about 0. If the center, X, of T is not a double point of the absolute 
involution, by Theorem 4, 

T = {iy.{iy, 

where and Z^ meet Z» in the conjugate of X relative to the absolute 
involution and where Z^ passes through 0. By Cor. 1, Theorem 8, there 
exists an orthogonal line reflection {Mm^ such that 

P = {JIf77l}.{XZJ. 

PT = {Mm) ■ {XZJ. {XZ^} . {XZJ 
= {Mm} • {XZJ. 


Hence 
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If P ia not tlie identity, it is clear that m and cannot be parallel, 
and hence PT is a rotation 

In case T is a translation v'hose center is a double point of the 
absolute involution, it can be expressed (Theorem 8, Chap. Ill) as a 
product of two translations T^, whose centers are not double points 
of the absolute involution Hence, if P is not the identity, PT^ is a 
rotation, and thus PT^T^ is also a rotation. In case P is the identity, 
we have the exceptional case noted in the theorem. 

CoROLLAHY- A disjolacement is either a rotation or a tramlation. 

The following two theorems have the same relation to the para¬ 
bolic metric group and the group of displacements, respectively, that 
the fundamental theorem of projective geometry (Assumption P) has 
to the projective group on a lina 

Theorem 12. A transformation of the jparaholic metric group 
leaving invariant two ordinary points not collinear with a double 
point of the absolute involution is either an orthogonal line reflection 
or the identity, 

Froof, Denote the given fixed points by 0 and P, and let C® be the 
conic through P having 0 as center and the absolute involution as an 
involution of conjugate points. Since C® is uniquely determined by 
these conditions (cf. the lemma in § 56), it is left invariant by the 
given transformation P. Now T leaves 0, P, and the point at infinity 
of the line OP invariant. Hence the line OP is point-wise invariant, 
and every line I perpendicular to it ia transformed into itself. Since 
<7* is also invariant and each of the lines perpendicular to OP meets 
0® in at most two points, T is either the identity or of period two. 
If of period two, it is evidently an orthogonal line reflection. 

Theorem 13, A displacement leaving invariant a point 0 and a 
line I containing 0 but not containing a double point of the absolute 
involution is either the identity or a point reflection with 0 as center. 

Proof Let P be any ordinary point of I distinct from 0, and let 
O® be the conic through P having 0 as center and the absolute invo¬ 
lution as an involution of conjugate points. A displacement leaving 
O invariant, being a product of two orthogonal line reflections whose 
axes meet in 0, must leave (7® invariant. Hence it either leaves P 
invariant or transforms it into the other point in which the line OF 
meets C\ In the first case the transformation must, by Theorem 12 
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and Oor. 4, Theorem 8, reduce to the identity. In the second case the 
given displacement, which we shall denote by A, multiplied by the 
orthogonal line reflection A whose axis is the line through 0 perpen¬ 
dicular to OF, leaves F invariant. Hence, by Theorem 12, 

AA= 

where A' is a line reflection having OF as axis or the identity. Hence 

A = A'A. 

Since A cannot be a line reflection, A' cannot be the identity. Since 
the axes of A and A' are perpendicular, A is a point reflection. 

EXERCISES 

y 

1. A displacement which carries a point A to a points and has a point 0 
(ordinary or not) as center is, if the line OA is not minimal, the product of 
an orthogonal line reflection whose axis is OA followed by one whose axis is 
the line joining 0 to the mid-point of the pair AB. 

2. If three of the perpendicular bisectors of the point pairs AB, BC, CD, 
DA of a simple quadrangle meet in a point, the fourth perpendicular bisector 
passes through this point. 

♦3. Any affine transformation which leaves a central conic invariant is a 
line reflection whose center and axis are pole and polar with regard to the 
conic or a product of two such line reflections. 

*4. In case the absolute involution is without double points, the group of 
displacements can be defined as the group of transformations common to the 
parabolic metric group and the equiaffine group. Thus two ordered point 
triads are congruent if they are both equivalent and similar. Develop the 
theory of congruence on this basis, and show what difficulties arise in case 
the absolute involution has double points. 

60. Circles. Definition. A circle is the set of aU points [F] such 
that the point pairs OF, where 0 is a fixed point, are all congruent to 
a fixed point pair 0^, provided that the hne OJ^ does not contain a 
double point of the absolute involution. The point 0 is coiled the 
center of the circle. 

Since the displacements form a group, it is dear that ij may be any 
one of the points P. It has already been proved (§ 57) that if the 
line OJJ contained an invariant point of the absolute involution, the 
set [P] would consist of all ordinary points, except 0, of the line 0^. 

Theorem 14. A circle consists of the ordinary points of a conic sec¬ 
tion having the pairs of the aisolute involution as pairs of conjugate 
points. The center of the circle is the pole of l^ with respect to the circle. 
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Froof^ Let 0 be the center of the circle and ij any point of the 
circle. The circle consists of all points obtainable from JJ by displace¬ 
ments which leave 0 invariant If one of the line reflections of which 
each of these displacements is a product be taken to have as axis 
(Cor. 1, Theorem 8), it follows that the circle consists of the points 
obtainable from by orthogonal line reflections whose axes pass 
through 0. But the system of points so obtained is identical by 
construction with the ordinary points of the conic referred to in 
the lemma of § 56. 

COROLLAKT. In case the absolute involution has no double points, 
every circle is a conic section. In case the circular points exist, they 
and the points of any circle form a conic section. 

Theorem 15. The ordinary points of any proper conic, with regard 
to which the pairs of the absolute involution are pairs of conjugate 
points, form a circle. 

Proof A conic with regard to which the pairs of the absolute 
involution are conjugate points cannot be a parabola, since all points 
of Z. are conjugate to the point of contact of a parabola. Hence 
has an ordinary point 0 as center. Let P be any point of C\ By 
definition there is one and only one circle through P which has 0 as 
a center. By Theorem 14, this circle is a conic through P having 0 
as center and the pairs of the absolute involution as pairs of conjugate 
points. By the lemma of § o6 there is only one such conic. Hence 
the circle through P with O as center contains the ordinary points of C\ 

Theorem 16. Three noncollinear points, no two of which are on a 
minimal line, are contained in one and only one circle. 

Proof Let the three points be and Let X. be the point 
at infimty of the line and Z the perpendicular bisector of the 
point pair The polar of with regard to any circle through ij 
and ^ must, by Theorem 14, pass through the mid-point of and 
the conjugate of X. in the absolute involution. Hence the polar of 
X. with regard to any circle through and ^ must be Z. In like 
manner, the polar of the point at infinity Jf. of the line with 
regard to any circle containing ^ and must be the perpendicular 
bi^tor m of Since the points^, I>, J> are not coUinear, Z and 
m mtersect in an ordinarv point 0, which must be the pole of 
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= Za with regard to any circle through ij, and JJ. Since, 
by definition, there is one and only one circle through P with 0 as 
center, there cannot be more than one circle through ij, and 
Since the product of 
the orthogonal line re¬ 
flection with OP^ as axis 
by that with I as axis 
transforms the point pair 
OP^ into the point pair 
OJ?, the circle through 
P^ with 0 as center con¬ 
tains ij. Alike argument 
shows that it contains 
Hence there is one circle 
containing ij, JJ, and 
Observe that we do 
not prove at this stage 
that a circle has a point on every line through its center. This could 
not be done without further hypotheses on the nature of the plane 
than we are making at present. 

EXERCISES 

1. The locus of the points of intersection of the lines through a point .4 
with the perpendicular lines through a point R, not on a minimal line through 
Ai is a circle whose center is the mid-point of the pair AB, 

2. A tangent to a circle is perpendicular to the diameter through the point 
of contact. 

3. Any two conjugate diameters of a circle are orthogonal. 

4. If the tangents at two points A and R of a circle meet in a point 0, 
the pairs OA and OB are congruent. 

5. If ? is the perpendicular bisector of a point pair AB, then the circles 
through A and B meet Z in pairs of an involution whose center (§ 43) is the 
mid-point of A R. 

6. The system of all circles having a common center meet any fine in the 
pairs of an involution. 

7. A parallelogram which circumscribes a circle must be a rhombus. 

8. A parallelogram inscribed in a circle is a rectangle. 

9. If two circles have two points in common, the pair of tangents at one 
common point is symmetric to the pair of tangents at the other. 

10. The feet of the perpendiculars from any point of a circle to the sides 
of an inscribed triangle are collinear. 
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61. Congruent and similar triangles. Two of the three fundamental 
criteria for the congruence of triangles can be derived at the present 
staga The third criterion, that in terms of “ two sides and the included 
angle,” essentially involves order relations and is given in § 63. 

In the following theorems we shall restrict attention to triangles 
none of whose sides pass through double points of the absolute invo¬ 
lution. The sides of a triangle ABC which are opposite to the vertices 
A, B, 0 are denoted by a, &, c respectively. It will be observed that 
instead of angles we refer to ordered line pairs. 

Theorem 17. Two triangles ABC and A'B'G^ are congruent in such 
a way that A correspoTids to A! and B to B‘ if the point pair AB is con¬ 
gruent to the point pair AB^ and the ordered line pairs ca a^ad cl are 
congruent to the ordered 
line pairs c'a' and dV 
respectively, 

Proof, By hypothesis, 
there is a displacement T 
carrying A and B to A 
and B^ respectively. Let 
r {a) = a", r Q>) = V\ and 
r(C) = C7". Ifa"=5ba',we 
should have the ordered 
line pair c'a' congruent to 
and hence there 
would be a transformation leaving B* and d invariant and carrying a' 
to but this transformation, by Theorem 13, would be the identity 
or a point reflection with J?' as center contrary to the assumption that 
aK In like manner it follows that &"= J', and hence that {7"= C^, 

Theorem 18. If in two triangles ABC and AB^C the point pairs 
ABj BO, CA are congruent, respectively, to AB\ B'C^, C'A, the pair of 
lines he is congruent to the pair of lines Vd, The two triangles are 
either congruent or symmetric. 

Proof By hypothesis, there is a displacement which carries to 
AB. Let C^' be the point into which C is carried by this displacement. 
Let C'" be the point to which C” is carried by the orthogonal line 
reflection of which AB is oxia Now if C were not identical with C" 
or C'^\ we should have three congruent point pairs AC, AC'^, AC^'^ and 
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three other congruent point pairs BC,BC", BC"'. Tliat is, there would 
be two circles, one with A as center and one with B as center, havinof 
three points in common. If C, C", C"" were collmear, or if two of them 
were on a minimal line, this woTild contradict Theorem 14; otherwise 
it would contradict Theorem 16. 

The conclusions of the theorem are now obvious. 

The theorems converse to the above are not difiBcult and are stated in 
the exercises below. The theorems on similar triangles (Exs. 3,4,5) are 
proved in an analogous way, using Theorem 12 iastead of Theorem 13. 
For these theorems we used the following definition: ' 

Definition. Two figures are said to be directly swiilar if and 
only if one can be transformed into the other by a similarity trans¬ 
formation which effects on Z* the same transformation as some dis¬ 
placement. A transformation of this sort is called a direct similarity 
transformation. 

EXERCISES 

1. If two ordered point triads are congruent, the corresponding ordered point 
pairs and line pairs are congruent. 

2. If two ordered point triads are symmetric, the corresponding point pairs 
are congruent and the corresponding ordered line pairs are symmetric. 

3. If the ordered line pairs ah, he, ca are congruent, respectively, to the ordered 
line pairs a'V, Vc', c'a', the ordered triad ahe is directly similar to the ordered 
triad afh'c'. 

4. If the ordered line pairs ah, he, ca are symmetric, respectively, to the 
ordered line pairs a^h', h'cf, c'a', the ordered triad abc is similar to the ordered 
triad 

5. If two ordered triads ahe and a'h'c' are directly similar, the ordered pairs 
db, he, ca are congruent to a'lf, h'd, c'a' respectively. If the ordered triads 
are similar but not directly similar, the ordered pairs ah, he, ca are symmetric 
to a'h', h'c', c'a' respectively. 

6. A direct similarity transformation is a product of a displacement and 
a homology. 

62. Algebraic formulas for certain parabolic metric groups. Adopt¬ 
ing a system of nonhomogeneous coordinates (x, y) for which Z« is the 
singular line, and a system of homogeneous coordinates for which 



the line Z, has the equation = 0, and any involution on it can he 
written in the form (§§ 64, 58, VoL I), 

= 0, H- -h + cxfc^ = 0. 
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If the coordinate system be chosen so that (0, 1, 0) and (0, 0, 1) are 
conjugate points in this involution, the bilinear equation reduces to 

(3) 

Here the point (0, 1, 1) is paired with the point (0, c, — a). In 
case the involution contains two pairs of points which are harmoni¬ 
cally conjugate, one pair may be chosen as (0, 1, 0) and (0, 0, 1) and 
the other pair as (0, 1,1) and (0,1, — 1). In that case (3) reduces to 

(4) 

For the rest of this section we assume that the absolute involution 
contains two pairs of points which are harmonically conjugate with 
respect to each other. Such involutions exist in every plane satis¬ 
fying Assumption since any two distinct coUinear pairs of points 
determine an involution. Hence this assumption is no restriction on 
the nature of the plane in which we are working. It is, moreover, 
easy to replace the formulas which we shall obtain from (4) by the 
more general but more cumhersdme formulas baaed on (3). 

The equations of the transformation required to change (3) into (4) are 
arj — = "N/a 

Hence it is clear that in the complex geometry (§ 5) every involution may be 
reduced to the form (4), and in the real geometry only those involutions can 
be reduced to this form which are such that u/c > 0. The involutions of the 
latter type are direct (§ 18). 

The equations of the affine group are 

(5) sc!, = c^x^+a^a^+\x^, 

and if the involution (4) is to be transformed into itself, all pairs 
and which satisfy 

XX ~\~xx =0 

must also satisfy 

(a^a!j+ \x^ («!»!+ 5*®,) = 0, 

wMcIl is tHe same as 

(a»+ af)x^^+{af^+ + (&i*+5s)a!^j= 0. 

“i + “a = + 6j* =#= 0, 

®A+ ®A= 


Hence 
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are the necessary and sufficient conditions that (5) leave (4) invariant. 
Combining these two eq^uations, we obtain 

dial + — 1)1(11 — a^l = 0 

or 4- (lT) {dl - ll) = 0. 

Thus we infer a^=±l)^ and T Hence 

Theorem 19. The eguatio'iiis of the paraholic Tnetric group are 

^ y=e(-/9a; + ay) + 7-, 

where e® = 1. 

An y conic section has an equation of the form (§66, VoL T) 

(7) ^00^0 + ^11^1 + + 2- + 2 + 2 == 0, 

which determines on the line 2 ;^^ = 0 an involution whose double 
dements satisfy ^ ^ 2 = 0. 

Comparing with (4), we have that a circle must satisfy the condition 
a = a ^ 0, a = 0. 

If this circle is to have (1, 0, 0) as center, Le. as pole of x^ = 0, the 
equation (7) must also satisfy the condition 

«<.1=0 = V 

Thus, returning to nonhomogeneous coordinates, the equation of a 
circle with the origin as center must be of the form* 

( 8 ) 

According to § 59, the transformations of the parabolic metric 
group leaving such a circle invariant are all displacements or sym¬ 
metries, and, moreover, aU displacements and symmetries leaving the 
origin invariant leave this circle invariant. Substituting (6) in (8), we 
see that a displacement or symmetry leaving the origin invariant is 
of the form # 

y'=e(—^x + ay), 


* This argmnent does not prove that every equation of this form represenla a 
circle. The answer to this question depends on the value of k. 
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Smc« any displacement or symmetry is expressible as the resultant 
of one leaving the origin invariant and a translation (Theorem 10, 
Cor. 1), we have 

Theorem 20. The equations of the group of displacemmts and 
symmetries are 

®' = ar^ + y9y + '/j, 
vjhere + ^ = 1 and r = 1. 

By § 54, YoL I, a transformation of the form (9) effects an involu¬ 
tion on if and only if e = — 1. By Theorem 10, Cor. 2, any symmetry 
leaving the origin invariant is a line reflection. Hence 

Theorem 21. The displacements are the transformations of the 
type (9) for which 6 = 1 and the symmetries those for which e = — 1. 

SZERCISES 

1. The equation of a circle containing the point and having the 
point (OiJi) as center is 

(X - (y - (tz, - (h^ - ft,)"- 

2. Two lines oi + + c = 0 and a'x + 6'y + o' = 0 are orthogonal if and 

only i£ aa' + hh' = 0. 

3. In case the absolute involution has double points, the equiaffine trans¬ 
formations of the parabolic metric group are of the form (9), where a® + = « 

and € = ± 1. 

63. Introduction of order relations. Let us now assume that the 
plane which we are considering is an ordered plane in the sense 
of § 15. We may therefore apply the results of Chap, n, particu¬ 
larly of §§ 28“30. Let us also assume that the absolute involution 
satisfies the condition referred to in § 62, that there exist two pairs 
of points conjugate with regard to the absolute involution which 
separate each other harmonically. By Theorem 9, Chap. 11, and its 
corollaries, it follows that any two pairs of the absolute involution 
separate each other, and that the absolute involution has no double 
points.* This result may conveniently he put in the following form; 

Theorem 22. Two paws of perpendimdar lines intersectmg in the 
same point separate each other. No line is perpendicular to itself. 

* The geomel^ Euiaiiig from the hyperholic case has been studied by Wilson and 
Lewis in the article referred to in § 48. 
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The restrictions which we have just introduced enable us to state 
the fundamental theorem (Theorem 13) about the group of displace¬ 
ments in the following more precise form: 

Theoeem 23. The only displacement leaving a ray invariant is 
the identity. 

Proof. Let A be the origin and B any point of the ray. Since any col- 
lineation preserves order relationSj A is transformed into itself. Since the 
line AB is invariant, the displacement is a point reflection or the identity 
(Theorem 13). But a point reflection would change B into a point of the 
ray opposite to the ray AB, and thus not leave the ray AB invariant. 

With the aid of this theorem we can complete the set of funda¬ 
mental theorems on congruent triangles, the first two of which were 
given in § 61. 

Theoeem 24. Two triangles ABC andAB'C' are congruent if the 
point pairs ABy AC and the angle A CAB are congruent respectively 
to the point pairs AB\ A^C^ and the angle A 

Proof Since the angle* A CAB is congruent to the angle A CA'B\ 
there exists a displacement carrying A to A^ and the rays AC and 
,AB to A^C’ and AB' respectively. Since the point pair AB is con¬ 
gruent to A'B'y there is also a displacement carrying A to A' and B 
to B', and sincere? is congruent to A'C', there is a displacement A^ 
carrying A to A' and C to C'. By Theorem 23, A^ = A^ and = A 3 , 
Hence the displacement A^ carries the triangle ABC to A'B'C', 

BZ3#RCISES 

1. Two triangles ABC and A'B'C' are congruent if the point pair AB is 
congruent to the point pair A'B' and the angles A CAB and A CBA are con¬ 
gruent respectively to the angles A CA'B' and A C'B'A'. 

2. If two triangles ABC and A'B'C^ are congruent in such a way that A 
corresponds to A' and B to B\ the angles A ABCs ABC A, A CAB are con¬ 
gruent to the angles A A'B'C', AB'C'A', A C'A'B' respectively. 

3. If two triangles ABC and A'B'C' are symmetric m such a way that A 
corresponds to A' and B to B', the angles A ABC, ABC A, A CAB are con¬ 
gruent to the angles A CB'A', AA'C'B', AB'A'C' respectively. 

4. Let A, Bj C be three coUinear points and P« the point at infinity of the 
line joining them; B is between A and C if and only if 

0 <B(P«A, CR)< 1 . 

5. An orthogonal line reflection interchanges the two sides of its azU. 


* Kote that an angle is an ordered pair of rays (§ 28). 
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64. The real plane. Let ua finally assume that we are dealing 
with the geometry of reals. In consequence, we have the theorem 
(§ 4) that any one-dimensional projectivity which alters sense (ie. for 
which A < 0) has two double elements. This may he put into the 
following form as a theorem of the affine geometry. 

Theorem 25. If and-4^ are any two jpoints of an ellipBey any 
line I, meeting the line A^A^ in a point between A^ and A^, meets the 
ellipse in two points. 

Proof* Let us de¬ 
note the given ellipse 
by E', and let ^4 be a 
variable point on it. 

Let and be the 
points in which I is 
met by A^A and A^A 
respectively, and let 
and be the points in 
which L is met by A^A 
and A^A respectively. 

Also let be the 
point in which AfL^ 
meets Z*. By construc¬ 
tion, and by the defi- 
nition of a conic, 

( 10 ) 

The projectivity is direct, because, by the remark at the 

beginning of this section, if the projectivity altered sense it would 
have two double points, and these, by the definition of the projec¬ 
tivity, would be points of intersection of Z. with E^, contrary to the 
hypothesis that is an ellipse. 

Let C and (7, be the points of intersection of A^A^ with Z and Z« 
respectively. AJso let be the point at infinit y of Z. Then, by the 
hypothesis that C is between A^ and A^, 

S{C^GA^^S{C^CA^y. 

•A smipler proof of this theorem, which, however, involves more preliminary 
theorems, is given in the next chapter (§ 76). 
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But, by construction, A^ CA^ (7* = 


Hence, by Theorem 6, Qiap. II, 

S(C^L^Q^)^S{C.L^Q^). 


But the points C», are carried to Qg, respectively, by 

the projecthity indicated in (10). Hence the projectivity 

[0J a:[^ 8] ^ opposite. Since [ejx[ej is direct, [GJ a [@J is oppo¬ 
site. Erom this, since and are carried by a perspectivity with 
Aj as center to and respectively, it follows (Theorem 6, Chap. II) 
that the projectivity [Z ]—[i ] 


is opposite. By the remark at the beginning of the section this pro¬ 
jectivity must therefore have two double points, and by the definition 
of the projectivity these double points must be points of intersection 
of I with JS'\ 

Corollary 1. The points in vjMch I meets the ellipse are separated 
ly A^ and A^ relative to the order relations on the ellipse. 

Proof. Let and (fig. 51) be the two points in which I meets 
the ellipse, and let A, A^, A^, etc. have the meanings given them in 
the proof of the theorem. Then since the projectivity is 

opposite, :#= S{1)^D^L^). 


Hence the lines AD^ and AD^ separate the lines AA^ and AA^, which, 
according to the definition in § 20, imphea that the pair of points 
separates the pair A^A^ on the ellipse. 

Corollary 2. The points in which I meets the ellipse are on opposite 
sides of the line A^A^. 

Proof Let a be the tangent at A^. By the first corollary the lines 
a and A^A^ separate the Hues A^^ and AJ!>^. Hence, if Al denote the 
point in which a meets and P^ separate A' and (7. Now A' 

is not between P^ and P^, because if it were, the line a would meet 
the ellipse in two points instead of only in one. Hence C is between 
P^ and P^f and hence P^ and P^ are on opposite sides of h 

Theorem 26. -A rotation which transforms a given circle into itself 
transforms any triad of points on the cirde into a triad of points in 
the same sense relatively to the order rdations on the circle. 
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Proof, Let the given triad of points be J?, C, let 0 be any other 
point of the circle, and let be the points at infinity of the 

lines OA, OB, 0(7 respectively; let (y,A!,B\ C',AL,BLfOi be the points 
to which 0, A, B, C, A^, B^, C7*, respectively, are carried by the given 
rotation; let A^l, Cl be the points at infinity of the lines OA^y OB\ 

OC^ respectively. 

The given rotation effects on L a transformation which is the prod¬ 
uct of two hyperbolic involutions. Hence S{A^B^CJ)=^S{A1BLCL). 

As m the proof of Theorem 25, the projectivity ALBLCL’^AIBICI 
is direct because otherwise it would have double points and these 
would be common to the circle and Z*. Hence S(ALBLCL)^S(A!IB1C'J) 
and, therefore, S(A^B:c C*) = S(AlBlC!S)- Projecting from 0, we have, 
by the definition of sense on a conic (§ 20), that 

S(ABC) = S(A'B'C'). 

Theorem 26, which is here proved only for a real space, can be proved for 
any ordered space by the methods of the next chapter. This theorem states 
one of the most intuitionally immediate properties of a rotation- In fact, 
most of the older discussions of the notions of sense describe sense, without 
further explanation, as “sense of rotation.*' j 

EXERCISES 

1. If ^ A OB is any angle, and PQ any ray, there is one and only one ray 
PR on a given side of the line PQ such that A A OB is congruent or aynmietric ' 

to 4 QPJJ- 

♦2. Prove that Theorem 25 is not true in a space satisfying Assumptions 
A, E, Hj Q. 

65. Interscctloiial properties of circles. Theorem 27. If A and B j 

are any two distinct points, then on any ray having a point 0 as, j 

origin there is one and only one point P such that the pair AB is I 

congruent to the pair OF. \ 

Proof Let he the point to which B is carried by the translation 
which carries A to 0. The circle through B^ with 0 as center contains t 

all points Q such that OQ is congruent to AB. Let B^ be the point j 

to which B^ .is transformed by a point reflection with 0 as center. 

Then since 0 is between B^ and B^, any line I through 0 (and distinct | 

from OB^ must meet the circle in two points, according to Theorem 25. j 

But by Theorem 23 neither of the rays on I which have 0 as origin 
can contain more than one point of the circle. Hence each of these \ 
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rays contains just one point of the circle. Hence each ray with 0 as 
origin contains a single point P such that AB is congruent to OP. 

Combining this theorem with Theorem 23, we have 

Theorem 28. There is one and only one dis;plac&ment carrying a 
given ray to a given ray. 

This result characterizes the group of displacements in the same 
way that the proposition that there is a unique projectivity of a 
one-<iimensional form carrying any ordered triad of elements to any 
ordered triad characterizes the one-dimensional projective group. 

Theorem 29. If tvjo circles are such that the line joining their 
centers meets them in two point pairs vjhieh separate each other, the 
circles have two points in common, one on each side of the line joining 
the centers. 

Proof, Let the two circles be Cl and 0®, and let them meet the 
line joining the centers in the pairs P^Q^ and P^Q^ respectively. Let A 
be the center (§ 43) of the involution T in which and JJQa 
pairs, and let a, be the 
perpendicular to the line 
ijij at A. 

Since and separate 
^ and $ 2 , the ordered 
triads and QiJJQa 

are in the same sense. 

The involution T inter¬ 
changes these two triads 
and hence transforms any 
triad into a triad in the 

same sense. Hence A is between and Q^, Hence, by Theorem 25, the 
line meets the circle Cl in two points A^ and A ^; and by the second 
coroUaiy of tliis theorem, Aj^ and A^ are on opposite sides of the line Qy 

The lines and A^Q^ are orthogonal since and are the ends 
of the diameter of a circle through A^ The line A^A is orthogonal to 
the line through A^ parallel to ijft. Hence the involution T is per¬ 
spective with the involution of pairs of orthogonal lines through A^ 
Hence A^ P, and are on a circle whose center is on the line IlQy 
By Theorem 16 this circle must be C^, Hence (7J and Cl have A^ 
in common. A similar argument shows that A^ is on Cl and Cl. 
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66. The Euclidean geometry. A set of assumptions. In the geom¬ 
etry of reals the coefBcients of the formulas derived in § 62 are real 
numbers. The formulas given for displacements in that section are 
the well-known equations for the ''rigid motions” of elementary 
Euclidean geometry. Hence the geometry of the paraholic metric 
group in a real plane is the Euclidean geometry. 

This result can also be established by considering a set of postu¬ 
lates from which the theorems of Euclidean geometry are deducible 
and proving that these postulates are theorems of the parabolic 
metric geometry. It then follows that all the theorems of Euclidean 
geometry are true in the parabolic metric geometry. 

As a set of assumptions for Euclidean geometry of three dimensions 
we may choose the ordinal assumptions I-IX which are stated in § 29, 
together with the assumptions of congruence (X-XVI) stated below. 
For our immediate purpose, however, a set of assumptions for Euclid¬ 
ean plane geometry is needed. To obtain such a set we merely replace 
Vn and YIII by the following: 

VIL All points are in the same plane. 

Thus our set of postulates for Euclidean plane geometry is I-VI, 

vn, IX-X\T. 

Assumptions X-XYI make use of a new undefined relation between 
ordered point pairs which is indicated by saying ‘AB is congruent 
to CBP It must be verified that the new assumptions are valid 
when this relation is identified with the relation of congruence 
defined above. 

X. If By then on any ray whose origin is a point C there is 
one and only one point D such that AB is congruent to CD. 

Proof. This is the same as Theorem 27. 

XI. If AB is congruent to CD and CD is congruent to EFy thenAB 
is congruent to EF. 

Proof This is a consequence of the faot that the displacements 
form a group. 

XIL If AB is congruent to AB^, and BC is congruent to BB^ and 
{ABC} and {ABB^}y then AC is congruent to A'C^, 

Proof. By Theorem 28, there is a unique displacement which 
carries A and B to A^ and B^ respectively. This displacement carries 
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C to a point C' such that {A'B^ C'}, because a coUineation preserves 
order relations. Moreover, the point C' so obt-ained is such that ^(7 is 
congruent and AC to A'C'; and, by Theorem 27, there is only 

one point C' in the order {A^B'C'} such that is congruent to^'C'. 

XIIL AB is coTigraent to BA. 

Froof. AB is transformed into BA by the point reflection whose 
center is the mid-point of AB. 

XIV. If Aj B,C are three noneollinear ^points and D is a point in 
the order {BCD}, and if A^B’C^ are three noncollinear points and D' 
is a point in the order {B'CF'} such that the point pairs AB, BC, 
CA, BD are respectively congruent to A'B^, B^C\ C’A\ FD\ then AD 
is congruent to A'D'. 

Proof. Since AB is congruent to A^B\ 
there exists a displacement A which 
carries AB to A'B^. Let A(C) = C'^, 

JS.{D)=D^. Also let and D^ be the 
points to which and D^ are trans¬ 
formed by the orthogonal line reflection 
having A'B’ as axis. 

According to § 57, the pair BC is con¬ 
gruent to B^ and to B' ; CA to C^A^ 
and BD to B^D^ and B'D^\ and 

AD to A'jDj and A^D^. It foEows that 
C' must coincide with C^ or C^, for 
otherwise there would be two circles, one with A' as center and the 
other with B^ as center, containing the three points C^, C^, C'. 

If C' = Cj, it follows, by Theorem 23, that D' = D^, and hence that 
AD is congruent to A'D^. If C'= it follows, similarly, that P=D^, 
and hence that AD is congruent to A'D\ 

Definition. If 0 and are two points of a plane a, then the set 
of points [X] of a such that OX is congruent to OX^ is called a circle. 

XV. If the line joining the centers of two coplanar circles meets them 

in pairs of points, and I^Q^ respectively, such that and 

the circles have two points in common, one on each side of 
the line joining the centers. 

Proof This is the same as Theorem 29. 
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XVI. If A, By C are three points in the order {ABC} and B^y B^^, 
B^, • • ■ are points in the order {ABB^yy {AB^B^y • • • such that AB is 
congruent to each of the point pairs BB^y ‘'there are 'not 
more than a finite numhcr of the points B^y B,^, • ■ • between A and C. 

Proof Let B^ be the point at infinity of the line AB. Then is 
the harmonic conjugate of A with respect to B and B^ is the har¬ 
monic conjugate of B with respect to B^ and -B*; and so on. Thus Ay B, 
B^y B,^, • • • form a harmonic seq^uence of which Ba> is the limit-point. 
Since C has a finite coordinate, the result follows from § 8, Chap. I. 

The set of assumptions I-XVI is not categoiicaL It provides 
merely for the existence of such irrational points as are needed in 
constructions invohdng circles and* lines (see § 77, below). It can be 
made categorical by adding Assumption XVII, § 29. It must be 
noted, however, that when X^ni is added, X*-XVI become redundant 
in the sense that it is possible to introduce ideal elements and then 
bring in the congruence relations by means of the definitions in this 
and the preceding chapters. 

In order to convince himself that the assumptions given above are 
a sufficient basis for the theorems of Euclid, the reader should carry 
out the deduction from these assumptions of some of the fundamental 
theorems in EucUd’s Elements. An outline of this process will be 
found in the monograph on the subject from which the assumptions 
have been q^uoted.* 

In making a rigorous deduction of the theorems of elementary 
geometry, either from the assumptions above or from the general 
projective basis, it is necessary to derive a number of theorems which 
are not mentioned in Euclid or in most elementary texts. These are 
mainly theorems on order and continuity. They involve such matters 
as the subdivision of the plane into regions by means of curves, the 
areas of curvilinear figures, etc., aU of which are fundamental in the 
applications of geometry to analysis, and vice versa In so far as 
these theorems relate to circles, they have been partially treated in 
§§ 64“65 and will be further discussed in the next chapter. The 
methods used for the more general theorems on order and continuity, 
however, are less closely related to the elementary part of projective 
geometry and will therefore be postponed to a later chapter. 

* Foundations of (Jeometry, by Oswald Veblen, in Monographs on Modem 
Mathematlca, edited by J. W. A. Young, New York, 1911. 
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67. Distance. In § 43 we have defined the magnitude of a vector 
Oi? as its ratio to a unit vector OA coUinear with it; but in the 
affine geometry the magnitudes of noncoUinear vectors are abso¬ 
lutely unrelated. In the parabolic metric geometry we introduce 
the additional requirement that any two unit vectors OA and 
O'A' shall be such that the point pair OA is congruent to the 
point pair 0'A\ 

Thus, if a given unit vector OA is fixed and is the circle through 
A with 0 as center, my other unit vector must be expressible in 
the form Vect (OP), where P is a point of the circle. This gives two 
choices for the unii> vector of any system of coUinear vectors, and 
each of the two possible unit vectors is the negative of the other. 
Therefore, while it is possible under our convention to compare the 
absolute values of the magnitudes of noncoUinear vectors, there is 
no relation at aU between their algebraic signs. This corresponds to 
the fact that there is no unique relation between particular sense 
classes on two nonparallel Unes. 

Formulas in which the magnitudes of noncoUinear vectors appear 
must, if they state theorems of the Euclidean geometry, be such that 
their meaning is unchanged when the unit vector on any line is re¬ 
placed by its negative. This condition is satisfied, for example, in 
Exs. 2 and 4, § 71. 

The ratio of two coUinear vectors is invariant under the affine 
group; the magnitude of a vector is invariant under the group of 
translations; but the absolute value of the magnitude of a vector, 
according to our last convention, is invariant under the group of 
displacements. The last invariant may be defined directly in terms 
of point pairs as foUows: 

Dehnition. Let AB be an arbitrary pair of distinct points which 
shaU be referred to as the unit of distance. If P and Q are any 
two points, let (7 be a point of the ray AB such that the pair AC is 
congruent to the pairP^- The ratio 

AB 

is caUed the distance from P to Q, and denoted by Dist (PQ). If L 
is any point and Z any line, the distance from X to the foot of the 
perpendicular to I through L is caUed the distance from L to Z. 
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It follows directly from the theorem above that Dist {PQ) ia 
uniquely defined and positive whenever F Q, and zero wlienever 
P=z Q, Prom the corresponding theorems on the magnitudes of 
vectors there follows the theorem that if {A-BC'},then 

Dist (AB) + Dist (BC) = Dist (AC). 

Other properties of the distance-function are stated in the exercises. 

The notion of the length (or circumference) of a circle may be defined as 
follows : Let P^, P„, • * *, be n points in the order {PiPo • • • P„} on a circle, 
and let ^ ^ ^ ^ ^ (P.Pi)- 

It can easily be proved that for a given circle C-, the numbers p obtained from 
all possible ordered sets of points Po, •• •, P„, for all values of 7i, do not 
exceed a certain number. 

Defixitiox. The number c, which is the smallest nimiber larger than all 
values of p, is called the length or circumference of the circle CP. 

The proof of the existence of the number c will be omitted for the reasons 
explained below. The existence of c having been established, it follows with¬ 
out difficulty that if c and d' ore the lengths of two circles with centers 0 and 
O', respectively, and passing through points P and P', respectively, 

c _ Dist (OP) 

7”Dist(0'p5* 

Choosing the point pair O'P' as the unit of distance and denoting the con¬ 
stant c' by 2 TT, this gives the formula 

(11) c = 2 TT-* Dist (OP). 

The theory of the lengths of curves in general could be developed at the 
present stage without any essential difficulty. This subject, however, is very 
different (in respect to method, at least) from the other matters which we are 
considering, and therefore will be passed over with the remark that, starting 
with the theory of distance here developed, all the results of this branch of 
geometry may be obtained as applications of the integral calculus. Even the 
theory of the length of circles which we have summarized in the paragraphs 
above involves the ideas, if not the methods, of the calculus. 

EXERCISES 

1. Two point pairs AB and CD are congruent if and only if Dist (AB) = 
Dist (CD). 

2. If A, P, C are noncoUinear points, Dist {AB) + Dist (PC) > Dist {A C). 

3. Two triangles APC andA'P'C' are similar in such a way that A corre¬ 
sponds to A', P to P', and C to C' if and only if 

Dist(AP) _ Dist (AC) _ Dist (PC) 

Dist (A'P') “ Dist (A'c 5 “ Dist (P'C')' 
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4. Relative to a coordinate system in which the axes are at right angles, 
the distance between two points (ii, (x^, y.^) is 

(^1 ” ^ 2 )“ + (.Ifi yi)~i 

the positive determination of the radical being taken. The distance from a 
point to a line eza; + 6y+c = 0is the numerical value of 

^1 + ^.Vi + c 

*Va“ + 

68. Area. The area of a triangle, as distinguished from the measure 
of an ordered point triad, may be defined as follows: 

Definition. Relative to a unit triad OPQ (§ 49) such that the 
lines OF and OQ are orthogonal and the point pairs OF and are 
congruent to the unit of distance, the positive number 

^\m{ABC)\ 

is called the area of the triangle ABC, and denoted by a {ABC),' 

As was brought out in Chap. Ill, the theory of measure of polygons 
belongs properly to the affine geometry. But the standard formula 
for the area of a triangle in terms of base and altitude (Ex. 1, below) 
involves the ideas of distance and perpendicularity and hence belongs 
to the parabolic metric geometry. It should be noticed that this 
formula assumes that the side of the triangle which is regarded as 
the base does not pass through a double point of the absolute invo¬ 
lution. This condition is satisfied under the hypotheses of §§ 63, 64, 
but is not always satisfied in a complex plane; whereas the definitions 
of equivalence and measure as given in Chap. Ill are entirely free of 
such restrictions. 

The theory of areaa in general depends on considerations of order and 
continuity which we have not yet developed, and which, like the theorv of 
lengths of curves, belongs essentially to another branch of geometry than that 
with which we are concerned in this chapter. We shall, however, outfine 
the definition of the area of an ellipse from the point of view of elementarv 
geometry, because the derivation of the area of an ellipse from that of the 
circle affords rather an interesting application of one of the theorems about 
the aflfine group. 

Let Pj, Pjj, ■ • P„ be any finite number of points in the order^Ri-Pg • • Fn) 
on an ellipse with a point 0 aa center, and let 

A = a (OF^P^) + a (OP^P,) + • •' + a (OP,Pj. 

It can easily be proved that there exists a finite number, a (P®), which is the 
smaUeat number which is greater than aU values of A formed according to 
the rule above. 
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Definition. The number a(Er) is called the area of the ellipse. 

In case E- is a circle, it is easy to prove that 

a(C-) = THT, 

where ir is the constant defined above and -r = Dist (OP^. 

Xow suppose E"- is an ellipse with two perpendicular conjugate diameters 
OA and OB which meet in A and B respectively, and let (P be the circle 
through A with 0 as center, and let C be the point in which the ray OB 
meets C-. The homology T with OA as axis and the point at infinity of OB 
as center, which transforms B to C, is an affine transformation carrying the 
ellipse BP to the circle CP. This homology transforms the triangle OAB to 
the triangle OAC; and the 
areas of these triangles 
satisfy the relation 

aCa4C)_Di3t(aC)^ 
a(^OAB) Di3t(OE) ’’ 

It follows, by § 50, that the 
homology transforms any tri¬ 
angle into one whose area is 
times as large. By the 
definition of the area of an 
ellipse, therefore, 

a (C2) __ Dist (OC) 
a{E^ Dist(OE)‘ 

Denoting Dist (OA) by a and 
Dist (OB) by this gives 

a (ET-) = — = TTflJ. 
a 



EXERCISES 

1. The numerical value of the measure of a point triad ABC is equal to 
Dist (A E) •Dist(CC'), where C' is the foot of the perpendicular from C to 
the line AB. 

2. If alcd is a simple quadrilateral whose vertices are on a conic and Pisa 

variable point of the conic, 

^ ^ Dist (Pa). Dist f Pc) 

Dist(P6) .Dist(Pd) 

is a constant (cf. Ex. 2, § 51). 

3. If a projective coUineation carries a variable point M and two fixed lines 
a, 5 to AP , a' j V respectively, the number 


is a constant. 


Dist (Ma) ^ mat (M'a') 
Dist (if 6) Di3t(Jif'6') 
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4. Let F be the center of a homology V and I the vanishing line, (L*). 
If P is a variable point and Q = F (P), 


DistCPP) 
Diflt (PZ) 


^•Dist(PQ), 


where I; is a constant. 

5. The area of an ellipse is 9ra/2, where a is the area of any inscribed 
parallelogram whose diagonals are conjugate diameters. 

6. Among all simple quadrilaterals circumscribed to an ellipse, the ones 
whose sides are tangent at the ends* of conjugate diameters have the 
least area. 

7. Among all simple quadrilaterals inscribed in an ellipse, the ones whose 
vertices are the ends of conjugate diameters have the greatest area. • 

8. Of all ellipses inscribed in a parallelogram, the one which has the lines 
joining the mid-points of opposite sides as a pair of conjugate diameters has 
the greatest area. 

9. Of aU eUipsea circumscribed to a parallelogram, the smallest is the one 
having the diagonals as conjugate diameters. 


69. The measure of angles. The unit of distance may be chosen 
arbitrarily, because any point pair can be transformed under the par¬ 
abolic metric group into any other point pair. It is otherwise with 
angles or line pairs, because, for example, an orthogonal line pair can¬ 
not be transformed into a nonorthogonal pair. Therefore the systems 
of measurement for angles obtained by choosing different units are, 
in general, essentially different. We shall give an outline of the 
generally adopted system of measurement, basing it upon properties 
of the group of rotations leaving a point 0 invariant. 

Let be an arbitrary point different from 0, and the circle 
through with 0 as center. Let ^ (fig. 65) be the point different from 
ij in which the line ^0 meets and let and be the points in which 

the perpendicular to iJO at 0 meets By Cor. 1, Theorem 25,. these 

points are in the order on the circle. Let <r denote the 

segment Any Kne through 0 meets in two points which 

are separated by and and hence meets cr in a unique point. 
Let be the point in which the line through 0 perpendicular to 
meets cr. And, in general, let [ij], ^ = 1, 2, ■ • ■ be the set such 

that JJ is the point in which the line through 0 perpendicular to iJP^ 

2= 5i?=I 

meets <r. 


•The ends of a diameteT are the points in which it meets the conic. 
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The line OP^ obviously meets the line in the mid-point of the 
pair and the mid-point is between P^ and P^. Hence, by Cor. 1, 
Theorem 25, we 
have the order re¬ 
lation 

where P' denotes, 
for the moment, 
the point not on 
o* in which the 
lipf OP^ meets the 
circle. Since 0 is 
between P^ and P\ 
the same corollary 
gives 

SinceJ^isonthe 
segment cr, we have 
either 

The 

second of these 
alternatives, how¬ 
ever, when combined with {P^I^I^P^y would imply con- 

to {iJ^iJP^. Hence is impossible, and we must 

have In like manner it is proved that {PqI^I^P^ and, in 

general, that 

^ on—1 



Fig. 65 


Let n denote the rotation (a point reflection in this case) which 

leaves 0 fixed and transforms ^ to ij, and let 11=*" denote the rotation 
transforming ij to ij. The rotation 11-, being the product of the 


orthogonal line reflection with 01^ as axis followed by that with 
OP^ as axis, carries the point pair 01^ to the point pair OiJ. Hence* 

(n^)^=n. 

In like manner it follows that 

A -L- 
(n^)3= 

* The symbol A^, where A is any transformation and n a posltiYe integer, has 
been defined in § 24, Vol. I. 
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Let us denote (II'^)” by II^, where m is any positive or negative integer, 
and by 

■ 2 " 

Now all rotations are direct (Theorem 26). Hence = 

S{P^P^P^^S{P^P^^. Combining these relations with {JJj^^JJ},we 
have the order relation and in general, by a like argument. 


fln flA 2" 

Hence we have whenever 0 < ^ < ^ < 1, ae can easily 

he seen on reducing the two fractions to a common denominator. 

Since 11^=1, it follows that whenever m/2" is expressible in the 
form 2'k + a^k being an integer, 


(12) = and 


Definition. Let tt be the constant defined in § 67, (11). The 
number a • tt, where a = m/2", is called the medsure of any angle 
congruent to AP^OP^. An angle whose measure is air is also said 
to he equal to 2 a right angles. 

The measure of an angle is mdetenninate according to this defi¬ 
nition. In fact, according to (12), whenever the measure of an angle 
is A it is .also 2 bir + ^y where k is any positive or negative integer. 
This indetermination can be removed by requiring that the measure 
^ chosen for any angle shall always satisfy a condition of the form 
0^)S<2 7r, or—7r<^^7r. 

Since the rays OJ^ do not include aU rays with 0 as center, the 

definition just given does not determine the measures of all angles. 
The required extension may be made by means of elementary con¬ 
tinuity considerations, the details of which we shall omit. The essential 
steps required are: (1) to prove that if P be any point in the order 
{iJPPiJ}, there exists a positive integral value of n such that ; 

(2) hence to prove that if P be any point on the circle not of the form 
the points of the form fall into two classes, [^] and [^], such 

^ 3* 

that. {^^PJ^}, and there is no point, except P, on every segment ^P.^ 
of the circle; (3) having required that 0 < a < < 2, to define 

(where ^ is an integer, positive, negative, or zero, and x is the number 
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such that a < aj < /8 for all a*s and ^s) as the rotation about 0 carry¬ 
ing ij to P; (4) to shovr that if ic is a rational number 7n/n, (11“)" = EE”*; 
(5) to define measure of angle as above, but with the restriction that 
a = 771/2" removed; (6) to prove that the measure of the sum of two 
angles differs from the sum of the measures by 2 kir, the sum bemg 
defined as below. 

DEFixiTioy. li a, h, c are any three rays having a common origin, 
but not necessarily distinct, any angle congruent to 4.ac is said 
to be the s^iim of any two angles 4.ajb^ and such that 4-aJ)^ is 

congruent to 4a6 and is congruent to The sum is 

denoted by 4. ajb^ + 4 

For some purposes it is desirable to have a couceptiou of angle according 
to which any two numbers are the measures of distinct angles. This may be 
obtained as follows: 

Definition. A ray associated with an integer, positive, negative, or zero, 
is called a numbered ray. An ordered pair of numbered rays having the same 
origin is called a numbered angle. If the measure of an angle 4 bk in the earlier 
sense is a, where o ^ a < 2 tt, the measure of a numbered angle in which li is 
associated with ttz, and k with n, is 

2 (n — 77i) IT + a. 

Defining the sum of two numbered angles in an obvious way, it is clear that 
the sum of two numbered angles has a measure which is the sum of their 
measures. 

The trigonometric functions can now be defined, following the 
elementary textbooks, as the ratios of certain distances multiplied 
by ± 1 according to appropriate conventions. This we shall take for 
granted in the future as having been carried out. 

70. The complex plane. Instead of the assumption in § 64, we 
could assume that the Euclidean plane is obtained by leaving out one 
line from the complex projective plane (A, E, J, or A, E, H, C, E, I). 
All the results of Chap. Ill and of the present chapter up to § 63 are 
applicable to this case. The rest of the theory, however, is essentially 
different from that of the real plane, because the absolute involution 
necessarily has two double points and because a line does not satisfy 
the one-dimensional order relations. Thus the minimal hues play a 
principal rfile and must be regarded as exceptional in the statement of 
a large class of theorems; and another laige class of theorems of 
elementary geometry (those involving order relations) disappears 
entirely. 
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For the present, therefore, we shall confine attention to the geometry 
of reals, but shall mate use, whenever we find it convenient to do 
so, of the fact (§ 6) that a real space S may be regarded as immersed 
in a complex space, S', in such a way that every line ^ of S is contained 
in a unique fine V of S'. As a direct consequence it follows that any 
conic (?* of S is a subset of the points of a unique cordc of S'. For 
any five points of <7^ regarded as points of S', determine a unique 
conic of S' which, by construction (§ 41, Yol. I), contains all points 
of and is uniquely determined by any five of its points. Similar 
reasoning will show that any plane tt of S is contained in a unique 
plane tt' of S'; and like remarks may be made with regard to any 
one-, two-, or three-dimensional form. 

A like situation arises with respect to transformations. A projective 
transformation 11 of a form in S is fully determined, according to the 
fundamental theorem of projective geometry, by its effect on a finite 
set* of elements of S. Since the fundamental theorem is also valid in 
S', there is a unique projective transformation H' which has the same 
effect on this set of elements as II. 

Specializing these remarks somewhat we have: A Euclidean plane 
TT of S is a subset of the points of a certain Euclidean plane tt' of S'. 
The fine at infinity L associated with -tt is a subset of the line at 
infinity IL associated with tt'. The absolute involution I on Z* deter¬ 
mines an involution I' on IL in which all the pairs of I are paired. 
The involution I' has two imaginary double points, the circular points 
(§ 56), which shall be denoted by and 7g. Since a circle in tt is a 
conic having I as an involution of conjugate points, every circle in tt is 
a subset of the points on a conic in tt' which passes through and 

The problem of the intersection of a line and a circle, or indeed of 
a line and any eUipse, can now be discussed completely. In the proof 
of Theorem 25 the intersection of a line I and an ellipse was seen 
to depend on finding the double points of a certain projectivity 
[L J [Xj,] on Z. Any three points X{, X", X{", and their correspondents 
X^, Xj', Xfl", determine a projectivity on the complex line V containing 
Z, and, by the fundamental theorem of projective geometry, this pro¬ 
jectivity is identical with [XJ-^[XJ so far as real points are concerned 
The double points of this projectivity are common to the complex 

*For example, in case of a one-dimensional form any three elements of the form 
are snch a set. 
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line containing I and the complex conic containing S'\ These points 
are real iE the hypothesis of Theorem 25 is satisfied; they are real 
and coincident if Z is tangent to ; otherwise they are imaginary. 

A similar discussion will be made in the next section of the prob¬ 
lem of the intersection of two circles, but first let us make certain 
definitions and conventions which will simplify our ter mi nology. 

According to the definitions in § 6, any point of S' is said to be 
complex, and a complex point is real or imaginary according as it 
is contained in S or not. In the case of lines, however, we have 
three things to distinguish: a line of the space S, a line of S' which 
contains a line of S as a subset, and a line of S' which contains 
no such subset. In current usage a line of the last sort is called 
imaginary, a line of either of the first two sorts is called real, and a 
line of either of the last two sorts is called complex. The current 
terminology therefore permits a confusion between a real hne as a 
locus in S and a real line as a particular kind of a complex line. 

In moat cases, however, no misunderstanding need be caused by 
this ambiguity of language, and we shall in future usually employ 
the same notation for the real line Z of S and the hne V of S' which 
contains 1 ., The same remarks apply to conic sections and, indeed, to 
aU one-dimensional forms. 

DEFmTioy. Any element (point, line, or plane) or set of elements 
of S' is said to be complex. Any element or set of elements of S is 
said to be real. A line or plane of S' which contains a line or plane, 
respectively, of S is said to be a real line or real plans of S'. A one- 
dimensional form of S', a subset of whose elements are real elements 
of S' and contain all the elements of a one-dimensional form of S, is 
called a real ons’dimensional form of S'. An element or one-dimen¬ 
sional form of S' which is not a real element or real one-dimensional 
form of S^ is said to be imaginary. 

Defes’ITION". a projective transformation of a real form of S' is 
said to be real if it transforms each real element of S' into a real 
element of S'. 

Strictly speaking, these definitions distinguish between the two 
senses of the word "real” by phrases such as "real line of S'.” But 
in practice we shall drop the " of S'.” The one-dimensional forms as 
thus far defined are all of the first or second degrees, but the defini¬ 
tion can be extended without essential modification to forms of higher 
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degree and also to forms of more than one dimension. We shall take 
tliis extension for granted whenever we have occasion to use it. 

In accordance with these conventions, the points and which 
are really the double points of F will be referred to in future as the 
double pomts of the absolute involution 1. In Uke manner, any line I 
and circle C'^ w'hich have no real points in common will be said to 
have in common the two points common to the complex line and the 
complex conic which contain I and respectively. 

The utility of these conventions wiU be understood by the reader 
if he will write out in full the discussion of pencils of circles in the 
following section, putting in explicitly, in notation and language, the 
distinction between elements of S and S'. 

It is also convenient in many cases to extend the formulas for 
distance, area, etc. given in §§ 67—69 to imaginary elements. Thus, 
for example, in case and are imagi nary points such that 

(ajj- + y,)* is a positive real niimber, ^+ {y^- 

will be referred to as the distance from (a;^, y^ to Extensions 

of terminology of this self-e\’ident sort will be made when needed, 
without further explanation. 

71, Pencils of circles. Consider two circles Cl and Cl in a real 
Euclidean plane. Let their centers be denoted by and (7^, and in 
case C^ ^ Cg, let I denote the line CJJ^. By Theorem 25, h meets each 
circle in a pair of real points which we shall denote by and 
respectively. The two pairs may be entirely distinct, in which case 
let r denote the involution on 5 transforming each pair into itself; or 
they may have one point in common, in which case the line through 
tliis point perpendicular to & is a common tangent of the two circles. 
The two pairs cannot coincide, because the circles would then coincide. 
Thus four cases may be distinguished: 

(1) The circles have the same center. 

(2) The circles have a common tangent and point of contact. 

(3) The involution T is direct. 

(4) The involution T is opposite. 

A circle is, by § 60, a real conic which, according to the terminology 
of the last section, contains the double points of the absolute invo¬ 
lution. Let us denote these points (the circular points) by JT^ and 
and apply the results of § 47, YoL I, on pencils of conics. 
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In the first case let 0 denote the cominon center of the two circles. 
The linee 01^ and 01^ are then tangent to both circles at and 
respectively. Hence, by reference to § 47, VoL I, it is evident that 
the two circles belong to a pencil of circles of Type IV. 

In the second case Cl and Cl have in common the points and 
as well as a common tangent and point of contact. Hence they belong 
to a pencil of Type II which contains all circles touching* the given 
line at the given point. 

In the third case, since the involution F is direct, the pairs 
and separate each other. Hence, by Theorem 29, the circles have 
two real points, and A^, in common. Hence they belong to a pencil 
of Type I consisting of all conics through A^, A^, J^, and This may 
also be seen as follows: 

Since the involution F has no double points (§ 21), it has a center 
(§ 43) which we shall call 0. Let a be the line perpendicular to i at 0. 
Then by the argument used in the proof of Theorem 29, 0 is between 
R and Hence a meets Cl in two real points A^ and A^ (fig. 52). 
The pencil of conics through A^, A^, J^, meets 5 in the pairs of an 
involution among which 
are and 0 and the 
point at infinity of &. 

Hence CJ is a conic of 
the pencil, and hence a 
meets Cl in A^ and A^. 

In this case, therefore, 
the two circles belong to 
a pencil of Type I. 

In the fourth case the 
involution F cannot have 
a double point at infinity, 
because then the other 
double point would have 
to be the mid-point of 

and also of and 
thus Cl and Cl would have a common center. Hence in this case also 
the center 0 of the involution F is an ordinary point Let a denote 

* A conic Bind one of its tangent lines are said to touch each other at the point of 
contact. Two conics touching a line at the same point are said to touch each other. 
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the perpendicular to d at 0, and let and A^ be the points in which 
a meets C^. These points are imaginary; for otherwise, since they 
are interchanged by the orthogonal line reflection with b as axis, 0 
would be between them, and hence, by Cor. 1, Theorem 25, 0 would 
be between ^ and contrary to the hypothesis that V is opposite. 
Precisely as in the third case it follows that A^ and A^ are also on CJ. 
Hence in this case also Cl and Cl belong to a pencil of Type I. 

In each case the facts established mate it clear that the two circles 
could not both be members of more than one pencil of conics. Since 
any two circles fall under one of the four cases, we have 

Theorem 30. Definition. Any circle contains the real points of a 
certain conic in the complex plane. Two conics determined by circles 
are contained in a unique p&ncil of conics^ which is of Type J, J7, or IV. 
The set of circles which the conics of such a pencil have in common with 
the real plane is called a pencil of circles. If the pencil of conics is 
of Type IVy the pencil of circles is the set of all circles having a fixed 
point as center ; if the pencil of conics is of Type 7/, the pencil of 
circles is the set of all circles tangent to a given line at a given point; 
if the pencil of conics is of Type 7, the pencil of circles is the set of all 
circles having a given pair of distinct real points in common, or else 
the set of all circles with centers on a given line and meeting this line 
in the pairs of an involution vAth tvjo ordinary double points. 

Definition. The line a joining the centers of two nonconcentric 
circles is called the line of centers of the two circles or of the pench 
of circles which contains them. If the circles have a common tangent 
and point of contact, this tangent is called the radical axis of the two 
circles or of the pencil of circles; if not, the line perpendicular to a 
at the center of the involution in which the circles of the penal meet 
a is called the radical axis. The double points of this involution are 
called the limiting points of the pencil of circles. Any circle of the 
pencil is said to be about either one, or both, of the limiting points. 

The discussion above has established 

Theorem 31. The radical axis of two circles passes through all 
points common to them which are not on the line at infinity. The 
limiting points of the pencil which they determine are real if the cir¬ 
cles meet only in imaginary points and imaginary if they meet in 
two real points. 
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Theorem 32. Tlie drcidar jpointSy the limiting points of a pencil 
of circles of Type /, and the iico points not at infinity in which the 
circles of the pencil intersect are the pairs of opposite vertices of a 
complete quadrHateraL The sides of the diagonal triangle of this 
quadrilateral are L, the radical axis, and the line of centers of the 
pencil. 

Proof. Let and (fig. 57*) be the points other than and 
common to the circles of the pencil, and let and be the points 
of intersection of the pairs of lines I^A^, and I^A^ respectively. 
Whether ^4^ and A^ are 
real or imaginary, the line 
A^A^ = a, which is the radi¬ 
cal axis, is real Hence its 
point at infinityis real; 
and hence the line B^B^, 
the polar of A^ with regard 
to any circle of the pencil, 
is real 

Since the line b=B^B^ 
is the polar of A^, it con¬ 
tains the centers of all 
conics through A^, 

Hence b is the line of 
centers of the pencil of circles through A^ and A^. The points B^ 
and B^ being diagonal points of the complete quadrangle A^AJ[J[^ 
are evidently the double points of the involution in which the 
pencil of circles meets 6, and hence are the limiting points of 
the pencil 

Taking Theorems 31 and 32 together, we see that any pair of real 
points -4j, A^ determines a pair of imaginary points B^, B^ such that 
either pair is the pair of limiting points of the pencil of circles through 
the other pair; that, conversely, any pair of imaginary points B^, B^, 
which are common to two circles, determines two real points A^y A^ 
which are in the above relation to-B^, B^\ and that the three pairs 
A^A^i BJB^^ are pairs of opposite vertices of a complete quadri¬ 
lateral. The relation between the two pencils of circles, the one 

•Pig. 57 is, of course, a diagram in which certain imaginary elements are repre¬ 
sented by real ones. On the use of figures in general, cf. p. 10, Vol I. 
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through and A^ and the other about A^ and A^, is thus extremely 
symmetrical It can be described in purely real terms by means of 
the following theorems and definition: 

Theorem 33. Definition. If two circles have a, point in common 
such that the tangents to the two circles at this point are orthogonal, 
the two circles have another such point in common. Two circles so 
related are said to le orthogonal to each other. 

Proof. An orthogonal line reflection whose axis is the line of cen¬ 
ters transforms each circle into itself and transforms the given point 
of intersection into another point of intersection. Since orthogonal 
lines are transformed to orthogonal lines, the tangents at the second 
point are also orthogonal. 

Theorem 34. ^ a line through the center of a circle meets the 
circle in a pair of points and meets any orthogonal circle in 
a pair of points P^Q^^ the pairs and separate each other 
harmonically. Conversely, if P^Q^ and separate each other har¬ 
monically, any circle through P^ and is orthogonal to C\ 

Proof. Let T be one of the points common to the two circles, and 

let t be the tangent to the circle TP^Q^ at T. The pencil of circles 

tangent to at T meets 

the line in the pairs 

of an involution T, and 

hence the first statement 

of the theorem will follow 

if we can prove that 

and 01 are the double 

points of this involution. 

The line perpendicular 

to ^ at T and the line ^ 

Fig. 68 

perpendicular to at 

are tangents to the circle Tl^Qj^ at T and JJ respectively, and hence 
(Ex. 4, § 60) meet in a point M such that the pairs JfZJ and MT are 
congruent. Hence the circle through T with M as center is tangent 
to i at T and to at JJ. Hence is a double point of F. A similar 
argument shows that is also a double point. 

To prove the converse proposition we observe >hat there is only 
one circle through and T and orthogonal to C\ One such circle, by 
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the arguinent above, passes through the point which is harmon¬ 
ically separated from R by and Hence the circle is 

orthogonal to C~. 

As a corollary we have 

Corollary 1. The set of all circles orthogonal to a jpencU of Tyjge I 
is the jpencdl of circles through the limiting jgoiiits of the first pencil. 

Another form in which this result may be stated is the following; 

Corollary 2. Let C‘ he a circle^ any point not its center, and 
the point on the line joining A^ to the center of which is conjugate 
to Aj^ u-ith regard to the coyiic C\ Then all circles through A^ and 
orthogonal to meet in 

Definition. Two points are said to be inverse with respect to a 
circle if and only if they are conjugate with regard to the circle and 
coUinear with its center. The transformation by which every point 
corresponds to its inverse is called an inversion or a transformation 
hy reciprocal radii. 

Thus the center of the circle is inverse to every real pomt at mfinity. 
We shall return to the study of inversions in a later chapter. 

EXERCISES 

1. In case the limiting points of a pencil of circles are real, the radical axis 
is their perpendicular bisector. 

2. If 0 is any point of the plane of a circle, and a variable line through 0 
meets the circle in two points JY, Y, the product OX • 0 Y is constant, and equal 
to (OT)® in case there is a line OT tangent to the circle at T. The product 
OX • 0 Y is called the poicer of 0 with respect to the circle. 

3. -The power of any point of the radical axis of a pencil of circles with 
respect to all circles of the pencil is a constant, and this constant is the same 
for aU points of the radical axis. 

4. If 0 is the center of a circle, C any point of the circle, and and 
any two points inverse with respect to it, 

5. Through two points not inverse relative to a given circle, there is one 
and but one circle orthogonal to it. 

6. By a center of similiLude of two circles is meant the center of a dilation 
(§ 47) or translation which transforms one of the circles into the other. If the 
circles are concentric, they have one center of similitude; if they are not con¬ 
centric, they have two. The centers of similitude harmonically separate the 
centers of the two circles. The one which is between the centers of the two 
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circles is called the interior, and the other is called the exterior, center of 
similitude. The common tangents of two circles meet in the centers of 
similitude. 

7. Three circles whose centers are not collinear determine by pairs six 
centers of similitude which are the vertices of a complete quadrilateral having 
the centers of the circles aa vertices of its diagonal triangle. Generalize to the 
case of n circles. 

8. If a circle meets two circles and in four points at which the pairs 
of tangents are congruent or symmetric, the four points are collinear by pairs 
with the centers of similitude of Cl and C|. Prove the converse proposition. 

72. Measure of line pairs. The circular points figure in a 
very important formula for the measure of a pair of lines.* With the 
exception of these two points, and two lines which pass through 
them, all the points and lines to which we shall refer in this section 
are real 

The center and the point at infinity of the axis of an orthogonal line 
reflection are harmonically conjugate with regard to and J,. Hence 
any orthogonal line reflection, regarded as a transformation of the 
complex space, interchanges and and any displacement leaves 

and Jg separately invariant. Moreover, there exists a displacement 
transforming any (real) point of Z*to any other (real) point of Hence 
a necessary and sufficient condition that a pair of points P, P' of be 
transformable by a displacement to a pair Q, Q- of is 

(13) B (PP^ 7/^) = B (<36', 7/^). 

Ifow any pair of Hnes meeting L in P and P^ can be transformed 
by a translation into any other pair of lines meeting it in P and 7 ^, 
and any pair of lines meeting in 6 aJid ^ can be transformed by 
a translation into any other pair of Lines meeting it in 6 and Q\ 
Hence the necessary and sufficient condition that a pair of lines 
meeting in P and P' be congruent to a pair of lines meeting it 
in Q and Q is (13). 

This suggests as a possible definition of the measure of a pair of 

nonpudW 

where \ and are the lines joining the point of intersection of 
and and 7^ respectively. It would satisfy the requirement of 

♦This formula is due to A. Cayley. Cf. Encyclopfidle der Matb. Wise. IH AB 9, 
p. 901, footnotes 08 and 99. 
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being unaltered by displacements. In the case of measure of point 
pairs, however, we have 

Dist (AB) -f Dist {BC) — Dist (^4 C) 

whenever {ABC}, and this condition is not satisfied by the cross ratio 
given above. We have, in fact, 


(14) 




whenever Z,, are concurrent. This is easily verified by substituting 
in the formula for cross ratio (§ 56, VoL I). 

From (14) it is obvious that if we define 

(15) m {l^l) = c log B 

the measure of line pairs will.satisfy the condition 


^(V2) + ^(ya) = ^(W 

whenever are concurrent. Since the logarithm is a multiple- 

VEdued function, we must specify which value is chosen; and we 
must also determine the constant g conveniently. 

Making use of the same coordinate system as in § 62, any point on 
h may be denoted by (0, a, In case a/^ is real, {a/^f > 0, and hence 
oc and ^ may be multiplied by a factor of proportionality so that 

(16) a^+)8==l. 


Throughout the rest of this section we shall suppose a and yS subjected 
to this condition- This is equivalent to supposing that 


a: = cos(fl 4- 2 mr), ;8 = sin(^ + 2 qvjt), 

where 0 ^ 5 ^ 2 tt, and n is an integer, positive, negative, or zero. 
The double points of the absolute involution satisfy the condition 

a’+/3*=0, 

and so may be written 


= (0, 1, i) and = (0,1, - 1 ), 

where i = VHT. Kow if \ and meet l„ in (0, a^, /Sj and (0, a^, /3^ 
respectively, it follows that (§ 58, Vol. I) 


%)= 


"iffi+- i (ax/9. - a A) ’ 
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The numbers and /3 = aA““3'®i satisfy the condition 

a- + yS® = 1. In fact, if 0;^ = cos and = cos 6^, then a = cos 0 and 
yS = sinwhere 6 = 6^—Q^+2 rnr. Hence 

B (ZjZj, 7j<) = a® — + 2 my9. 

Here again, a = a~— ^ and ;S = 2 ayS satisfy the condition 

In fact, a = cos 2 6. Thus 

(17) R (IJ,, 7jij) = a + i^ 

= cos 29 + i sin 2 0 
= e^" 

Hence 

(18) logR(Z^Z,, 

where 2 0 is real and may be chosen so that 0 S 2 0 < 2 w. TTp up-e, 
choosing the constant c in (15) as > we have 

(19) m (Z,Z,) = ^ log B (Z^ = 9, 

where 6 may be chosen so that 0 ^ 0 < tt. 

The formula (19) is interesting in connection with the theorem 
that the sum of the angles of a triangle is equal to two right angles. 
This proposition can easily be established without the consideration 
of imaginaries, on the basis of the definitions in the last section. From 
our present point of view, however, it appears as follows: Let the 
three sides of a triangle be a, &, and let them meet the line at 
infinity in respectively. It is easily verifiable that 

B. B (5.^7., . B = 1, 

from which it follows by (19) that 

m {db) + m (be) + m (ca) = tt. 

Here we have a theorem on the line pairs rather than on the angles 
of a triangle. Indeed, (19) is necessarily a formula for the measure 
of a pair of lines and not of an angle, because of the fact that two 
opposite rays determine the same point at infinity. 

The number m{ah) may also be defined as the smallest value 
between 0 and 2 tt, induaive, of the measures of the four angles 
which may be formed by a ray of a and a ray b^ of 6. 
Following the common usage, we shall say that two pairs of lines 
which are congruent make equal angles, etc. 



166 


ErCLIDEAX PLA2TE GEOMETRY 


[Chap. IV 


EXERCISES 


1. If *4 and B are any two points, the locus of a point P such that the rays 
P.4 and PB make a constant angle is a circle. 

2. If in two projective flat pencils three lines of one make equal angles with 
the corresponding three lines of the other, the angle between any two lines of 
the one is the same as the angle between the corresponding lines of the other. 

3. If OAj OBt OC, OD are four lines of a flat pencil, 


Bt(OA,OB] OC,OD) = 


sia^AOC sin ^BOC 
sin ^ A OD sin 4 BOD 


In case the four lines form a harmonic set, 

2 cot 4.4 OP = cot 4 ^ C) C + cot 4 A OD. 


4. If A^j Aa, Ag, A^ are four points of a circle, 

A^Ag • . 4 ^. 4 ^ = Aj^Ao ■ AgA^ + Aj^A^ • A^Ag, 

where .4,-.4^ represents Dist (-4,-.4^) or — Dist (AiAj) according as S (OA^Ay) = 
S (OA^Ao) or not, 0 being an arbitrary point of the -circle and S (OA^Aj) 
being a sense-class on the circle. 

5. If a, h, c are the aides of a triangle and h-Jtg, c-^Cg are pairs of lines 

through the vertices Jc, ca, ab respectively, the six lines a^, c^, are 

tangents of a conic if and only if 

sin sin (aJ)) sin (&^c) sin (h^c) sin (c^d) sin (cgU) _ ^ 

sin (fliC) sin (Uoc) sin (h^a) sin sin sin (Cgb) 

6. The points of a ray having (x, y) as origin may be represented in 

(s: + Afl, y + X)3), 

where a and P are fixed and A.>0. There is a one-to-one reciprocal corre¬ 
spondence between the rays having (r, y) as origin and the ordered pairs of 
values of a and P which satisfy the condition 

a*4-)3^ = l. 

When a and satisfy this condition, the numerical value of X is the distance 
between (x, y) and (r -h Xo, y -f- X^). 

7. Two angles formed by the pairs of rays 


(^0 + ^ yo + (^0 + Vo + 

(x^ + Xa, yo + XjS) and (xq + Aa", ^ -f Xj9') 

respectively are congruent if and only if 


8. Relative to the homogeneous coordinates employed above, the formula 
for the distance between (xg, ar^, Xg) and (yQ, y^, yg) may be written 




aro arj rg 

1 

Xg Zg 

yo Vi Vi 

■ 

Vo Vx Vi 

0 1 1 


0 1 -t 
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73. GeneralizatloE by projection. The relation established in § 66 
between Euclidean and projective geometi}" furnishes a source of new 
theorems in each. A theorem which has been proved for projective 
geometry can be specialized into a theorem of Euclidean geometry, or 
a theorem of Euclidean geometry may be generalized so as to furnish 
a theorem of projective geometry. 

The two processes, of generalization and of specialization, may often 
be combined in a happy way with the principle of duality or with 
other general methods of projective geometry. Thus a theorem proved 
for Euclidean geometry can be generalized into a theorem of projective 
geometry and the dual of the general theorem specialized into a new 
theorem of Euclidean geometry. As an example, let us take the 
theorem of Euclid: 

A. The perpendyyiblaTS from the vertices of a triarigle to the opposite 
sides meet in a point (the orthocenter). 

The sides of the triangle meet the line at infinity in three points, 
and the three perpendiculars are Unea from the vertices to the 
conjugates of these three points in the absolute involution. The 
Euclidean theorem is therefore a special case of the following 
projective theorem: 

B. The lines joining the vertices of cl triangle to the conjugaieSy vnfh 
respect to an arbitrary elliptic involution on a line 1, of the points in 
which the opposite sides meet I, are concurrent. 

This is a portion of Theorem 27, Chap. IV, VoL I, the orthocenter 
and the three vertices of the triangle being the vertices of a complete 
quadrangle. But though the Euclidean theorem is a special case, yet 
the general theorem for elliptic involutions in real geometry may easily 
be proved by means of it. Eor, given any eUiptic involution whatever 
and any triangle, the involution can be projected into the absolute 
involution and the given triangle will go into a triangle of the Euclid¬ 
ean plane. Hence the general theorem, B, that certain three lines 
meet in a point could fail to be true only if the Euclidean theorem, 
A, failed. 

It is to be noted that this proves the theorem only for a real space and 
an elliptic involution. In a complex space (§ 5) it might happen that any 
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transformation which carried the involution into the absolute involution 
would cany the triangle into one whose sides are not all reaL 

Now consider the plane dual of the projective theorem, B. 

The jpoints of intersection of the sides of a triangle with the 
conjugates in an arlyitrary involution at a jpoint X, of the lines joining 
the vertices to X, are collinear. 

If the involution at X is taken as the orthogonal involution we 
have the Euchdean theorem: 

The three sides of a triangle are met in three collinear ^points 
hy the jperpendioulars from a fixed point to the lines joining this point 
to the opposite vertices. 

The second of the two processes which we are here emphasizing, namely 
the discovery of Euclidean theorems by specializing projective ones, is bril¬ 
liantly illustrated in many of the textbooks on projective geometry. We may 
mention the following: 

L. Cremona, Elements of Projective Geometry, Oxford, 1894. 

T. Reye, Geometrie der Lage, Leipzig, 1907-1910. 

R. Sturm, Die Lehre von den GeometrischenTerwandtschaften, Leipzig, 1909. 

E. BSger, Geometrie der Lage, Leipzig, 1900. 

H. Grassman, Projective Geometrie der Ebene, Leipzig, 1909. 

J- J. Milne, Cross-Ratio Geometry, Cambridge, 1911. 

J. L. S. Hatton, Principles of Projective Geometry, Cambridge, 1918. 

The reader will find material for the illustration of the second process, 
namely the discovery of projective theorems by generalizing metric ones, in 
Euclid's Elements, and even more in such books as the following: 

J. Casey, A Sequel to the First Six Books of the Elements of Euclid, 
Dublin, 1888. 

C. Taylor, Ancient and Modem Geometry of Conics, Cambridge, 1881. 

J. W. Russell, Elementary Treatise on Pure Geometry, Oxford, 1905. 

The class of theorems which are here in question will be dealt with to some 
extent in the following chapter, and the.methods available will be extended 
in Chap. VI by the study of inversions. But on account of the magnitude of 
the subject many important theorems will be found relegated to the exercises 
and many others omitted entirely. In nearly every such case, however, a good 
treatment can be found in one or another of the books on projective geometry 
referred to above. 

The current textbooks do not often classify theorems on the basis of the 
geometries to which they belong (§ 34) and the assumptions which are neces¬ 
sary for their proof (§ 17). Some progress has been made on such a classifi¬ 
cation in the present book (cf. § 83 below), but more remains to be done. 
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Another criticism on current books is that they employ imaginary points 
in a rather shy and awkward manner. This is doubtless due to the fact that, 
previous to a logical treatment of the subject based on definite assumptions, 
the geometry of reals was regarded as having, somehow, a higher degree of 
validity than the complex geometry. The reader will often find it easy to 
abbreviate the proofs of theorems in the literature by a free use of imaginary 
elements (cf. § 78). 

EXERCISES 

1. Generalize projectively the following theorems: 

(a) The medians of a triangle meet in a point. 

(b) The perpendiculars at the mid-points of the sides of a triangle meet 
in a point. 

(c) The diagonals of a parallelogram bisect each other. 

2. Let Cl be the points in which the lines joining the vertices A, -B, C, 

respectively, of a triangle to the orthocenter, 0, meet the opposite sides. The 
circle through and Cj contains the mid-points of the pairs AB^BCj CA 

and of the pairs CA, OB, OC, This circle is called the nine point or Feuerbach 
circle of the triangle. Cf. Ex. 7, § 41. 

3. A hyperbola whose asymptotes are orthogonal is said to be equilateral 
or rectangular. Every hyperbola passing through four points of intersection 
of two equilateral hyperbolas is an equilateral hyperbola. 

4. All equilateral hyperbolas circumscribed to a triangle pass through its 
orthocenter. 

5. The centers of the equilateral hyperbolas circumscribed to a triangle 
lie on the nine-point circle. 
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ORDINAL AND METRIC PROPERTIES OF CONICS 

74, One-dimensional projectivities. The general discussion of one- 
dimensional projectmties in Chap. VIII, VoL I, has a great many 
points of contact with the ordinal and metric theorems of the last 
three chapters. For example, a rotation leaving a point 0 invariant 
transforms into itself any circle with 0 as a center. The transfor¬ 
mation effected on the circle by the rotation is a one-dimensional 
projectivity having the point 0 as center and the line at infinity as 
axis. The defining property of the axis of the projectivity in this case 
is that if a pair of points AB of the circle be rotated into a pair 
(Le. if ^AOB be congruent to ^A’OB’), then the line AB' is parallel 
to the line A'B, which is a well-known Euclidean theorem. 

The proposition that any rotation is a product of two line reflec¬ 
tions corresponds to the proposition that any projectivity is a product 
of two involutions. The point reflection with 0 as center is commut¬ 
ative with all the other rotations about 0 and hence effects on (7^ an 
involution which (§ 79, VoL I) belongs to aU the projectivities effected 
on by the rotations of this group. This involution is harmonic 
(§ 78, VoL I) to the involution effected on by any orthogonal line 
reflection whose axis contains 0, and hence all the involutions of the 
latter sort form a pencil Thus aU the theorems of § 79, VoL I, can 
be specialized so as to yield theorems about the group of rotations 
with 0 as center. 

There are many other applications of the theorems in Chap. VT, 
Vol. I, to a ffin e and Euclidean geometry (a few of them are indicated 
in the exercises below), but the main application which we ai’e to 
consider at present is to the theory of order relations. Let us first 
recall some of the ordinal theorems which have already been estab¬ 
lished, and interpret them on the conic sections. Extending the 
definition of § 4, we shall say: 

* In the earlier chapters of this volume we have used only the first seven chap¬ 
ters of Vol. I. The present chapter may advantageously be read in connection with 
Chaps. VIII’-X, Vol, I. Chap. IX is first used in § 77 and Chap. X in § 86. 
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Definition. A projectivity of a one-dimensional form in any 
ordered space is hyperholicy jparaboUCi or elliptic according as it 
has two, one, or no double points. 

With regard to involutions, we have already established the foUow- 
ing propositions (§ 21): If an involution preserves sense^ each pair 
separaies every other pair. If an involution alters sense^ no pair 
separates any other pair. An involutioTi vjhich does not alter sense 
is elliptic ; that is to say, the pairs of a hyperbolic involution do not 
separate ea.ch other. The double points of a hyperbolic involution 
separate every pair of the involution. 

Definition. If A, B, (7, D are four distinct points of a conic, the 
point 0 of intersection of the lines AB and CD is called an inteHor 
point in case the pairs AB and CD separate each other* and an 
exterior point in case these pairs do not separate each other. The 
set of all interior points is called the interior or inside of the conic, 
and the set of all exterior points is called the exterior or outside of 
the conic. 

The pairs AB and CD are conjugate in the involution with 0 as 
center. Hence, if these two pairs separate each other, this involution 
preserves sense and is such that any two of its pairs separate each 
other. Hence any two lines through 0 which meet the conic meet it 
in pairs of points which separate each other. That is to say, the def¬ 
inition of on interior point is independent of the particular choice of 
the points A, B, (7, D. A like argument applies in case 0 is exterior. 
In case the involution with 0 as center has double points, the lines 
joining 0 to these points are tangent to the conic. Hence the next 
to the last of the propositions about involutions stated above implies 
that there are no tangents through on interior point. These results 
may be stated as follows: 

Theorem 1. The points coplanar with a conic fall into three 
mutually exclusive classes: the conic itself y its interior and its 
exterior. Each interior point is the center of an involution on 
the conic which preserves sense, and each exterior point of one 
which alters sense. All points of a tangent, except the point of 
contact, are exterior points of the conic. 


* Cf. § 20, particularly the footnote. 
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Now let 0 be ojiy interior point. If is any point conjugate to 0 
with regard to the conic, there exists (cf. fig. 59) a complete quad¬ 
rangle ABCD whose vertices are points on the conic such that AB 
and CD meet in O and AD and CB meet in But by Theorem 7, 



Chap, n, if AB separates CD, then AD does not separate BC, and 
hence O' is an exterior point. Hence the polar line of any interior 
point consists entirely of exterior points. Hence 

Theoeem 2. All points conjugate to an interior point are exterior. 

Suppose, further, that the tangent to the conic at B meets the line 
00' in a point B and the line BD meets 00' in a point P' (fig. 59). 
Then P and P'are conjugate points with regard to the conic. Moreover, 

ABCDj^OPOB^. 

Since A and C do not separate B and D, it follows that the pair 00' 
does not separate the pair PP'. That is. 

Theorem 3. On a line containiTig an interior point of a conic the 
pairs of conjugate points with regard to the conic do not separate 
one another. 

By elementary propositions about poles and polar there follow 
at once: 

Corollary 1. The pole of a line which contains an interior point 
is an exterior point 

Corollary 2. The polar of an exterior point contains some in- 
terior points. 
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In § 78, VoL I, it was established that any projectmty is a product 
of two involutions one of which is hyperbolic. Since a hyperbolic 
involution is opposite, it follows that if the given projectivity is direct, 
it is a product of two opposite involutions; and if the given projeo 
tivity is opposite, it is a product of a direct and an opposite involution. 
But in the second case the direct involution is, by the argument just 
made, a product of two opposite involutions. Hence 

Theorem 4. A direct projectivity is a product of two opposite 
involutions^ and an opposite projectivity is a product of three opposite 
involutions. An opposite projectivity is also expressible as a product 
of a direct and an opposite involution. 

In the case of projectivities on a conic, the axis of the product of 
two involutions is the line joining their centers. Hence we have, os 
consequences of this theorem, 

Corollary 1. Any line in the plane of a conic contains points 
exterior to the conic. 

Corollary 2. A projectivity vShose center is an interior pointy and 
whose axis therefore consists entirely of exterior points^ is direct. 

In the fourth exercise, below, we need the following definition: 

Definition. The line perpendicular to a tangent to a conip and 
passing through its point of contact is called the normal to the conic 
at this point. 


^ EXERCISES 

1. What transformatioiis of the Euclidean group effect projectivities on 
2a to which the absolute involution belongs? How are these distinguished 
from the remaining similarity transformations by their relation to the cir¬ 
cular points? What transformations of the Euclidean group are harmonic 
on 2® to the absolute involution ? 

2. Show that the measure of a line pair as defined in § 72 is the logarithm 
of the characteristic cross ratio of a certain projectivity on Z«. Obtain an 
analogous formula for the measure of an angle in terms of the characteristic 
cross ratio of a projectivity on a circle. 

3. Any noninvolutoric planar coUineation which leaves invariant a conic 
and a line transforms the points of the line by a projectivity to which belongs 
the involution of conjugate points with regard to the conic. 
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4. If P is any fised point of a conic and PQ a variable point pair such 
that 2j.RPQ is a right angle, the lines RQ meet in a fixed point on the 
normal at P. 

5. The lines joining homologous points in a noninvolutoric projectivity 
on a conic are the tangents of a second conic. 

6. If P is any fixed point of a conic and i2Q a variable pair of points 
such that 2i.RPQ, has constant measure, the lines RQ, are the tangents to a 
second conic. 

7. If a projectivity T on a line is a product of an involution having double 
points, -4^ and followed by another involution, and if 

and = A .then .4^ and are harmonically conjugate with regard to 

-4(, and .tg whenever Ag ^ A^; and B^ = Ag whenever -Iq ~ ^^ 2 ' 

8. If and B^ are a pair of an involution I which is left invariant by a 

projectivity F, and if = Ag ^ Aj^ and TCIj) = A^ Ag, then Ag and 

-4 2 are harmonically conjugate with regard to -Ij and By 

9. Let *4 and A' be any pair of an involution 1. If A ^ A'j any projec¬ 
tivity n which transforms I into itself and leaves A invariant is either the 
involution, with -4 and A' as double points, or the identity. 

10. Generalize § SO, Vol. I, so as to apply to the group of translations and 
the eqmaffine group, using the fact that the transformations in each of these 
groups are products of pairs of involutoric projectivities. 

75. Interior and exterior of a conic. 

Theorem 5. An^ tvjo jpomts of a conic are the ends of two linear 
segments one consisting entirely of interior •points and the other entirely 
of exterior points. 

Proof Let the given points be denoted by A and P, let C and D 
be any two other points of the conic which separate A and P, and let 
o- and a represent the segments ACB and ADB on the conic. By the 
definition of the order relations on the conic, the#lines joining C to 
the points of a meet the line AB in the points of a segment a' whose 
ends are A and P, and these points satisfy the definition of interior 
points. In like manner the lines jo inin g C to points of <r meet the 
hne AB in a segment tr^ which is complementary to and consists 
entirely of exterior points. 

In a real plane the following theorem is a consequence of what 
we have just proved, but in order to have the result for any ordered 
plane we give a proof which is entirely general 

Theorem 6. Any.tvjo interior points of a conic are the ends of a 
segment consisting entirdy of interior points. 
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Proof (fig. 60), Let A aDd G be two interior points. Let be anv 
point of the conic not on the line-^CZ The lines ^^(7 and A^A are not 
tangent to the conic, since (Theorem 1) the involutions at A and G ai*e 
both elliptic. Let A^ and respectively be the points, distinct from 
A^, in which the lines A^A and AfJ meet the conic. The two segments 
of the conic whose ends are A^ and are projected by the lines 
through A^ into the two segments of the line A G which have A and 
G as their ends. We shall prove that the segment a of the line AG 
which is the projection of the segment complementary to A^A^B^ con¬ 
sists entirely of interior points. 

Let B be any point of <r. The 
line A^B then meets the conic in 
a point Cg wliich is separated from 
A^ by A^ and B^. Let B^A meet 
the conic in G^, let G^B meet it in 
Ag, and let AfJ meet it in B^, so 
that A^BfJ^A^BfJ^ form a Pascal 
hexagon whose pairs of opposite 
sides meet in A, E, G. Since A is 
an interior point, we have the 
order {G^A^B^A^, Since B was chosen so that G^ and A^ are separated by 
B^ and we have {B^ C^A^A^. From these there follows {B^ G^A^B^A^. 
Transforming this by the involution at A we have { GJB^A^ Hence 

we have {BfJ^A^G^B^A^, Since the involution with center at C is 
elliptic, we have {B^B^A^A^. Hence we have {B^ G^A^ G^B^A^A^. Hence 
G^ and A^ separate A^ and and hence B is interior to the conic. 

Theorem 7. Any tvjo exterior points are ends of a segment consistr- 
mg entirely of exterior points. 

Proof. Let the two exterior points be and E^. If the line E^E^ 
is tangent, all points on it except the points of contact are exterior, 
since each of these points is the center of a hyperbolic involution 
on the conic. In this case the theorem is obrious. If the line E^E^ 
meets the conic in two points, the theorem reduces to Theorem 5. 
If the line E^E^ does not meet the conic, and both the segments with 
E^ and E^ as ends should contain interior points, and respectively, 
then neither of the segments whose ends are and could consist 
entirely of interior points, contrary to Theorem 6. 
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Ths theorems above are connected with the following algebraic considera¬ 
tions : Any involution can be written in the form 


a) 


gj + & 
cx — a 


If we regard a, c as a set of homogeneous coordinates in a projective plane, 
then for every involution (1) there is one and only one point (a, c): and 

inversely for every point (a, c) there is a unique involution (1), provided 
that the point does not satisfy the condition 

(2) -h 6c = 0. 

By § 18 the projectivities (1) for which 

(3) + he >0 

are opposite, and those for which 

(4) + 6c < 0 

are direct. 

TTie equation (2) represents a conic section of ViMch. the points satisfying (3) are 
the exterior and those satisfying (4) are the interior. This may be proved as follows; 

The conic is given by the parametric representation (§ 82, Vol. I) 
a : b : c = X : 3^: -^1, 

and any involution on the conic is given by the transformation (1) of the 
parameter x. The center of the involution is the point of intersection of the 
lines containing pairs of the involution. The point (0, 0, 1) of the conic is 
given by the value 0 of the parameter x and thus is transformed to the point 
given by the value a; = — 6/a, namely, the point (— a6, 6®, — a®). The point 
(0, 1, 0) of the conic is given by x = oo and thus is transformed to the 
point given by x = a/c, namely, the point (ac, a®, — c®). The point of inter¬ 
section of the Hnes joining (0, 0, 1) to (— a6, 6®, — a*) and (0, 1, 0) to 
(ac, a®, — c®) is manifestly (— a, 6, c). Hence ( — a, 6, c) is the center of the 
involution (1), and therefore is interior to the conic if (4) is satisfied and the 
involution dired^ and exterior to the conic if (3) is satisfied and the involu¬ 
tion opposite. 


EXERCISES 

1. Parabolic projectivitiea are direct. 

2. Two of the three vertices of any self-polar triangle of a conic are 
exterior points, 

3. The center of a hyperbola is an exterior point. 

4. The center of a circle is an interior point. 

6. In a Euclidean plane all points interior to a circle and all points on it 
(except the point of contact of the tangent in question} lie entirely on one 
side of any one of its tangents. 
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6. If a segment is contained in a segment the circle the ends 
of T^hose diameter are A^ and B^ is composed of points interior to the circle 
the ends of whose diameter are A^ and B^. 

7. In a Euclidean plane aU points interior to an ellipse lie entirely on 
one side of any line consisting entirely of exterior points. 

8. Any two pairs of conjugate diameters of an ellipse separate each other. 
Two pairs of conjugate diameters of a hyperbola never separate each other. 

9. If 0 is the center of a conic the polar reciprocal of a conic C® 
with respect to will be an ellipse, parabola, or hyperbola according as 0 
is interior to, on, or exterior to 

10. Consider a conic C- in a planar net of rationality satisfying Assump¬ 
tion H. The points of the net exterior to the conic fall into two classes [jE] 
and such that two tangents to the conic can be drawn from any point E 
and no tangent can be drawn to the conic from any point F. On any line in 
which one E is conjugate to an JF* with regard to C®, every B is conjugate to 
an F. On any line in which one E is conjugate to an E, every E is conjugate 
to an E and every to an -F. The interior points faU mto two classes [/] 
and [F] such that the pairs of conjugate lines on a point I either both meet 

or both do not meet C®, whereas one member of any pair of conjugate lines 
on a point J meets and the other member does not meet C®. 

11. Let the equation of a conic be/(a:o, tCg) = 0 and let the determinant 
of the coefficients of fix^, be 




®00 ®01 ^02 
®10 ®11 ®12 
^2 




Oy — Oy,-. 


A point (a:J, x{^ a:J) is interior or exterior according as A • /(arj, ajJ, is 
greater or less than zero. 


76. Double points of projectiyitles. The preceding theorems hold 
for any ordered space. On specializing to a real space we have the 
additional theorem that a projectivity which alters sense has two 
double points (§ 4). In the case of involutions this result com¬ 
bined with the theorem that a hyperbolic involution is always 
opposite gives 

Theorem 8. The pairs of an dliptic involution always separate 
one another, and the pairs of a hyperlolic involution n&oer separate 
one another. 

The last half of this theorem, combined with Theorem 3, gives 
the condition for the intersection of a line with a conic, a condition 
which has already been given in a more special form in § 64. 



178 


CONIC SECTIONS 


[Chap.V 


Theorem 9. On. any line through an interioT jgoint of a conic the 
involution of conjugate jpoints is hyperbolic, and the line meets the 
conic in the double 2 '^oints of this involution. 

By Cor. 2, Theorem 3, the polar of an exterior point is a line 
through an interior point. The lines joining the exterior point to 
the points of intersection of its polar with the conic are tangents. 
Hence 

Corollary 1. Through any exterior point there pass two tangents 
to a conic. 

Corollary 2. Tico involutions, one at least of which is elliptic, 
have one and only one common pair. 

Proof The center of an elliptic involution represented on a conic 
is an interior point. The line joining this point to the center of any 
other involution meets the conic in two points which are pairs of 
both involutions. Since any pair of an involution is coUinear with 
the center, the two points so constructed are the only pair common 
to the two involutions. 

A special case of this corollary may be stated in the following form: 

Corollary 3. In a given one-dimensional form there is one and 
only one pair of elements which are conjugate with respect to a given 
elliptic involution and harmonically separated by a given pair ef 
elements. 

Since a hyperbolic involution is determined by its double points, it 
is evident that any two hyperbolic involutions are equivalent under 
the group of all projectivities of a one-dimensional form. The corre¬ 
sponding theorem for elliptic involutions is best seen by representing 
the involutions on a conic. The two centers are interior points, 
and the line joining them meets the conic in two points C^, which 
do not separate them (Theorem 5). Let 0^ and 0^ be the double 
points (Theorem 8) of the involution in which and are pairs. 
An involution with either of the points 0^ or 0^ as center will 
evidently transform the one with as center into the one with 
as center. Hence 

Corollary 4. Any two elliptic involutions in the same real one- 
dimensional form are conjugate under the projective group of that 
form. 
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EXERCISES 

1. AU involutions which are harmonic to (i.e. commutative with and 
distinct from) an elliptic involution are hyperbolic. 

2. If tw'o points A, B oi a. line separate each point P(P jtA, of 

the line from its conjugate point in a given elliptic involution, A and B are 
conjugate in this involution. 

3. A hyperbolic projectivity is opposite or direct according as a pair of 
homologous points does or does not separate the double points. 

4. Elliptic projectivities are direct. 

5. The center of an ellipse is an interior point. 

6 . The involution determined on the line at infinity of a Euclidean plane 
by an eUipae is elliptic, by a hyperbola, hyperbolic. 

7. Any two ellipses are conjugate under the affine group.* 

8 . An involution in a flat pencil is either such that every pair of conju¬ 
gate lines is orthogonal or there is one and only one orthogonal pair of 
conjugate lines. 

9. A conic having two pairs of perpendicular conjugate diameters is 
a circle. 

10. If and A 3 are the real limiting points of a pencil of circles, each 
circle of the pencil either contains A^ and is on the opposite side of the radi¬ 
cal axis from Ag, or contains Ag and is on the opposite side of the radical 
axis from A^. 

11. Of two circles of a pencil, both containing the same Hmiting point, 
one is entirely interior to the other. 

12. For any angle, 4 ABC, there is one and only one pair ?, V of orthog¬ 
onal lines through B which separate the lines BA and BC harmonically. One 
line, Z, of the pair contains points P interior to 21 ABC, and 2iABP is con¬ 
gruent to A^PBC, The line Z is called the interior hisecior, and the line V the 
exterior hisector, of the angle ^ABC. 

13. The asymptotes of an equilateral hyperbola bisect any pair of conju¬ 
gate diameters. 

14. The bisectors of the angles of a triangle ABC meet in four points, one 
in each of the four regions determined by ABC according to § 26. These four 
points are the centers of four circles inscribed in ABC and are the vertices of 
a complete quadrilateral of which ABC is the diagonal triangle. The mid¬ 
point of the pair BC is the mid-point of the points of contact of either pair 
of inscribed circles whose centers are collLaear with A. 

15. Let V and V' be the vanishing points (§ 43) of a projectivity on a 
line, the notation being so assigned that the point at infiniiy is trans¬ 
formed to V'~ There exist two poiuts A, B which are transformed to 
two points A', B' such that 

AV=VB = A'V' = V'B'. 


* Cf . § 37, Ezs. 14 and 15. 
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77. Ruler-and-compass constnictions. The discussion in Chap. IX, 
VoL I, reduces any quadratic problem to the problem of finding the 
points of intersection of an arbitrary line "vri-th a fixed conic. Accord¬ 
ing to Theorems 5 and 9 the necessary and sufficient condition that 
a line coplanar with a conic meet it in two points is that the line 
pass through an interior point of the conic. Hence this condition 
will serve to determine the solvability of any problem of the second 
degree in a real space. Thus the discussion of linear and quadratic 
constructions, under the projective meaning of these terms, may be 
regarded as complete. 

When we adopt the Euclidean point of view, the fixed conic may 
be taken as a circle; and therefore every problem of the second 
degree is reduced to the problem of determining the points of inter¬ 
section of an arbitrary Line with a fixed circle (cf. § 86, VoL I). 

The constructions of elementary Euclidean geometry which are 
known as ruler-and-compass constructions involve the determination 
of the points of intersection (whenever existent) of two arbitrary Lines, 
or of an arbitrary line with an arbitrary circle, or of two arbitrary 
circles. The last of these problems has been shown in § 65 to be 
reducible to the first and second. Hence any ruler-and-compass con¬ 
struction may be reduced to the problem of finding the intersection 
of an arbitrary line with a fixed circle. 

On account of the special character of the line at infinity, there is 
not a perfect correspondence between the linear constructions of pro¬ 
jective geometry and the Euclidean constructions by means of a ruler. 
The operations involved in the linear constructions of projective 
geometry are 

(а) to join two points by a projective) line; 

(б) to take the point of intersection of any two lines. 

These are evidently equivalent to the following Euclidean operations: 

(1) to join two ordinary points by a line; 

(2) to take the point of intersection of two nonparallel lines; 

(S') to draw a line through a given point parallel to a given line. 

The first of these operations corresponds to the proposition that 
two points are on a unique line, the second to the proposition that 
two nonparallel lines determine a unique point. These operations 
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may be thought of as carried out with a straightedge or ruler whose 
length is not limited. 

The operation (S') can be effected by means of (1) and (2), together 
with the following operation: 

(3) to find on any ray through a point a point C such that the 
point pair AC' is congruent to a preassigned point pair AB* 

For let A be the given point and let ^(7 be the given line. Let 0 be 
a point on the hne AB in the order {ABO} such that BA is congruent 
to BO, Let A be the point of the line OCm the order OCA such that 
CO is congruent to CA. Then AA is evidently parallel to BC, 

Thus (1), (2), and (3) serve as a basis for all linear operations in 
the projective sense. They obviously yield also a certain class of 
quadratic constructions; but they do not suffice for all quadratic 
constructions. The latter may be provided for, as explained above, 
by adjoining the operation of taking the point of intersection with a 
fixed circle of an arbitrary line through an arbitrary interior point. 

For the proof that (3') is not a consequence of (1) and (2), and 
that (1), (2), (3) do not provide for all quadratic constructions, the 
reader is referred to Hilbert, Grundlagen der Geometrie, Chap. VII 
(4th edition, 1913). 


BXEfiClSBS 

1. Given three collinear points A, 5, C such that AB is congruent BC, 
show how to construct a parallel to the line AB through an arbitrary point P 
by means of the operations (1) *^^d (2) alone. 

2. Given two parallel lines, show how to find the mid-point of any pair of 
points on either of the lines by means of (1) and (2) alone. 

3. Given a parallelogram and a point P and a line I in its plane. Through 
P draw a line parallel to Z, making use of the ruler only. 

* It is important to notice that the pairs AB and A (7 have the point A in com¬ 
mon. Th;is (3) provides merely for drawing a circle through a given point and 
with a given other point as center. The drawing instrument to which this corre¬ 
sponds is a pair of compasses which snaps together when Lifted from the paper, so 
that it cannot ho used to transfer a point pair AB to a point pair A'B' unless 
A = A', This will he understood hy anyone reading the second proposition in 
Euclid’s Elements, which shows how to lay off a point pair congruent to a given 
point pair on a given ray. The operation (S) may he replaced hy the operation of 
finding on any ray AB a xwint C such that the point pair A C is congruent to a fixed 
point pair OP. The instrument for this operation may he thought of as a measur¬ 
ing rod of fixed length (say unit length) without subdivisions. (Cf. the reference 
to Hilbert, below.) 
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4. Given a point pair AC and its mid-point B, using the ruler alone, 
construct the point pair AD such that 


6 . Given four coUinear points A, A', B, B% construct the fixed point of 
the parabolic projectivity carrying A to A' and B to B'. 

6 . Given a projectivity on a line, find a pair of corresponding points A 
and A' such that a given point M is the mid-point of the segment A A', 

7. Inscribe in a given triangle a rectangle of given area. 

8 . Given four tangents of a parabola, construct a tangent parallel to a 
given line. 

9. Given three points of a hyperbola and a line parallel to each asymptote, 
find the point of intersection of the hyperbola with a line parallel to one of 
the asymptotes. 

10. Construct by ruler and compass any number of tangents to a conic 
given by five of its points; also any number of points of a conic given by 
five of its tangents. 

11. Construct any number of points of a parabola through four given 
points. 

12. Construct any number of points of a parabola touching three given 
lines and passing through a given point. 

13. Through a given point construct an orthogonal pair of lines conju¬ 
gate with regard to a conic. (If the point is exterior to the conic, these 
Hues are the bisectors of the angles formed by the tangents to the conic 
from this point.) 

78 . Conjugate imaginary elements. It has been shown in § 6 that 
'a real projective space S can be regarded as immersed in a complex 
projective space S' in such a way that every line of S is a subset of 
a unique line of S'. Certain additional definitions and conventions 
have been introduced in § 70. But in both these places little use was 
made of the properties of imaginary elements beyond their existence 
and the fact that S' satisfies Assumptions A, E, P. We shall now 
prove some of the most elementary theorems about the relation be¬ 
tween elements of S and S'. 

DEirNTTiON.. Two imaginary points, lines, or planes are said to he 
conjugate relatvoe to a real one-dimensional form of the first or second 
degree if and only if they are the double elements of an involution 
in the real form. 

As an example consider a real conic and a line I exterior to it. 
The conic and the line have in common the double points of an ellip- 
tic involution on I, But these points are also the double points of 
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the involution on whose axis is L Hence the points common to 
and I are conjugate imaginaries both with respect to 6'“ and to L 
Since any one-dimensional form of the first or second degree w-hose 
elements are points is a line or a point conic, and since the double 
points of any involution on a conic are the intersections of the axis 
of the involution with the conic> we have 

Theorem 10. Any two conjugate imaginary points are on a 
real line. 

By duality we have that any two conjugate imaginary planes are 
on a real line. 

Two conjugate imaginary lines are by definition on a real point, 
line conic, cone of lines, or regulus. If they are on a real line conic, 
the plane dual of the argument above ahovra that they are on a real 
point. By duah^mg in space we obtain the same result for conjugate 
imaginary lines of a cone of lines. Hence we have 

Theorem 11. Any tvjo conjugate imaginary coplanar lines are on 
a real point and any iivo conjugate imaginary concurrent lines are 
on a real plane. 

Conjugate imaginary lines on a regulus will be considered in a 
later chapter. 

Theorem 12. The lines joining a real point to two conjugate 
imaginary points not collinear with it are conjugate imaginary lines. 

Proof, The conjugate imaginary points are double points of an 
elliptic involution on a real line. Prom any point not on this line 
this involution is projected into an involution of lines whose double 
lines are the projections of the given points. 

Theorem 13. ^ and are two pairs of conjugate imagi¬ 
nary points on different lines, the lines A^B^ and A^B^ meet in a real 
point and are conjugate imaginary lines. 

Proof. By hypothesis the lines A^A^ and B^B^ are real and hence 
they meet in a real point C, Let B be the conjugate of U in the elliptic 
involution with A^ and A^ as double points. By Corollary 3, Theorem 9, 
there are two real points P and Q which are paired in this involution 
and separate B and C harmonically. Let A be the conjugate of U in the 
elliptic involution with B^ and B^ as double points, and let R and S be 
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the two real points which are paired in this involution and separate 
J. and C harmonically. Since any two harmonic sets are projective, 

CBPQ^CARS and CBPQ^CASR. 

The centers of these two perspectivities are two real pomta and 
and since each perspectivity transforms two pairs of the elliptic invo¬ 
lution on the line A^A^ into two pairs of the elliptic involution on the 
line B^B^, it transforms and A^ to B^ and B^, Hence one of the 
points and is the intersection of the lines A^B^ and A^B^ and 
the other that of the lines A^B^ and A^B^. By Theorem 12 each of 
these pairs of Hues is a pair of conjugate imaginaries. 



The complete quadrilateral whose pairs of opposite vertices are 
A^A^ B^B^y and is analogous to the quadrilateral considered in 
§ 71 whose vertices were and the limiting points of two orthog¬ 
onal pencils of circles (cf. fig. 57). With regard to the existence of 
such quadrilaterals we have 

Theorem 14. Let A^A^, B^B^y be the pairs of opposite rertices 
of a complete quadrilateral. If A^A^ aTid BfB^ are pairs of conjugate 
imaginary points, then and are real and the diagonal triangle of 
the complete quadrilateral is real. If A^ and A^ are real and B^ and 
B^ are conjugate imaginaries, then and are conjugate imaginaries 
and the diagonal triangle is real. 

Proof. In the first case and are determined as in the proof 
of the last theorem and hence are real The diagonal triangle has for 
its sides the three real lines A^A^, B^B^, 
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In the second case let a be the line through which is harmon¬ 
ically conjugate to A^A^ with respect to the pair of lines A^B^ and 
AJ3^. Since the latter two lines are conjugate imaginaries and A^A^ 
is real, a is real. The harmonic homology with A^ as center and a as 
axis transforms B^ and B^ to and Hence and are conjugate 
imaginaries and the line is real.* 

Relatively to a real frame of reference a real involution is repre¬ 
sented by a bilinear equation with real coefficients (§ 58, VoL I), and 
its double points appear as the roots of a quadratic equation with real 
coefficients. Hence the coordinates of a pair of conjugate imaginary 
points are expressible in the form 

and ^3 - ^8 - 

where x^, x^, y^, y,, y^ are real. Like remarks can be made 

with regard to the coordinates of a plane or a line, and Theorems 10-14 
can easUy be proved analytically on this basis. The following theorem 
appears to be easier to prove analytically than synthetically: 

Theorem 15.-4 complex line on a real plane contains at least one 
real point 

Proof. Let the equation of the line be 

This may be expressed in the form 

(w' + m") -h {u[ -f m'') x^ d- {ul -h m'') = 0, 

where uH, etc. are real This equation is equivalent, if x^, x^, x^ 
are required to be real, to 

UqXq -h u'x^ H- u'x^ = 0, 
u'^Xq -f -f- u^'x^ = 0, 

two equations which Eire satisfied by at least one real point. 

EXERCISES 

1. A conic section through three real and two conjugate imaginary points 
is real. 

2. A pair of conjugate imaginary points cannot be harmonically conjugate 
with regard to another pair of conjugate imaginary points. 

3. An imaginary point is on one and only one real hue and has one and 
only one conjugate imaginary point. 
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79. Projective, affine, and Euclidean classification of conics. Let us 
regard a real plane tt as immersed in a complex plane tt', and consider 
all conics in tt' with respect to which the polar of a real point is always 
a real line.* 

Throughout the rest of this chapter the word "conic” shall be used 
in this sense. The involution of conjugate points with regard to such a 
conic is one in which real points are paired with real points. Hence, 
if a conic contains one real point, every real nontangent line through 
this point contains another point of the conic, and the conic is real 
The conics under consideration therefore fall into two classes, the real 
conics t and those containing no real point. 

By § 76, Yol. I, any two real conics are equivalent under the group 
of projective coUineations. The same proposition holds also for any two 
conics of the other class, as we shall now prove. Let two such conics 
be denoted by C' and C'n, On an arbitrary real line I they each deter¬ 
mine an elliptic involution of conjugate points. By Cor. 4, Theorem 9, 
there is a projectivity of the line I carrying the involution determined 
by Co into that determined by C^. Any projectivity of the real plane 
which effects this transformation on I will carry into a conic C® 

which has the two conjugate imaginary points on Z in common 

with Cj. A coUmeation leaving I invariant will now carry the pole 
of Z with regard to to the pole of Z with regard to Cl; and therefore 
carries to a conic C‘^ which has A 3 and the tangents at these 
points in common with C®. Let L be the pole of Z with regard to C^ 
and be any real point of Z. By Cor. 3, Theorem 9, there is a pair of 
points which are conjugate with respect to Cl and harmonically 
separate L and and also a pair M^M[ conjugate with respect to 
Cl and harmonically separating L and The homology with Z as 
axis, L as center, and carrying If' to M carries Cl to Cl, Hence we have 
TheorFxM 16. Any two real conics or any two imaginary conics 
with real polar systems are conjugate under ike group of real pro¬ 
jective collineatioTis. 

• In § 80 this condition is seen ip he equivalent to the condition that the equa¬ 
tion of the conic relative to a frame of reference in tt shall he expressible with 
real coefficients. For the present discussion, however, we do not need the general 
theory of correlation which is used in § 85. 

t According to some usage any complex locus which has a real equation is called 
real. Cf. Pascars Kepertorium der Httheren Mathematik, Vol. II (1910), Chap. XIII 
(Berzolari). According to this definition both of the above classes of conics would 
be called real. 
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If the line I be taken as the line at infinity of a Fuclidean plane 
the argument above shows that any two imaginary conics are also 
conjugate under the affine group. Since these conics do not meet 
any real hne in real points, they are analogous to ellipses no matter 
how the line at infinity is chosen. Hence we make the definition: 

Definition. An imaginary conic with a real polar system is called 
an imaginary ellipse. 

The results just established, together with those stated in Ex. 7, 
§ 76, and Exs. 14 and 15, § 37, may be summarized as follows: 

Theorem 17. Under the ajffine group the conics vnth real polar 
systems fall into four classes, paraholo.s, hyperbolas, real ellipses, 
imaginary ellipses. Any two conics of the same class a.re equivalent 

Under the EucUdean group conics must be characterized by their 
relations to the circular points I^, Since a real conic which does 
not meet L in real points meets it in conjugate imaginary points, 
any real conic through also contains and is therefore a circle. 
For the same reason the imaginary conic determined by an elhptic 
polar system must contain if it contains J^. 

Definition. An imaginary ellipse with respect to which the pairs 
of conjugate points on L are pairs of the absolute involution is called 
an imaginary circle. 

Theorem 18. Any two real circles or any two imaginary circles 
are similar. 

Proof. Let the centers, necessarily real, of two circles and 
be 0^ and 0^ respectively. The center 0^ may be transformed to 0^ by a 
translation T^. This carries to a circle C^. Any real line I through 
Og meets Cl in two points and and in two points and 
Since each of these pairs is harmonically conjugate with respect to 0, 
and the point at infinity of I, the homology with 0^ as center 
and Z. as axis which carries to also cairies to K^. This homol¬ 
ogy evidently carries all real points to real points if C^, C^, K^, are 
real If and are pairs of conjugate imaginary points, con¬ 
sider (§ 11) the real pair of points PP' harmonically conjugate with 
regard to and 00* and the real pair QQ^ harmonically conjugate 
with regard to and 00*. The homology must carry P and P' 
to Q and and therefore carries all real points to real points in 
this case. 
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Xow the conic C{ is fully determined by its points 7^ L, and 
its center 0^ and is fully determined by 7^, 7^, K^y and 0^. Hence 
Tj carries 01 to K\ The product carries to K^, 

Theorem 19. Any hvo jparalolas are similar . 

Proof. Let and be two parabolas and let (7, and Xo be their 
points of contact with Z*. Let T^ be any rotation carrying to Xo 
and let Ti((7®) = CJ. Let X» be the conjugate of K„ in the absolute 
involution and let c be the ordinary line through X» tangent to 0^ 
and G its point of contact; also let h be the ordinary line through 
Xn tangent to X*, and K its point of contact. The translation 



carrying C' to X carries c to i and Cl to a conic Cl touching la, at X». 
Any line I through X, not containing X*, or X„j meets Cl mh point 
C’ and X^ in a point X'. The homology.Tg with X as center, L as 
axis, and carrying C’ to X' carries Cl to X*. The product is a 

similarity transformation carrying C^ to X. 

No theorem analogous to the last two holds for ellipses and hyper¬ 
bolas. Suppose an ellipse or a hyperbola C^ meets Z* in C^ and C^ and 
another ellipse or hyperbola X^ meets it in X^ and X^. In case a 
similarity transformation carries and into X^ and X^, 

(5) 

Conversely, if (P and X satisfy the condition (5) there evidently 
exists a rotation carrying C^ and C^ to X^ and X^. This rotation carries 
(7^ to a conic Cl which passes through X^ and X^. By an argument 
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analogous to the pinof of Theorem 18 it can be shown that if C{ and 
JS^ are both real ellipses, or both imaginary eUipses, or both hyper¬ 
bolas, there is a similarity transformation carrying to Hence 

Theorem 20. Two real ellijpses or two imaginary ellipses or tvjo 
hyperbolas which meet Z. in pairs of points and cure 

similar if and only if 


SXBRCISE 

A hyperbola for which B = — 1 is rectangular (Es. 3, § 73). 

80. Foci of the ellipse and hyperbola. Let be any hyperbola or 
real or imaginary ellipse, and let Z^, be the tangents to through 
and Z-, Z^ the tangents to through The circular points 
are one pair of opposite vertices of the complete quadrilateral 
Let the other two pairs of opposite vertices be and F(F^ respec¬ 
tively (fig. 63), let a be the line F^F^, b the line F^Fl, and 0 the point 
of intersection of a and b. Also let Aa> and -B*, be the points at infinity 
of the lines a and b respectively. The triangle OA^B^ is self-polar 
with respect to C7®. Hence 0 is the center of (f and is therefore real 
Let X be any real point not on Z^, Z^, Z^, or (F. By the dual of the 
Desargues theorem on conics (§ 46, Vol. I) the tangents to (F through 
X are paired in the same involution with JlT^, Xl^ and XF^^ XF^ and 
XF[^ XF[. The double lines of this involution are harmonically 
conjugate with regard to Xl^y XI^ and to the tangents to C®. Hence 
they are paired both in the involution of orthogonal lines at X and 
the involution of lines conjugate with respect to at X Hence 
by Cor. 2, Theorem 9, and are real, and are the unique pair of 
orthogonal lines on X which are conjugate with regard to Cl 

In particular, if X= 0 it foUows that a and b are real and are the 
only pair of orthogonal and conjugate diameters of F, Hence and 
J?* are also real. If X is not on a, 6, or Z*, the lines and meet a 
in a pair of real points X^, X^ distinct from A* and 0. Since F^ and F^ 
are harmonically conjugate with respect to the real pairs X^X^ and A^ 0, 
they are either real or conjugate imaginaries. But since and are 
conjugate imaginaries, by Theorem 14 if one of the pairs F^F^ and 
F^Fl is a pair of real points, the other is a pair of conjugate imagi¬ 
naries, and conversely. Hence the notation may be so assigned that 
F^ and F^ are real and Fl and F^ are conjugate imaginaries. 
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Let and A^ be the points in vrhich a meets and and the 
points in which b meets C'\ By construction neither of the lines a 
and b can be tangent to so that each of the pairs A^A^ and is 
either real or a pair of conjugate imaginaries. 

In case is an imaginary ellipse, both A^A^ and B^B^ are neces¬ 
sarily pairs of conjugate imaginaries. In case is a real ellipse, the 
line Z» does not meet it in any real point, and hence 0, the pole of 
is an interior point. Hence both a and b meet in real points. 
Hence if C” is an ellipse, A^, A^, B^, B^ are all real. Whether is 
an ellipse or a hyperbola, the tangents to from are conjugate 
imaginary lines since they join the real point to the conjugate 



imaginary points and J^. Hence F^ is interior to C^, as is also F^ 
by a Hke argument Hence the line F^F^ meets (7“ in real points. 
Hence if (7® is a hyperbola, and A^ are real. But it (7® is a hyper¬ 
bola, 0 is an exterior point, and hence which is harmonically 
separated from 0 by A^ and must he an interior point Hence &, 
the pole of does not meet (F in real points, and consequently B^ 
and B^ are conjugate imaginaries. 

Let the polars of F^, F^y F[y F^ relative to be denoted by d^y 
d[y d .2 respectively. Then and d^ being the polars of real points are 
real; and since their point of intersection is polar to a, it is and 
hence they are parallel to 5. In like manner d^ and pass through 
A^ and are conjugate imaginaries. 
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DefdsITION. The lines a and & defined above are called the axe% of 
the conic a being called the major, or jprvncvpal, axis and & the 
minor, or secondary, axis. Each of the points F^, F^, F[, F^ is called a 
focus, and each of the points A^, A^, B^, a vertex, of the conic C®. 
Each of the lines d^, d^, d[, d[ is called a directrix of C\ 



In the course of the discussion of the complete quadrilateral 
we have established the following propositions: 

Theorem 21. If is a hy^perbola or a real or imaginary ellipse 
which is not a circle, its axes are the unique pair of conjugate diam¬ 
eters which are mutually perpendyyidar. Two of the foci and two of the 
directrices are real. The real foci lie on the major axis and the real 
directrices are perpendicular to it. The other two foci are conjugate 
imaginaries and lie on the minor axis. If is real, the real fod are 
interior points and the real directrices are exterior lines. If is a 
real ellipse, all four of the vertices are real; if is a hyperbola, the 
two vertices on the major axis are real and those on the minor axis 
are conjugate imaginaries. 

The two tangents to through F^ pass also through I^ and I^. 
Pairs of conjugate lines at F^ are separated harmonically by these 
two tangents and hence meet in pairs of the involution whose 
double points are I^ and I^. If we limit attention to real elements, 
this may be expressed by saying that the pairs of conjugate lines with 
respect to (7“ which pass through a focus are orthogonal Conversely, 
it the pairs of orthogonal lines at any point F are conjugate with 
respect to C^, the double lines of the involution of orthogonal lines at 
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F would have to coincide with the double lines of the involution of 
conjugate lines, and hence F would be a focus. Hence 

Theorem 22. The real foci of a hyperbola or a real or imaginary 
ellipse are the unique pair of real points at which all pairs of con¬ 
jugate lines are orthogonal. 

The set of all conics tangent to the four minimal lines l^y l^y l^ 
form a range (§ 47, VoL I). Hence the pairs of tangents to these conics 
through any point F not on the sides of the diagonal triangle OA^B^ 
form an involution among the pairs of which are the pairs of Lines 
Ffy FIn\ FF^y FF.;^\ and FF[, FFl, Now if P is on there is only 
one tangent to 6'® at P, and this tangent is therefore a double line of 
the involution. This and the other double line have to be harmon¬ 
ically conjugate with respect to FI^ and FI^\ that is, if and P 
are real, the two double lines have to be orthogonal. These double 
lines must be harmonically conjugate also with respect to FF^ 
and PPg. Thus we have a result which may be expressed as follows 
(cf.Ex. 12, § 76): 

Theorem 23. The tangent and the normal to a real ellipse or 
hyperbola at any real point are the bisectors of the pair of lines 
joining this point to the real foci. 

In the proof of this proposition we have excepted the vertices of 
the conic, but the validity of the proposition for these points is self- 
evident. Another proposition which follows directly from the discus¬ 
sion above is the following, in which we make use of the fact that the 
pair of real foci determines the pair of imaginary ones, and vice versa. 

Theorem 24. DEEDfiTiox. The system of all conics having two 
real or two imaginary foci in common is a range of conics of Type L 
The two conics of the set vjhich pass through any real point have 
orthogonal tangents at this point. Such a range of conics is called a 
systmi of confocal conics or of confocals. 

The constnictioii for the foci which has been considered in this section, 
when applied to a circle, reduces to a very simple one. The tangents to the 
circle at Jj and Z, meet in the center of the circle. The center of the circle 
is therefore sometimes referred to as the focus and the Hne at infinity as the 
directrix. 

The term focus ” is derived from the property stated in Theorem 23, in 
consequence of which, if the conic be regarded as a reflecting surface, all rays 
of light diverging from one focus will be reflected back to the other focus. 
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In the rest of the chapter the foci, center, directrices, and axes of 
an ellipse or a hyperbola will be denoted by the same letters as in this 
section. The notation has been assigned so that for an ellipse the points 
•re m the order 

and for tlie hyperbola in the order 

{F^A^D^OD^^F^}, 


where and denote the points of intersection of the principal 
axis with the directrices and respectively. 

81. Focus and axis of a parabola. Let be any parabola. Since 
it is tangent to there are two ordinary tangents to it through 
and Jg respectively; let these be denoted by \ and respectively. 
Let their point of iatersection be denoted by F, their points of contact 
with by and respectively, and the line by d. Also let 
the point of contact of (7® with L be denoted by the line A^F by 
a, and the point, other than A*, in which a meets (7®, by A. 

Definition’. The point F is called the focus, the line d the direc¬ 
trix, the line a the axis, the point A the ^vertex, of the parabola C\ 



That the focus, directrix, etc. of a parabola are real may be proved 
as follows: The transformation from pole to polar with regard to 
C'® transforms the absolute involution to an involution of the lines 
through and transforms and f into A^L^ and A^L^ respectively. 
The involution in the lines at A, is perspective with an involution 
among the points of C® which has and X, as double points. Hence 
X^ and Xg are conjugate imaginary points. Hence by Theorem 10 the 
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line d is real. Hence its pole, is real Hence the line a joining 
i?’ to ^4* is real, and also the point A. 

Since the two tangents to C“ through F pass through and 7^, 
any two conjugate lines through F are perpendicular. Conversely, if 
the pairs of conjugate lines at any point are orthogonal, the' tangents 
through this point must contain 7^ and 7^ respectively. Hence F is 
the only such point. Since the tangents through F are imaginary, F 
is interior to and hence aU real points on d are exterior. 

The tangent at .4 is parallel to dy and hence by the construction of 
d perpendicular to a. Since the tangent at any other ordinary point 
of C® is not parallel to d, it follows that the line a is the only diameter 
of which is perpendicular to its conjugate lines. These and other 
obvious consequences of the definition may be summarized as follows: 

Theorem 25. The axis of a jparahola is real and is the only 
diameter ^erpefnidieular to all its conjugate lines. The focus of a 
parabola is real and lies on the axis. The focus is the unique point 
at which all pairs of conjugate lines are orthogonal. It is interior to 
the parabola. The directrix is real, is the polar of the focus, and is 
perpendimilar to the axis. All real points of the directrix are exterior 
to tJie parabola. The vertex is real and is the rnid-point of the focus 
and the point in which the directrix meets the axis. 

The system of alt conics tangent to and l^ and to L at forms a 
range of Type 11 (§ 47, VoL I) which consists of all parabolas having 
F as focus and a as axis. The pairs of tangents to these conics 
through any real point F of the plane are by the dual of Theorem 20, 
Chap. V, VoL I, the pairs of an involution in which is paired with 
FI^ and FF with FA^. The tangents to the two conics of the range 
which pass through P are the double lines of this involution and 
hence separate FI^ and FI^ harmonically. Thus we have 

Theorem 26. The parabolas vnth a fixed focus and axis form a 
range of Type II. The two parabolas of the range which pass through 
a gimen point have orthogonal tangents at this point. 

The tangent to either parabola through P is therefore normal .to the 
other. Since these two hnea separate FF and P-i* harmonically, we have 

Theorem 27. The tangent and the normal to a parabola at any 
point are the bisectors of the pair of lines through this point of which 
one passes through the focus and the other is a diameter. 
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1. If P is any point of an ellipse, the normal at P is the interior bisector 
of 4 PjPPa* ^ any point of a hyperbola, the tangent ^.t P is the interior 
bisector of 4 

2. At any nonfocal point in the plane of a conic there is a unique pair of 
orthogonal lines which are conjugate with regard to the conic. In case of an 
ellipse or a hyperbola these lines harmonically separate the real foci. In case 
of a parabola they meet the axis in a pair of points of which the focus is 
the mid-point. 

3. For any point P of an axis of a conic there is a unique point P' on 
the same axis such that any line through P is orthogonal to its conjugate 
line through P'. The pairs of points P and P' are pairs of an involution 
(called a focal involution) whose double points are the foci of the conic, or, in 
case of a parabola, the focus and the point at indnily of the axis. If P and 
P' are on the minor axis, ^PF^P' is a right angle. If the conic is a parabola, 
F is the mid-point of the pair PP'. 

4. Of two confocal central conics having a real point in common, one is 
an ellipse and the other a hyperbola. 

5. The tangents at the points in which a conic is met by a line through 
a focus ibeet on the corresponding directrix. 

6. If two conics have a focus in common, the poles with regard to the 
two conics of any line through this focus are collinear with the focus. 

7. Let P be any point of a conic, and Q the point in which the tangent at 
P meets .a directrix. If P is the corresponding focus, 2LPFQ, is a right angle. 

8. If a circle passes through the two real foci and a point P of a conic, it 
will have the two points in which the tangent and normal at P cut the other 
axis as extremities of a diameter. 

9. If a variable tangent meets two fixed tangents in points P and Q 
respectively, and P is a focus, the measure of 21PFQ, is constant. 

10. Let and be two tangents of a central conic meeting in a point T; 
the pair of lines TF^ is congruent to the pair TF^j 

11. The line joining the focus to the point of intersection of two tangents 
to a parabola makes with either tangent the same angle that the other tangent 
makes with the axis. 

12. ‘ Let p be a variable tangent of a parabola, and P a point of p such that 
the line PP makes a constant angle with p. The locus of P is a tangent to 
the parabola. 

13. The foci of all parabolas inscribed, in a triangle lie on a circle. 

14. A circle circumscribed to a triangle which is circumscribed to .a 
parabola passes through the focus. 

15. Th6 circles circumscribing four triangles whose sides form a complete 
quadrilateral pass through a point which is the focus of the parabola having 
the sides of the quadrilateral as tangents. 
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16. Let P be anv point coplanar with, but not on an axis of, a conic C-. 
The lines which are at once perpendicular to and conjugate with regard to 

to the lines through P are the tangents of a parabola (the Steiner parabola). 
The axes of C- are tangents of this parabola. 

17. If P andP' are a pair of one focal involution of a central conic, and 
Q and Q' a pair of the other, P, P', Q, Q' are on an equilateral hyperbola, 
which may degenei-ate into a pair of orthogonal lines, 

18. Given five points of a conic, construct by ruler and compass the center, 
the axes, the vertices, the foci, and the directrices. Construct the same 
elements when five tangents are given. 

82. Eccentricity of a conic. Let P* be a real focus, and d the cor¬ 
responding directrix, of a conic C‘ which is not a circle. Let a be the 
major axis of (7®, and h the line parallel to d such that if a meets d 
in a point D, and A in a point H, D is the mid-point of the pair FM. 
Then d is the vanishing line (§ 43) of the harmonic homology T with 
F as center and h as axis. 



Since P* is a focus, the tangents to through F pass also through 
the circular points. Hence the transformation T changes (7“ into a 
circle with F as center. Now if P is any point of the circle, 
P' the point of to which P is transformed hy F, and the 
point in which the hne through P' parallel to FJD meets d, it follows 
by Cor. 2, Theorem 21, Chap. HI, that 

Dist (P^F) Hist (PP) 

Dist (PP') ” Dist (PP) ■ 

Since Dist (PP) and Dist (PP) are constants, it follows that 

Theorem 28. Definition. The ratio of the distances of a point 
of a conic to a focus and to the corresponding directrix is a constant 
called the eccentricity. 
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The conic (7" is a parabola if and only if the circle is tangent 
to d, the vanishing line of T. In this case 

Dist {FD) = Diat {FF), 

and hence the eccentricity is unity. The conic is a hyperbola if 
and only if meets d in real points. In this case 

Dist {FD) < Dist {FF), 

and hence the eccentricity is greater than one. Applying a Kke 
remark to the ellipse we have 

Theorem 29. A. conic section is an ellipse, hyperbola, or parabola 
according as its eccentricity is less than, greater than, or equal to 
unity. 

A circle is said to have eccentricity zero, because if F and F be held 
constant, and D be moved so as to increase FD without the ratio 

Dist (Pi^/Dist {FD) approaches zero. 

The eccentricity of a hyperbola or an ellipse is evidently the same 
relatively to either of its real foci, because the two foci and the 
corresponding directrices are interchangeable by an orthogonal line 
reflection whose axis is the minor ftyis of the conic. 

As an immediate coroUory of the definition of eccentricity we have 

Theorem 30. Two real conics are similar if and only if they have 
the same eccentricity. 

On comparing this theorem with Theorem 20, it is evident that the 
eccentiicity is a function of the cross ratio of the double points of 
the absolute involution and the points in which the conic meets L. 
As an example of this relation we have (by comparison with § 72) 
the theorem that any two hyperbolas whose asymptotes make equal 
angles have the same eccentricity. The formula connecting the eccen¬ 
tricity of a hyperbola with the angular measure of its asymptotes is 
given in Ex. 7, below, and the formula for the eccentricity in terms 
of the cross ratio referred to in Theorem 20 is given in Ex. 9. 

Since a real focus of any conic is an interior point, the line through 
a real focus (e.g. F^, fig. 64) perpendicular to the principal axis meets 
the conic in two points, The number Dist {Q^Q^ is evidently 

the same for both foci of an ellipse or hyperbola, and hence is a fixed 
number for any conic C\ 
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Definitiox. The number jp = Dist ^ called the parameter, 

or latus rectum, of the conic C'. 

In the following exercises e will denote the eccentricity and p 
the parameter of any conic. For an ellipse or hyperbola a denotes 
Dist {OA^) and c denotes Dist For an ellipse 5 denotes 

Dist {OB^, For a hyperbola 6 denotes — a\ 

In all cases a radical sign indicates a positive square root. 


EXERCISES 


1. If P is any point of an ellipse, Dist (PiP) + Dist (PoP) = 2 a. 

2. If P is any point of a hyperbola, Dist (PjP) — Dist (PgP) = ± 2 a. 

3. In an ellipse Dist (BiPi) = a and a- = 6^ + c^. 

4. Dist (-4iPi) . Dist (Pi.42) = 6®- ^ ^ 

5. In an ellipse or hyperbola e = - and p = 

6. In a parabola Dist (-4P) = p/4. ^ ^ 

7. The measure B (§ 6^ of the pair of asymptotes of a hyperbola is 


determined by the equation 


cos 0 = 1 —T ■ 


8. For an equilateral hyperbola c = V2. 

9. The cross ratio B = h?- referred to in Theorem 20 is con¬ 

nected with the eccentricity by the relation 


fi2 = 


in case of an ellipse, and by ^ — 


l+2jfc+ B 

-4X: 


l-2]k+k^ 

in case of a hyperbola. 

10. Let and be the circles with 0 as center and passing through the 
verticea and A. respectively, of an ellipae, and let a variable ray making 
an angle of measure B with the ray OA meet these circles in X and Y 
respectively. Then the line through Y parallel to OA^ meets the line through 
X parallel to in a point P of the conic. If x and y are the coordinates 
of P relative to the axes of the conic, 

X = a cos B, y — h sin B. 

B is called the eccentric anomaly of the point P. 

11. Relative to a nonliomogeneoas coordinate system in which 'the prin¬ 
cipal axis of a conic is the z-axis, and the tangent at a vertex the ^-axis, the 
equation of a parabola, ellipse, and hyperbola, respectively, can be put in 


the form 
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12. Relative to the asymptot€s as axes, the equation of a hyperbola may 
be written ^2 ^ 

^y = —.— 


13. Relative to any pair of conjugate diameters as axes, an ellipse has the 
equation ^ „a 


and a hyperbola. 


— + =1 
n'a ^ h'^ ’ 


If is a point in which the a;-axis meets the conic, List (OA') = a'. In 
the case of an ellipse, if B' is one of the points in which the y-axis meets the 
conic, Diat (OB') = V. 

14. The measure of the ordered point triads OA'R is a constant. 

15. The numbers a' and V satisfy the conditions a'^ + 6'® = a® -f 6^ in case 

of an ellipse and a'® — = a® — 6® in case of a hyperbola. 

16. The equation of a system of confocal central conics relative to a sys¬ 
tem of nonhomogeneous point cofirdinates in which the axes of the conics 

are a: = 0 and y = 0 is ^ 2 

^ 4. y = 1 

a2_X &®-X ' 

where X is a parameter. In the homogeneous line cobrdinates such that 
u^x + u^y -1- Mq = 0 gives the condition that the point (a:, y) be on the line 
[uq, u^, Ug], the equation of a system of confocala is u® = (a® — X) u ® + (6® — X)^^®. 

17. Relative to point coordinates in which the origin is the focus, y = 0 
the axis of the parabolas, and a: = 0 peipendicular to the axis, the equation 
of a system of confocal parabolas is 

y®-2(p-X)a: +X(p-X) = 0. 

In the corresponding homogeneous line coordinates this is (cf. Ex. 16) 

pU^ — 2 U^Uq — X(Wi® + Wg®) = 0. 

83. Synoptic remarks on conic sections. An iuspection of the 
literature will convince one that it would not be practical to include 
a complete list of the known metric theorems on conic sections in a 
book like this one. The theorems which we have derived, however, 
are sufficient to indicate how the rest may be obtained either directly 
as special cases of projective theorems or as consequences of the focal 
and affine theorems given in this chapter and Chap. HI. 

The theorems on conic sections have been classified according to 
the geometries to which they belong. The most general and elemen¬ 
tary which we have considered are those which belong to the proper 
projective geometry (§ 17), the geometry corresponding to the projec¬ 
tive group in any space satisfying Assumptions A, E, P. Theorems 
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of this class are given in Vol. I, particularly in Chaps. V, VIII, X, 
A second large class contains those theorems which belong to the 
affine geometry in any proper projective space. These are treated 
somewhat fuUy in Chap. IIL 

The theorems of the class considered in §§74, 75 of this chapter 
belong to the projective geometry of an ordered space. The theorems 
of § 76 belong to the projective geometry of a real space. Einally, 
in §§ 80^82 we have been considering theorems of the Euclidean 
geometry of a real space. 

It is quite feasible to make a much finer classification of theorems 
on conics. This would mean, for example, distinguishing those proper¬ 
ties of foci which hold in a parabolic metric geometry in a general 
space, then those which hold in an ordered space, and then those 
which are peculiar to the real space. 

The theorems which have been under discussion in the remarks 
above refer iu general to figures composed of one conic section and a 
finite number of points and lines. Theorems regarding more than 
one conic at a time have not been considered in any considerable 
number, and the theory of families of conics has not been carried 
beyond pendls and ranges. For an outline of this subject the reader 
is referred to the Encyclop'adie der Math. Wiss., Ill Cl, §§ 56-90. 


EXERCISES 


1. The’ diagonals of the rectangle formed by the tangents at the vertices 
of an ellipse are conjugate diameters for which o' = 6'. The angle between 
this pair of conjugate diameters is less thau that between any other pair of 
conjugate diameters. For this pair of conjugate diameters 0 ^+ 6' is a maxi¬ 
mum. It is a TTiiTiiTTiTiTn for o' = a, &' = &. 

2. If two orthogonal diameters of a conic meet it in P and Q, 


for an ellipse, and 


JL+JL=i+i 

ops OQ» a® 

. , , , OPS OQs 6®/ 

for a hyperbola. 

3. The locus of a point from which the two tangents to a conic C® are 
orthogonal is a real circle in case C® is an ellipse or a hyperbola for which 
a > 6: is a pair of conjugate imaginary lines through the center and the cu- 
cular points in case C® is a hyperbola for which a = &; is an imaginary circle 
in case C® is a hyperbola for which a<b; is the directrix in case C® is a parab¬ 
ola. The circle thus defined is called the director circle of C®. Construct it 
by ruler and compass. 
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4. A variable tangent to a central conic is met by the lines throngh a focus 
which make a fixed angle with it in the points of a circle. In particular, the 
locus of the foot of a perpendicular from a focus to a tangent is a circle. 

5. If i is a variable tangent of a central conic, Dist (Fit) • Dist (FqI) = 

If t' is the other tangent parallel to t, Dist • Dist (Fjt') = 6®. 

6. If F is a focus of a conic and Pj, Pg the points of intersection of an 
arbitrary line through F with the conic, 

PjF PP, 

is a constant. 

7. If the tangent to a conic at a variable point P meets the axes in two 
points Ti and T^, and the normal at P meets them in iV\ and iVg, then 

Dist (PTi) • Dist (PPg) = Dist (PA\) • Dist (PJV^) 

= Dist (PFi) • Dist (PF 2 )- 

8. There is a unique circle which osculates* a given conic at a given 
point P. This is called the circte of curvature at P. Its center is called the 
center of curvature for P and lies on the normal at P. 

9. Construct by ruler and compass the center of the circle of curvature 
at an arbitrary point of a given conic. 

10. The circle of curvature of a conic C® at a point P meets C® in one and 
only one other point, Q. The line P Q is the axis and the point P the center of an 
elation which transforms Kr into (P. The center of curvature is transformed 
by this elation into the center of the involution on C® in which the pairs of 
orthogonal lines at P meet (P. 

11. The tangent and normal at any point P of a conic C* are both tangent 
to the Steiner parabola (Ex. 16, § 81) determined by this point. The point 
of contact of the normal with the parabola is the center of the circle of cur¬ 
vature of at P, and the point of contact of the tangent with the parabola 
is the pole of the normal with respect to Cr. (For further properties of the 
circle of curvature, cf. Encyclopadie der Math. Wiss., Ill Cl, § 36.) 

12. The polar reciprocal of a circle with respect to a circle having a 
point 0 as center is a conic having 0 as a focus. (A set of theorems related 
to this one will be found in Chap. VIII of the book by J. W. Bussell referred 
to in § 73.) 

84. Focal properties of coUineations. The focal properties of conic 
sections are closely related to a set of theorems on coUineations 
some of which are given in the exercises below. A good treat¬ 
ment of the subject is to be found in the CoUected Papers of 
H. J. S. Smith, Vol. I, p. 545, and further references in the 
Encyclopadie der Math. Wiss., Ill AB 5, § 9. 


* Cf. § 47, Vol. I. 
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Let n be any real projective collineation which does not leave 
invariant, and let jp and g be its vanishing lines; so that 11 (^) = Z* 
and n (Zx) = If 7^ and 7, are the circular points, let 11”^ (7J =ij, 
11“^ (7„) = By U (7j) = 0^, n (Jo) = 0o. By the theorems of § 78 the 
lines iJJi and meet in a real point Aj, and JJ/, and meet 
in a real point A^. If II (-.4^) = and 11 = B^, it is clear that 

the complete quadrilateral whose pairs of opposite vertices are 
BBi -4.^A^ is transformed into one whose pairs of opposite 
vertices are Q^Q^, B^B^, The following propositions are now 

easily verifiable, and are stated as exercises. 

EXERCISES 

1. -Ij is such that any ordered pair of lines meeting at is transformed 
byll into a congruent pair of lines. -Ig is such that any two lines meeting in 

are transformed by 11 into a symmetric pair of lines. No other points 
have either of these properties. 

2. Every conic having a focus at *4^ or A^ goes to a conic with a focus at 
Bj^ or Bn respectively. 

3. The range of conics having A^ and A^ as foci is transformed by 11 into 
the range of conics with B^ and as foci: and this is the only system of 
coniocals which goes into a system of confocals. 

4. The pencil of circles with A^, An as limiting points is transformed by IT 
into that having B^, Bn as limiting points: and these are the only two pencils 
of circles homologous under IE. The radical axes of the two pencils are the 
two vanishing lines. 

5. If 7 is any point and 11 (P) = P', then the ordered point triad A^PA^ 
is similar (but not directly similar) to the ordered point triad B^P'B^, 

6. At a point of a Euclidean plane there is in general one and only one 
pair of perpendicular lines which is transformed into a pair of perpendicular 
lines by a given affine collineation. 

7. In any two projective pencils of lines there is a pair of correspond¬ 
ing orthogonal pairs of lines. The liue pairs which are homologous with 
congruent line pairs form an involution. 

8. Any projective collineation which does not leave Im invariant is express¬ 
ible as a product of a displacement and a homology. 

85. Homogeneous quadratic equations in three variables. Eevers- 
ing the process which is common in analytic geometry, it is possible 
to derive certain classes of algebraic theorems from the theory of 
conic sections. We shall illustrate this process in a few important 
cases and leave the development of further algebraic applications to 
the reader. 
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The general homogeneous equation of the second degree can 
be written in the form 

( 6 ) + 

+ + ®ai®i®i + = 0» 

where = aj^. Let ns first suppose that 

®oo ®01 ®oa 

(7) Q. 

CL a, CL 
20 21 22 

In § 98, Vol. I, it has been shown, from the point of view of general 
projective geometry, that every projective polarity is represented by 
a bilmeax equation of the form 

^00 Vo' + + 0^02 Vi 

(8) "h ^10^1^0 "h ”1“ CL^X-^x^ 

+ + ^22 Vi = 0> 

where and where ^ =jfc 0. 

It was also shown that every bilinear equation of this form, subject 
to the condition -4^0, represents a polarity; that the equation in 
point coordinates of the fundamental conic of the polarity is (6), 
which is obtained from (8) by setting x[ = x^\ and that the equation 
of this conic in line coordinates is 

(9) 

where is the cofactor of in A, 

The coefficients are elements of the geometric number system. 
Therefore in the case of the real plane they axe real numbers, and 
we have 

Theohem 31. Every equation of the form (6) vnth real coefficients 
such that a~ and A 0 represents a conic whose polar system 
transforms real points into real lines. Conversely, ervery conic with 
regard to which real points have real polars has an equation of the 
form (6) with real coefficients such that = and A 
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In § 79 we have seen that buj conic having a real polar system is 
in one of two classes, and that any two conics of the same class are 
projectively equivalent. Now it is obvious that 

( 10 ) x^+x^+x'^^Q 

is the equation of an imaginary conic, and that 

( 11 ) x^+x{- xl^O 


is the equation of a real conic. Hence we have 

Theorem 32. Any quadratic equation in three homogeneous vari~ 
ahles whose discriminant A does not vanish is reducible by real linear 
homogeneous transformation of the variahles to the form (10) or to 
the form (11). 

Algebraic criteria to determine whether a given conic whose 
equation is in the form (6) belongs to one or the other of these classes 
may easily be determined by the aid of simple geometric considera¬ 
tions. In case contains no real points, the hne ^<3^^= 0 has no real 
pomt in common with it, and the point (which is on the line 

33^ = 0) is on no real tangent to it. On the other hand, if the line x^ = 0 
contained no real point of C*, and were real, this line would consist 
entirely of exterior points, and hence there would be a tangent to (7* 
through the point u^=0. Hence a pair of necessary and sufficient 
conditions that contain no real points are (1) x^=0 is on no point 
of Cf and (2) 0 is on no tangent of C\ 

Substituting 2 ?^= 0 and a;' = 0 in (8), we have the equation of an 
involution 

a x x[ a x x[ 

“'ll “'i3‘^1**'3 

+ = 0- 


which, by § 4, is eUiptic it and only if > 0. By a dual argument 
applied to (9), the necessary and sufficient condition that there be no 
real tangents to through the point 0 is 


(13) 



> 0 . 


By a well-known theorem on determinants (or a simple computation) 

this reduces to . ^ « 

a„’A> 0. 
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Theoeem 33. The imaginary conics are those for which 
> 0 and a^^» A > 0, 

and the real OTies are those for which not loth of these conditions 
are satisfied and for which 0. 


In these conditions it is obvious that-4^ and may be replaced 
by A^ and where i, j = 0, 1, 2, provided that i ^ j. 

Let us now investigate the cases where ^ = 0, and first the case in 
which not ah the cofactors A^, A^^, A^ are zero. To fi^ the notation, 
suppose that A^ ^ 0. Then the bilinear equation (8) is satisfied 
by x^=A^, matter what values are taken by 

Xq, x[, ajg. Hence in this case (8) determines a transformation, F, of 
all the points (a;', x^ x',) distinct from (A^ A^^, AJ into lines through 
(^ 00 ' Ai’ ^oa)* ^ coUineation which transforms (A^ A^^, AJ to (1,0, 0) 
must reduce (8) to 

It is to be noted that 


^ai ^22 


=#= 0 , 


because if this determinant vanished, F would transform all points 
(icj, x[, aQ into a single hne, and hence A^ would vanish. Hence F 
transforms any point (x', x^) into the line paired in a certain invo¬ 

lution with the hne joining (x', x[, to {A^ A^^, A^). The double 
lines of the involution must satisfy the quadratic equation (6). 

Comparing with the definitions in § 45, Vol. I, we have that when 
A=0 and not all the cofactors A^, A^^, A^ are zero, (6) represents a 
degenerate conic consisting of two distinct lines and that (8) represents 
the polar system of the conic. Since the lines represented by (6) are 
the double lines of a real involution, they are either real or a pair of 
conjugate imaginaries. In the first case (6) can evidently be trans¬ 
formed by a coUineation to 

(15) = 
and in the second case to 

(16) x,^-i-xi = 0. 


9 
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The criteria to distinguish the two cases may be found by considering 
the intersection with (6) of a line x~0. This yields imaginary points 
(just as in the nondegenerate case) if and only if > 0, and real 
points if and only if ^ 0. Hence the case where (6) represents a 
pair of real lines occurs iE and only if A^. ^ 0, for i = 0, 1, 2. 

Fiaally, suppose that A^ = A^^ = A^ =A = 0. In view of the identity, 

(1 /) ^ J ^ k ^ 'i) 

this impUes that all the cofactors ^4^ are zero, and hence that (8) 
represents the same line, no matter what values are substituted for 
^oi ^‘ 2 - Hence (6) represents a siugle real line (Le. two coincident 
real lines), and the polar system (8) transforms aU points not on this 
line into this line. If this Ime be transformed to 2 ;^= 0, (6) obviously 
becomes 

(18) 

A degenerate point conic is two distinct or coincident Unea These 
may always be represented by a quadratic equation which is a product 
of two linear ones. For such a quadratic .^4 = 0, because if -4 = 7 ^ 0, the 
equation has been seen to represent a nondegenerate conic. Hence 
the theory of degenerate point conics is equivalent to that of homo¬ 
geneous quadratic equations for which A =0. 

The complete projective classification of conics, degenerate or not, 
may now be stated as an algebraic theorem in the form: 

Theorem 34. Ani/ homogeneous quadratic equation in three vari- 
ahles may he reduced hy a real linear homogeneous transformation^ 

(19) < = X 1’ 2), I a*-1 0 

to one of the -normal forms (10), (11), (16), (15), (18). The criteria 
wliwh determine to which one of these forms an equation (Jo) is redAtdble 
may he summarised in the following table: 


^^0 A=0 

- * -. _ 


iMAOINABY 

Coifio 

Rbal CoYic 

Imaginabt 
Lisb Pair 

Real 

Like Pair 

COI>'OIDENT 
Real Libe Pair 

au.4> 0 

ciiiA ^ 0 

^00 >0 

Aqo < 0 

Aqo = 0 

Aoo > 0 

or Aoo “ 0 

or .4 11 > 0 
or A32 > 0 

or .4ii < 0 
or Aaa < 0 

.411 = 0 

A32 = 0 
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Since the algebraic expressions in the above criteria determine conditions 
on the conic which are independent of the choice of coordinates and thus are 
invariant under the projective group, it is natural to inquire whether they are 
algebraic invariants in the sense of § 90, Vol. L A direct substitution will 
readily verify that A is a relative invariant of (0). 

Suppose we regard the coefficients of (6) as homogeneous coordinates 
(®ooj “ill “oi» “io» “la) ^ point in a five-dimensional space. Then ^ = 0 
determines a certain cubic locus in this space the points on which represent 
degenerate conics. Isow if there were any other invariant of (6) under the 
projective group, say (o^), the equation = 0 would represent a locus 

in this five-dimensional space. But since each nondegenerate conic is projec- 
tively equivalent to every other nondegenerate conic, this locus would have to 
be contained in the locus of A = 0. From this it can be proved, by the general 
theoiy of loci represented by algebraic equations, that the locus of = 0 

coincides with that of A = 0, and that hence 4^ (a^) is rationally expressible 
in terms of A. Thus A is essentially the only invariant of (6) under the 
projective group. 

The question, however, arises whether there are not other rational func¬ 
tions of the coefficients of (6) which are invariant whenever A = 0. If there 
were such a function, say the conics for which (o^) = 0 would 

be a subclass of the degenerate conics which is transformed into itself by 
all complex projective collineations. The only class of this sort consists 
of the coincident line pairs which are given by two conditions, = 0, 
Aii=0. In view of the theorem that a locus represented by two inde¬ 
pendent algebraic equations cannot be the complete locus of a single 
algebraic equation, this shows that there is no other invariant of (6) even 
for the cases in which A = 0. 

This reasoning could be expressed still more briefly by saying that, while 
the set of all conics is a five-parameter family, and the set of degenerate 
conics a four-parameter family given by one condition, the only invariant 
subset of the degenerate conics is the two-parameter set of coincident line 
pairs which have to be given by two conditions and so cannot correspond to 
a single invariant in addition to A. 


EXERCISES 

1. In case A = 0, the lines represented by (6) intersect in the point 

(^A^ iibiee cofactors An vanish, in which case (6) 

represents the coincident line pair 

(■v^io +■^11*1 +'^s®s)*= 0. 

2. In case (6) represents a pair of distinct lines, (9) represents their point 
of intersection counted twice. In case (0) represents a pair of coincident 
lines, A ^-0 (i,j = 0 , 1 , 2). 
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86. Nonliomogeiieous quadratic equations in two variables. The 
aflSne theory of point conics corresponds to the theory of 

®oo +®oi“ 

(20) + + a^xy 

+ + *21^® + “22^* = 

where the a^.’s satisfy the same conditions as in the last section. 
The theorem that any nondegenerate conic is an imaginary ellipse, 
real ellipse, hyperbola, or parabola, and that any two conics of the 
same class are equivalent under the aflSne group, translates into the 
following: Any quadratic equation in two variables, for which A ^ 0, 
is transformable by a transformation of the form 




into one of the following four forms: 

(22) a:« + 3r + l=0, 

(23) a:“4-y"-l=0, 

(24) 

(25) a? H- 3^ = 0. 


To know this it is merely necessary to observe that these equations 
represent conics of the four types respectively. 

The criteria to determine in which class a given conic belongs 
may be inferred from the discussion in the last section i£ we set 
X = and y = xjx^. It is then evident that > 0 for an ellipse, 
= 0 for a parabola, and < 0 for a hyperbola. Hence the 
aflfine classification of cases where A =r^= 0 may be summarized in the 
following table: 


iHAaiSIABV ELIJPBE 

BKA.L Ellipse 

Ht^erbola. 

Parabola. 

.Aqo^ 0 

Aqo > 0 

o 

V 

S 



(L‘]±A'^ 0 


The cases where A = 0 correspond, as in the last section, to degener¬ 
ate conics. Geometrically the types of figures are obvious, and to 
obtain the algebraic criteria we need only combine with considera¬ 
tions already adduced, the observation that when A^ = 0 and either 
= 0 or ajjj, = 0, then = 0. 
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^ = 0 


Conjugate 
lMAGI^^4SY LTN’ES 

nisTiycT Real Li^es 

COI^■CIDE^’T 

REAL USES 

Concurrent 
at ordinary 
point 

Parallel 

pair 

Concurrent 
at ordinary 
point 

ParaUel 

pair 

One at 
infinity 

Ordinary 

At infinity 

-400 >0 


-4oo < 0 

-^00 

= 0, 

11 

II 

e 

11 

o 




^11 <0 




or 


or 




Aog > 0 


A.9% < 0 J 






■301 


flu ^ 0 





or 

011 = 023 = 0 

or 





a«2 0 


oss 0 



As normal forms for the first six cases we may take 

(26) 

+ y = 0, 

(27) 

** + 1=0, 

(28) • 

0, 

(29) 

**-1=0, 

(30) 

*=0, 

(31) 

**=0. 


The case of coincident real lines at infinity does not correspond to 
any equation in nonhomogeneous coordinates. 

Summarizing these results we have the following algebraic theorem: 

Theorem 35. Any quadratic equation in two variaUes may he 
reduced to one and only one of the normal forms (22)-(31) hy a 
transformation^ of the form (21). T]ie normal form to which it is 
reducible is determined hy the criteria in the two tables above. 

The question of invariants of (20) under the affine group may be 
investigated in the manner indicated for the corresponding projective 
problem in the fine print at the end of the last section. The results 
of such an investigation are given in the exercises below. 

There are no absolute invariants of conics under the projective 
and affine groups, because two conics would fail to be equivalent 
under the one group or the other if they determined different values 
of an absolute invariant, and this would contradict the fact that 
there are only a finite number of conics distinct under the affi ne 
groupL 
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EXERCISES 

1. A and are invariants of (20) under the affine £^oup. 

2. In ease .1 = A^ = 0, -In/oo^ and -Ls/aii are invariants of (20) under 
the affine group. 

3. The homogeneous coordinates of the center of (20) are (A^q, Aq^, Aq^). 

4. If Aqq ^ 0, the translation J = ^ — ^ = y — transforms (20) into 

Aqq -'1^ 

-■^00 

5. If .d ,£ 0 and ^4^^, ^ 0, the asymptotes of (20) are given by the equation 

+ 2 flioiry + a^p = 0. 

6. Any diameter of a parabola is parallel to = 0 and to 

flirC + = 0. 


87. Euclidean classification of point conics. With respect to a non- 
homogeneous coordinate system in which the pair of lines x = 0 and 
y = 0 is orthogonal and bisected by the lines x = y and a; = — y, the 
transformations of the Euclidean group take the form (21) subject to 
the conditions 

(32) a? + a* = i* + &*, a,b, + a,b, = 0, 

and the displacements are subject to the additional condition 


(33) 


!“" j‘! 

l“* ®4l 


1 . 


Since anj ellipse or hyperbola is congruent to one whose principal 
axes are a? = 0 and y = 0, and since any parabola is congruent to a 
parabola with the origin as vertex and y = 0 as its principal axis, it 
follows that any conic is congruent to a conic having one of the 
following equations: 


(34) 


(35) 

- + ^-1-0 
i-u, 

(36) 

*s 

o 

II 

1—1 

1 

•^>15= 

1 

(37) 

1 

II 

p 


The normal forms to which degenerate point conics he reduced 
by displacements are evident when one recalls that two pairs of non¬ 
parallel lines are congruent when they have the same cross ratio with 
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the circular points and that two pairs of parallel hues are congruent 
if the lines of each pair are the same distance apart.* By comparison 
with the second table (.4 == 0) in § 86 we find 


(38) 

I + /-0. 

(39) 

a5*+c*= 0, 

(40) 

or 

(41) 


(42) 

a:= 0, 

(43) 

a*=0. 


The group of displacements is extended to the group of similarity 
transformations by adjoining transformations of the form 


(44) 


= IcXy 


0 . 


Transformations of this sort will reduce the eq[uations (34)-(43) to 
normal forms in which &, c, and •p are all unity. 

The criteria for determining to which of these normal forms a 
conic is reducible under the group of displacements or that of simi¬ 
larity transformations are the same as tho^e already found for the 
afiSne group. Two conics whose equations can be reduced to the same 
normal form are evidently equivalent under the group of displace¬ 
ments if and only if they determine the same values for a and J or c 
or p, and under the Euclidean group if they determine the same value 
for a. The numbers a, J, c, p are evidently-absolute invariants of the 
corresponding conics under the group of displacements, and at in (38) 
and (40) also under the Euclidean group. 

The problem of determining a, c, jp in terms of the coefficients 
of (20) presents no special difficulty, and will be left to the reader to 
be considered in connection with.the exercises below and those at the 
end of the next section. 

When S, are all unity, a is a function of the eccentricity given by 
the equations in Exs. 7 and 9, § 82. The same refere nce giv es the con¬ 
nection between the eccentricity and the invariant V— 


* The distance apart is distance of an arbitrary point on one of the parallel 
lines from the other line. The formula for distance is applied to the case of a pair 
of conjugate imaginary lines as explained in § 70. 
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EXERCISES 

1. If .1 5 * 0 aad ^ 0 , the angular measure of the asymptotes is 0, where 

o V — -I 
tang = ~ 

^11 ^22 

Moreover, ^ ^ log K {C\Cn, 

where and are the points in which the conic meets /«, and and are 
the circular points. If -4 = 0 and -4^^ 5 * 0 , these formulas give the angular 
measure of the lines represented by ( 20 ). Derive from this the formula for a 
in (38) and (40) in terms of the coefficients of (20). 

2 . .4j^ and Cu + are absolute invariants of ( 20 ) under the group of 
displacements, and v'—.4,j,y(fljj + Og,) under the Euclidean group. If -4 5 ^ 0 
and 011 + 0 * 2 = 0> (20) represents an equilateral hyperbola; if ^4 = 0 and 
flu + fljg = 0, it represents a pair of orthogonal lines or /od and an ordinary line. 

3. If .4 0 and .4 qo ^ 0, the axes of (20) are 

“is (^* + r) + (“22 - “11) 
where x and y are defined as in Ex. 4, § 86. 

4. For an ellipse the constants a and h are 
and Ag are the roots of 

(45) X® — (gii + Ago) \ + Aqq = 0; 


-4 




and , where 




I--4 


id for a hyperbola a and ib are a - and V^—— 
5) is (All- “ 22 )®+ 4o?.. ' 


The discriminant of 


and 
(45) 

5. If *4 Hi 0 and -4^^^ = 0, the parabola (20) touches Z« at (0, Ou, — Ou)^ 
which is the same as (0, a„, — Oi,). The axis is 


(«) Oiig + Ouy + '*• °«°u = 0. 

“ll+ “22 

88. Classification of line conics. The projective classification of line 
conics is entirely dual to that of point conics and so need not he con¬ 
sidered separately. The aflBne classification, however, corresponds to 
a new algebraic problem. If the line coordinates are chosen so that 


^0^0+^2^2=0 

is the condition that the point {x^, x^) he on the line [u^ J, the 

point coordinates being the same as already used, we have the problem 
of reducing equations of the form (9) to normal forms by means of 
transformations of tiie form 


«i'= 

«s= -SjJtj+ajMj,, 


a h 
I , 1 
a 0 


^ 0 . 


(47) 
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These are the transformations which leave the line [1, 0, 0] 
invariant. If 


l«i S,: 

7. M 


j and = 1 


1 \o c 
\ 2 2 

w 


(47) is the same collineation as (21). 

The affine classification of nondegenerate line conics is of course the 
same as that of nondegenerate point conics. To express the criteria 
in terms of the equation (9) regarded as given primarily,* let us write 

(48) a = 


^00 ■^01 ■‘'^021 
^10 ‘^12-’ 
■^20 “^21 ■^221 


where the are the coefficients of (9), and let denote the 
cofactor of A^^ in a. The point conic associated with (9) must have 
the equation 

(49) 0. 

By the criteria already worked out, this is an ellipse, hyperbola, or 

parabola according as the value of 

cc a ^ j 
^11 **12 .a 

21 221 


is greater than, less than, or equal to zero; and, in the case of an 
ellipse, real or imaginary according aa > 0 or ^ 0. Thus we have 


a ?£ 0 


lHAOl>''ARY Ellipse 

Beal Ellipse 

Hyperbola 

Parabola 

a-Aoo > 0 
arii>0 

a -Aqo > 0 

ail ^ 0 

8 

A 

o 

o 

II 

S 


The normal forms for these four classes are respectively 


(50) 

< + Mi® + «a’ = 0, 

(51) 

1 

1 

11 

O 

(52) 

K — “i + Wa = 0, 

(53) 

1 

II 

p 


The projective classification of degenerate line conics is dual to 
that of degenerate point conics, and therefore yields the following 
three cases: (1) two distinct real points, or = 0, ^ 0, one at least 

♦Instead of in terms of the coefficients of (6). 
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of rt:^ being different from zero; (2) coincident real points, 

= = 0; (3; conjugate imaginary points, a=0, (Xa > 0 

for at least one value of i. 

For the affine olassitication let us observe that since [1, 0, 0] 
is the line at infinity, the condition that at least one factor of 
(9) represent a point at infinity is 0. The following criteria 
are now evident. 


a = 0 


Conjugate ! 

Imaginary Points 

Distinct Real Points 

Coincident 

Real PorsTfl 

OrJluury 

At iufinity 

Both One 

ordiiiarr i ordinary 

Both at 
iuAnity 

Ordinary 

At infinity 

an > 0 

£loo > 0 

UTli < 0 

ffoo < 9 

ffoo = 

mamm 

or 

1 

or 

aii = 0 



> 0 j 

ju:ii=cr22=0 

ccsa < 0 ' 

-4oo ^ 0 ■ -4oo = 0 j 

= 0 

^00 5* 0 1 

^00 = 0 


The normal forms for these cases are respectively 


(54) 

< + M? = 0, 

(35) 

“i + = 0> 

(56) 


(57) 

«O«l = 0. 

(58) 


(59) 

<=0. 

(60) 

wf = 0. 


EXERCISES 

1. The two pairs of foci of (9) are the degenerate conics of the range 
-^00“0 "b 

(61) + + (.4 11 - p) + -4„Ui«a 

+ + (-4^ “ rt = 0, 

which are given by the values of p satisfying 

(62) AqqP- - (oii + Ojo) p + a = 0. 

The diseriminant of this quadratic is (un — a^)- + 4 
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2. In case a = 0 and ^4^^ ^ 0, the distance between the points represented 

by (9) is 2V-(a,, + a„) 

■^00 

3. The normal forms for line conics under the group of displacements are 


(83) 

+ Vhil = 0, 

(64) 

fi^ — ahkl — = 0, 

(05) 

= 0, 

(66) 

4 UqUi + pul = 0, 

(67) 


(68) 

w® + chil = 0, 

(89) 


(70) 

«o“i = 9, 

(71) 

ul — chil = 0, 

(72) 


(73) 

= 0. 


Here a, 6, have the same significance as in (34)-(37); 2 H is the distance 
between the two points represented by (67); 2 fe is the distance between the 
two points represented by (69); c is expressible in terms of the cross ratio of 
the circular points and the two points represented by (68) or (71). 

*89. Polar systems. The theorems on the classification of conics 
(§ 79) may be regarded as completing the discussion of projective polar 
systems in a real plane. There is, however, a certain amount of inter¬ 
est in making the discussion of polar systems without the intervention 
of complex elements, and basing it entirely on the most elementary 
theorems about order relations. This treatment will hold good for a 
projective space satisfying Assumptions A, E, S, P. 

Theorem 36. In a/ny jprojective polar system in an ordered plane 
the involutions of conjugate points on the sides of a self-polar triangle 
are all direct^ or else one involution is direct and the other two opposite. 

Froof. Let ABC be the self-polar triangle (fig. 68), and let PP' be 
a pair of points on the side BC and QQ^ a pair on the side CA. Let B 
be the point of intersection of the lines BQ and AB, O that of AP' and 
BQ\ and B! that of CO and AB. Then AP' is the polar of P, of Q, 
PQ of 0, and CO of B. Hence B and P' are paired in the involution 
of conjugate points on AB. Let B^’ be the point in which meets 
AB ; B’^ is the harmonic conjugate of B^ with respect to A and B. 
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If the involutions on BC and CA are direct, P and P^ separate B 
and C, and Q and ^ separate C and A. It follows by Theorem 19, 
Chap. II, that R and P-' do not separate B and A, Hence by Theorems 
7 and 8, Chap. II, B! is separated from R by A and P, and hence the 
involution on the line AB is direct. 

On the other hand, if the involutions on PC and CA are not direct, 
P and P' do not separate B and C, and Q and Q' do not separate C 
and A, Hence R and S!* do not, and therefore P and R! do, separate 
A and P. Hence again the third involution is direct. 



We have thus shown that at least one of the three involutions ia 
direct; and that if two are direct, so is also the third. From this the 
statement in the theorem follows. 

The reasoning above is valid in any ordered projective space. 
Specializing to the real space, we have 

COEOLLARY 1. Tht iniHjlutvms on the sides of a self-jpolar triangle 
of a projective polar systcTu in a real plane are all three elliptic^ or 
else tvx) are Jiyperholic and the third is dliptic. 

Theorem 37. If the involutions of conjugate points on the sides of 
one self-polar triangle of a projective polar system in an ordered plane 
are direct^ the involution of conjugate points on any line is direct. 

Broof Let the given sdf-polar triangle on the sides of which the 
iiYolutions of conjugate points are direct be ABC. The theorem will 
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follow if we can prove that the involution of conjugate points on any 
line through a vertex of such a triangle is direct. For any line I meets 
in a point M which has a conjugate point N on BC, By the prop¬ 
osition which we are supposing proved, the involutions on the sides of 
the self-polar triangle, AMN^ are direct; and hy a second application 
of the same proposition, the involution of conjugate points on Z is 
direct- Thus the proof of the theorem reduces to the proof that the 
involution of conjugate points on any line through A is direct. 

Let such a line meet R C in a point P^, and let P be the conjugate 
of P^ in the involution on BC, Let Q and he a conjugate pair 
distinct from A and C on the line ACy and let C?, P, P', P" have the 
same meaning as in the proof of the last theorem (fig. 68). Also let 
O' be the conjugate of 0 on the line AP\ i.e. let O' be the intersec¬ 
tion of AP' with PQ. Applying Theorem 19, Chap. II, to the triangle 
ABP^ and the lines O'P and OP', it follows that, since C and P do 
not separate B and P', and P and P' do separate A and P, 0 and O' 
are separated by A and P'. Hence the involution of conjugate points 
on the line AP' is direct. 

CoROLLABY 1. If the involutions on two sides of a self-polar triangle 
of a polar system in an ordered plans are opposite^ then two of the 
involutions on the sides of any self-polar triangle are opposite and 
the third is direct 

Proof. If there were any self-polar triangle not satisfying the con¬ 
clusion of the theorem, this would, by Theorem 36, be one for which 
all three involutions were direct. By Theorem 37 it would follow 
that the involutions on all lines were direct, contrary to hypothesis. 

The propositions stated in the last two theorems and in the last 
corollary may evidently be condensed into the following: 

Corollary 2. Any projective polar system in an ordered plane is 
either such that the involution of conjugate points -on any line is direct^ 
or such that on the sides of any self-polar triangle two of the involu¬ 
tions are opposite and the third direct. 

Applying this result in a real plane, we have that every projective 
polar system is either such that aU involutions of conjugate points 
are elliptic, or such that on the sides of any self-polar triangle two 
involutions are hyperbolic and the third elliptic. In the latter case 
let ABC be a self-polar triangle, AP and AC being the sides upon 
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\rliich the involutions are hyperbolic. Let the double points of the 
involution on AB be and Cj- and those of the involution on .4 0 be 
and The polar of is then the line The conic section 
through B^, B^ and tangent to the line C^C at has a 

polar system in which ABC is a self-polar triangle, and in which the 
given involutions are involutions of conjugate points. By § 93, VoL I, 
these conditions are sufficient to determine a polarity. Hence the 
given polarity is the polar system of Er. Thus we have 

Theorem 38. Definition. A projective polar system in a real plane 
is either the polar system of a real conie^ or such that the involution of 
conjugate points on any line is elliptic. A polar system of the latter 
type is said to he elliptic. 

The existence of elliptic polar systems is easily seen as follows : 
Let ABC be any triangle, 0 any point not on a side of this triangle, 
P' the point of intersection of OA with BC, Q' the point of intersec¬ 
tion of OB with CA, and F and Q any two points separated from P' 
and Q' by the pairs BC and CA respectively. By the theorems in 
§ 93, VoL I, there exists a polar system in which the triangle ABC 
is self-polar and the point 0 is the pole of the line PQ, and by the 
theorems in the present section this polar system is elliptic. 
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90. Vectors and complex numbers. The properties of the addition 
of vectors have been derived in § 42 from those of the group of 
translations. If the operation of multiplication is to satisfy the dis¬ 
tributive law, 

a {b c) = aoac, 


multiplication by a vector, a, must effect a transformation on the 
vector field such that 6 -f- c is carried into the vector which is the 
sum of those to which 6 and c are carried. Since the group of trans¬ 
lations is a self-conjugate subgroup of the Euclidean group, any 
similarity transformation of the vector field satisfies this condition. 

Let us then consider the transformations effected on a vector field 
by the Euclidean group. Any similarity transformation is a product 
of a translation by a similarity transformation leaving an arbitrary 
point 0 invariant. But a translation carries every vector into itseU. 
Hence any similarity transformation has the same effect on the field 
of vectors as a similarity transformation leaving 0 invariant. Hence 
the totality of transformations effected on the vector field by the 
Euclidean group is identical with the totality of transformations 
effected on it by the similarity transformations leaving 0 invariant. 
Since no such transformation changes every vector into itself, any 
two of them effect different transformations of the field of vectors. 
Hence we have 

Theorem 1. The group of transformations effected by the Euclidean 
group in a plane upon the field of vectors is isomorphic with the group 
of similarity transformations leaving an arbitrary point invariant. 

To obtain a definition of multiplication we restrict attention to the 
group of direct similarity transformations and make use of the fact 
that if OA and OB are any two nonzero vectors, there is one and but 


* The main part of CHiap. VII is independent of this chapter. The two chapters 
may therefore be taken up in reverse order if the reader so desires. 

210 
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one transformation of this group carrying the points 0 and ^ to 0 
and B respectively. 

Defixitiox. Eelative to an arbitrary vector OA, which is called 
the unit vector^ the product of two vectors OX (where X^O) and OY 
is the vector OZ to which OY is carried by the direct similarity trans¬ 
formation carrying OA to OX, and is denoted by OX* OY. In case 
X=0, OX'OY denotes the zero vector. 

As ob\dous corollaries of this definition 
we have the following two theorems: 

Theorem 2. The. triad of points OAY 
is directly sbnilar to the triad OXZ if 
and only if 

oz=ox-or. 

Theorem 3. The equation 

OZ=OX^OY Fig. 09 

is satisfied if and only if A AOX+^AGY^ A AOZ and Dist {OZ) = 
Diet (OX) * List (OY), the unit of distanee being OA 

Since the direct similarity transformations leaving a point 0 invari¬ 
ant form a group, the operation of multiplication must be associative, Le. 

OX* (OF* OZ) = (OX- OY) • OZ, 

and also such that there is a unique inverse for every vector OB for 
which O^B, Le. there must be a vector OF such that 

OB . OF= OA 

The group of direct similarity transformations leaving 0 invariant is 
commutative because it consists of the rotations about 0 (which form 
a commutative group by § 58) combined with dilations with 0 as 
center. Hence the operation of multiplication is commutative, Le. 

OX-OF=OF*OX. 

The fact that the group of translations is self-conjugate under the 
group of displacements translates into the distributive law, 

OX• (OF-i- OZ) = OX* OF+ OX* OZ. 

Eecalling the definition of a number system given in Chap. VI, 
VoL I, we may summarize these results by saying, 




§90] 


VECTORS AND CO:VIPLEX NUMBERS 


221 


Theorem 4. With resjpect to the ojperation of addition described in 
§ 42 and of multijplication defined in this section, a planar vector 
field is a commutative number system. 

In proving this theorem we have made use of no properties of the Euclidean 
group except such as hold for any parabolic metric geometry for which the 
absolute involution is elliptic. In case the absolute involution were hyper¬ 
bolic, exceptions would have to be made corresponding to properties of the 
minimal lines. 

The definition of multiplication of vectors as given here does not 
conflict with the notion of the ratio of coUinear vectors as developed 
in Chap. III. For the quotient of two collinear vectors is a vector 
coUinear with the unit vector OA, and the system of vectors coUin- 
ear with OA constitutes a number system isomorphic with the real 
number system- Thus, if we denote the unit vector by 1, any vector 
OX collinear with it may he denoted by 

£Cl, 

where, according to the definition of § 43, a; is a real number and 
where, according to our present definition, x denotes OX itself. 

Let us denote a vector OB such that the line OB is perpendicular 
to the line OA and such that Dist {OB) = Dist fO-i), by i Then by 
the definition of multiplication, 

i* = -l. 

Any vector collinear with i is expressible in the form xi, where £c is a 
vector paraUel to 1, and by Theorem 8, Chap. Ill, any vector whatever 
is expressible uniquely in the form 

a\ -f- bi» 

The product of two vectors may be reduced by the associative, 
distributive, and commutative laws as follows: 

{a\ 4“ bi) (cl H” di) = {a\ -|- bi) cl -H (c&l -h ht) di 
= (ac — 1 + (be -f ad) i 

By comparison with §§ 3 and 14 this shows that 

Theorem 6. A planar field of vectors is a number system isomor¬ 
phic with the complex number system, i.e. the geometric number system 
of a complex line. 
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The isomorpliism in question is that by wliich the complex number 
a + hi corresponds to the vector Supposing that the funda¬ 

mental points of the scale on the complex line are ij, ii, this 
means that there is a correspondence between the complex line and 
the Euclidean plane in which corresponds to 0, to A, and every 
point whose coordinate relative to the scale ij, ij, is 

a A-hi 

corresponds to the point Q of the Euclidean plane such that 

0Q = 


One ob\"ious property of tliis correspondence which we shall have 
to use later is that the points of the complex line which have real 
coordinates relative to the scale ij, correspond to the points of 
the line OAy or, in other words, that the points of the chain* C ), 

other than ii, correspond to the points on the real Ihie OA. 

Theorem 5 may be made the basis of a method for the inveBtigation of 
theorems of Euclidean geometry, particularly those relating to n-lines and 
circles. The complex numbers may be regarded as the coordinates of the 
jx>ints of the Euclidean plane and many interesting theorems obtained by 
interpreting simple algebraic equations. Compare the articles by F. Morley, 
Transactions of the American Mathematical Society, Vol. I, p. 97: Vol. TV, 
p. 1; Vol. V, p. 467; Vol. VIH. p. 14. 

The whole subject is closely related to certain elementary parts of the 
theory of functions of a complex variable. Cf. an article by F. FT. Cole, 
Annals of Mathematics, 1st Series, Vol. V (1S90), p. 121. 

91. Correspondence between the complex line and the real EucHdean 
plane. The operation of addition of vectors has been so defined that 

OX' = 0X+ OP, 

where O and P are fixed and X and X' variable points, may he taken 
as representing a translation canyrng X to X'. The operation of 
multiplication has been defined so that 


OX' = OP ■ OX 


may be taken to represent a direct similarity transformation carrying 
O into itself and X to X'. Thus the general direct similarity trans¬ 
formation may be written 


OX' = OP-OX-hO0. 


* Cf. § 11. The reader who has omitted the starred sections in. Chap. I may 
t^e a ch^n C (PqFiPw) as by definition consisting of those points of a complex 
line which have real coordinates relative to the scale " 
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The last theorem may therefore be stated in the following form: 

Theorem 6. Let Q^y he three arhitrary x^oints of a comjplex 
projeetvGe line Z, and let and he two arhitrary points of a Enclid- 
ean plaiie ir in whose line at infinity Z* an elliptic absolute invohition 
is given. There exists a one-to-one and reciprocal correspondence F in 
which corresponds to Q^^y to Q^, Z* to and every ordinary point 
of TT to a point of I distinct from This correspondence is such that 
to every projective tramformation of I leaving invariant^ i.e. to 
every transformation of the form 

(1) = ax'^hy 0, 


there corresponds a direct similarity transformation of tt, and 
conversely. 

The question immediately arises, What group of transformations 
of TT corresponds to the general projective group on Zj Le. to the set 
of transformations 


( 2 ) 


aJ = 


ax + h 
cx'^d 


a 

c 


^1 


¥= 0 ? 


The transfcfrmation of tt corresponding to 
(3) x^ = 1/x 

must change any point P to sr point P' such that 

^p':p,p=j>i?. 

Hence, by Theorem 3, 4.FP^P^ is congruent to dLP^P^P^- Therefore 
the orthogonal line reflection with ijij as axis must cany P to a 
point P" of the line iJP'. If P be re¬ 
garded as a variable point of a line 
through JJ, it follows that the correspond¬ 
ence between P' and P'' is projective. In 
this correspondence ij corresponds to the 
point at infinity of the line iJP^ and each 
of the points in which this line meets the 
circle through ij with JJ as center corre¬ 
sponds to itself. Hence the correspond¬ 
ence between P' and P^' on a given line 
through ij is an involution, and P' and P" are conjugate points with 
respect to the circle. Hence (§ 71), if P be a variable point of the 
plane, the correspondence between P^ and P^^ is an inversion. Hence 
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the trausformatioa of ir corresponding to = l/x ia the product 
of the orthogonal line reflection vdth as axis and the inversion 
with respect to the circle through ij with as center. 

Kow any transfoimation ( 2 ) is evidently (of. § 54, VoL T) a product 
of transformations of the forms (1) and (3). But the transformation 
( 1 ) has been seen to correspond to a direct similarity transformation, 
ie. to a product of a dilation and a displacement A displacement has 
been proved in Chap. IV to be a product of two orthogonal line 
reflections; and a dilation will now be shown to be a product of two 
or four inversions and orthogonal line reflections. 

For consider a dilation A with a point 0 as center and carrying 
a point ^ to a point E. If G is not between A and E, there exists 
(Theorem 8 , Chap. V) a pair of points which separate A and B 
harmonically and have 0 as mid-point let be the inversion with 
respect to the circle with 0 as center and passing through C^. The 
transformation I^A leaves invariant all points of the circle through A 
with 0 as center, and effects a projectivity on each line through 0 
which interchanges 0 and the point at infinity. The projectivity on 
each line through 0 is therefore the involution canytng each point 
to a conjugate point with r^;ard to the circle through A with 0 as 
center. Hence I^A is an inversion, 1 ^^, with respect to this circle. 
From I^A = 1^ follows A = IJ^. If 0 is between A and E, let A be 
the point reflection with 0 as center. The product AA is a dilation 
such that 0 is not between A and AA (A). Hence AA is a product of 
two inversions 1^, I^ and A = AI^I^. Since A is a product of two 
orthogonal line reflections, A is a product of four inversions and 
orthcgonal line reflections. 

Hence any projective transformation of a complex line I corresponds 
under V to a transformation of a real Euclidean plane tt which is a 
product of an exem number of inversions and orthogonal line reflections. 

The converse of this proposition is also valid. In order to prove it 
we need only verify {a) that the product of two orthogonal line reflec¬ 
tions in TT coiresponds to a projectivity of Z, {p) that the product of an 
orthogond line reflection A and an inversion P of tt corresponds to a 
projectivhy of Z, and ( 7 ) that the product of two inversions of tt 
corresponds to a projectivity of Z. The first of these statements is a 
corollary of Theorem 6 . 



§§ 91,92] COMPLEX LINE ANT) EUCLIDEAN PLANE 


225 


To prove (/ 8 ) let us first consider the case where the a-os of A 
passes through the center 0 of P. Let 0^ be one of the points in which 
the axis of A meets the invariant circle of P, X be any point of tt, and 
X^ = AP (X). The considerations given above in connection with the 
transformation ( 3 ) show that 


00 

OX 


and hence that AP corresponds to a transformation of I of the same 
type as (3), i.e, to an involution. Moreover^ AP is obviously the same 
as PA. In case the axis of A does not pass through the center of P, 
let AI be an orthogonal line reflection whose RTria passes through the 
center of P. Then 


AP = AiV.A'P and PA = PA'-A'A. 


The products AA! and A'A correspond to projectivities by Theorem 6 , 
and PA' = A'P corresponds to an involution by what has just been 
proved. Hence AP and PA correspond to projectivities. 

To prove ( 7 ) let A be an orthogonal Kne reflection whose axis 
contains the centers of P^ and P^. Then 

PP =P A-AP. 

The products P^A and APjj correspond to projectivities by {ff). Hence 
P^Pg corresponds to a proj activity. Thus we have the important result: 

Theorem 7. A projective transformation on a complex line corre¬ 
sponds under T to a transformation of the real Euclidean plane 
which is a product of an eoen number of inversions and orthogonal 
line reflections^ and, conversely, any transformation of the real 
Euclidean plane of this type corresponds to a projectivity of the 
cmnplex line, 

92. The inversion group in the real Euclidean plane. 

DEFr^^TIO^'. The transformations of a Euclidean plane and its 
hne at infinity which are products of orthogonal line reflections 
and inversions are called circular transformations, and any circular 
transformation which is a product of an even number of inversions 
and orthogonal line reflections is said to be direct. 

Theorem 8. DEErsmoN. The set of all circular transformations 
of a Euclidean plane and its line at infinity in which an absolute 
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incoliUioii is tjiccii constitute a group 'icMcli is called the inversion 
gi'oup. The set of direct circular transforniatioiis forni a subgroup 
of the iiiversiom groups which, if the Euclidean plane is real, is 
isoraorphic with the projective group of a complex line. 

The first part of this theorem is an obvious conseq^uence of the 
defirdtionj and the second is equivalent to Theorem 7. That not all 
circular transformations are direct is shown by the special case of 
an inversion. An inversion is not a direct circular transformation, 
because it leaves invariant all points of a circle and hence cannot 
correspond under F to a projectivity. Combining Theorems 8 and 6 
we have 

Corollary. In a real Euclidean plane the group of circular 
transformations leaving Z» invariant is the Euclidean group, and the 
direct circular transformations leaving Z« invariant are the direct 
similarity transformations. 

The isomorphism between the group of direct circular transforma¬ 
tions and the projective group on the line may be used as a source 
of theorems about the former. Tlius the fundamental theorem of 
projective geometry (Assumption P) translates into the following 
theorem about the real Euclidean plane; 

Theorem 9. A direct circular transformation which leaves three 
ordinary points, or two ordinary points and invariant is the 
identity. There exists a direct circular transformation carrying any 
three distinct ordinary points A, B, C respectively into three distinct 
points A, respectively, or into A!, E\ and Z* respectively. 

Xow consider a circular transformation 11 which is not direct and 
which leaves three distinct points A, B, G invariant. By definition 

^ ~ AlJi + l ’ • Aj^, 

where (z = 1, 2, • • 2 +1) is an inversion or an orthogonal line 

reflection. Let A be an orthogonal line reflection whose airia contains 
A, B, C, if these points are coUinear, or an inversion with respect to 
the circle containing them in case they are not coUinear. Then AH 
is a direct circular transformation leaving A, B, C invariant. Hence 

An = i. 

Since A is of period two, this implies 

n=A. 
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The same ai’giiment applies in case one of the points A, B, C is 
replaced hj Z*. Hence we have 

Theorem 10. ^ circular traiisformaiion ivhich is oiot dArect and 
leaves invo/riant three distinct ordinary points A, B, C, or tvso ordinary 
points A, Bj and is an orthogonal line reflection or an inversion 
according as the invariant points are collinear or not. 

Theorem 11. If TL is a circular transfomiation and A an inver¬ 
sion or orthogonal line reflection^ is an inversion or orthogonal 

line reflection. 

Proof, Let A, B, C be three of the invariant points of A; then 
nAH”^ leaves II (A), II (B), 11(0) invariant. If 

1I = A^A,...A,, 

where A^, • * -j are orthogonal line reflections or inversions, then 

HAH-^ = A^A, • • • iV„AA^ • • • A^A^, 

and is thus a product of an odd number of orthogonal line reflections 
or inversions. Hence hj the last theorem it is an orthogonal line 
reflection or an inversion. 

The invariant elements of HAH^^ are those to which the invariant 
elements of A are carried by H. Since HAH”’- is an inversion or an 
orthogonal line reflection, we have 

Corollary 1. Any cir<yidar transformation carries any circle into 
a circle or into the set of points on an ordinary line and. on Z*. It 
carries the set of points on la, and an ordinary line into a set of this 
sort or into a circle. 

Corollary 2. If 0^ and are any two circles and I any line, 
there ejAsts a direct circular transformation carrying to and 
one carrying to the set of all points on I and Z*. 

Proof. Let A, By 0 be any three points of let AI, B\ O be any 
three points of and let Al, Bf be any two points of Z. By Theorem 9, 
there exist direct circular transformations H and II^ such that 

U(ABC)=^A!B^0 and 11' 

Since A, B\ Cf are not collinear, the set of points into which H carries 
0^ must be a circle \ and since there is only one circle containing 
A! y B\ C\ this circle is K^, Since there is no circle containing A^ B\ 
and Z„ the setf of points into which H' carries 0^ must he the set of 
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points on Z* and an ordiuan' line. Sinco the ordinary line contains 

and B\ it must be L 

An inversion (§71) transforms all lines through its center into 
themselves and interchanges the center with Z*. Hence, by the last 
two corollaries, we have at once 

CoROLLAKY 3, An inversion carries a circle through its center into 
the set of points on and a line not passing through the center. 

Corollary 4. A pair of circles which touch each other is carried 
hy an inversion into a pair of circles which touch each other^ or into 
a circle and a tangent line together with Z., or into two parallel lines 
aUrd lx* 

Proof. Let (P and be two circles which touch each other. 
Since an inversion is a one-to^jne reciprocal correspondence except 
for the origin and if neither C® nor passes through the origin, 
they must be carried into two drcles having only one point in 
common and which therefore touch each other. If C7® passes through 
the origin and E* does not, ( 7 ® is carried into and an ordinary 
line I, while Z® is carried into a circle Z* which has one and only one 
point in common with the line pair Since h cannot meet Z® in 
a real point, I meets it in a single point and therefore is tangent. If C® 
and Z* both pass through the center of inversion, they are transformed 
into and a pair of ordinary lines I, m. Since and Z® have only 
the center of inversion in common and this is transformed into 
the lines I and m can have no ordinary point in common. Hence I 
and m are paralleL 

It was remarked in | 90 (just before the fine print at the end) 
that the correspondence T between the complex line and the real 
Euclidean plane is such that the points of a certain ehnin q 
with the exception of Z, correspond to the points of a certain Eu^d- 
ean line Z. Since corresponds to Z., the chain C corresponds 

to the line pair IL. Under the projective group on a line any two 
chains are equivalent; and under the group of direct circular trans¬ 
formations any circle is equivalent to any circle or any line pair ZZ. 
(Oor, 2 ). Hence we have 

Theobem 12 . The eorrespondenee T is such that chains in the com¬ 
plex hne correspond to real circles or to line pairs 11., where Z is 
ordinary and 1. the line at infinity of the Euclidean pl/ine. 
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The theory of chains on a complex line is therefore eq^uivalent to 
the theory of the real circles and lines of a Euclidean plane. In view 
of this equivalence we shall freely transform the terminology of the 
complex line to the Euclidean plane, and vice versa. Thus we shall 
speak of the cross ratio of four points in the Euclidean plane and of 
pencils of chains in the complex line. The exercises below contain a 
number of important theorems some of which can be obtained directly 
from the definitions in § 71 and some of which can be proved most 
simply by translating projective theorems on the complex line into 
the terminology of the Euclidean plane. 

Defes^ITION. An imaginary circle is an imaginary conic through 
the circular point-s such that its polar system transforms real pointa 
into real lines. 

The definition of an inversion given in § 71 applies without change 
to the case of imaginary circles. 

On the geometry of circles in general the reader is referred to the 
papers by Mobius in VoL II of his collected works; to those by Steiner 
in Vol. I (especially pp. 16-83, 461-527) of his collected works; to 
VoL II, Chaps, n, III, of the textbook by Doehlemann referred to in 
Ex. 4; and to the forthcoming book by J. L. Coolidge, A Treatise on 
the Circle and the Sphere, Oxford, 1916. 

EXERCISES 

1. An inversion wLtli respect to an imaginary circle is a product of an 
inversion with respect to a real circle and a point reflection having the 
same center as the circle. 

2. The inverse points on any line through the center 0 of a circle C® are 
the pairs of an involution having 0 as center. If and are any two 
inverse points, ■ OA^ is a constant, which in case of a real circle is equal 
to (OC)®, C being a point of 

3. Two pairs of points A A' and BBf^ are inverse with respect to a circle 
with 0 as center if and only if (1) O is coUinear with the pairs AA' and 
BB\ and (2) the ordered triads OAB and OB'A' are similar, but not 
directly similar, 

4. A linkage which consists of a set of sis bars OAy OCj AB, BCj CD, 
DA, jointed movably at the points 0, A, B, C, D, and such that List (^OA') = 
List (OC) and ABCD is a rhombus, is called a "Peaucellier inversor.” If 
0 is held fixed and B varies, the locus of D is inverse to that of B with 
respect to a circle with 0 as center. If B be constrained, say by an additional 
UnVj to move on a circle through 0, D describes a line. On the general 
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subject of linkages, cf. K. Doehlemann, Geometrisclie Transformationen, 
A^ol. II, p. OOj Leipzig, 190S, and A. £mch, Projective Geometry, §§62—67, 
Xew York, 1905. 

5. If Aj B, C\ D are four points of a Euclidean plane. 


where 


B (AE, CD) = 

Jt = ^ Dist {BC) ^ 

Dist(A2>) Dist(Ei)) 


0 = a - )3, 


where a and /3 are the measures of 4 CAD and 2L CBD respectively. The 
number I* is invariant under the inversion group, and B under the group of 
direct circular transformations. The four points are on a circle or col linear 
if ^ = 0. 

6. Construct a point having with three given points a given cross ratio. 

7. If n is any circular transformation, the points 0 = n“^(Z*) and O'=11 (Z«) 
are called its vanishing points. The lines through 0 are transformed by 11 into 
the lines through O'. If Y is any point of the plane, and Y' = EE (Y), then 
Dist (OX) • Dist (O'Y') is a constant, called the power of the transformation 
(cf. § 4:3> 

8. Let A and B be two points not coUinear with 0 and let n (A) = A', 
n (E) = D'. The ordered point triads OAB and O'B'A' are directly similar if 
n is direct, and similar, but not directly so, if II is not direct 

9. The equations of an inversion relative to rectangular nonhomogeneous 
coordinates, having the center of inversion as origin, are 


x' = 


Jcx 




% 


The circle of inversion is real or imaginary according as jfc > 0 or /{; < 0. 

10. The coordinate system for the real Euclidean plane obtained by means 
of the isomorphism of the Euclidean group with the projective group leaving 
a point invariant on a complex line is such that the coordinate z of any point 
is r + iy, where x and y are the coordinates in a system of rectangular non- 
homogeneouB coordinates and = -1. The points s of a circle satisfy the 
condition 

la 6,^0^ 


ctA d 


a h 
c d 


where t is real and variable and a,b,c,d are complex and fixed. If c = 0, this 
circle reduces to a line. 

11. The circles orthogonal to z = are 

ctA d 


^ , (c + c//?)iY+d+ca' 

where a and are real. 

12. The circles through two points z^, z, are given by 


at + 1 
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13. A circle 'with as cen'ter is gi’ren. by 

2 — Sj = lce9^ 

where 0 ^ 0 <2v and ^ is a real constant. 

14. The centers of the circles circmnscribing the four triangles formed by 
the sides of a complete quadrilateral are on a circle. This circle is called the 
center circle of the complete quadrilateral The centers of the center circles 
of the five complete quadrilaterals formed by the aides of a complete five-line 
are on a circle called the center circle of the five-line. Generalize this result- 

93. Generalization by inversion. By the corollary of Theorem 8 
the set of direct circular transformations leaving invariant is the 
group of direct similarity transformations, and the set of all circular 
transformations leaving Z« invariant is the Euclidean group. This is 
the basis of a method of gemralization by inversion entirely analo¬ 
gous to the generalization by projection employed in § 73. 

In case a figure which is under investigation can be trans¬ 
formed by one or more inveraions into a known figure then such 
of the relations among the elements of as are invariant under 
circular transformations must hold good among the corresponding 
elements of F^. 

In order to apply this method it is necessary to know relations 
which are left invariEint by the circular transformations. The most 
elementary of these are given in the last section, but perhaps the 
most important property of an inversion for this purpose is that of 
isogonality, or " preservation of anglea” 

Definitio^\ If Cl and CJ are two circles having a point Q in com¬ 
mon, and and are the tangents to Cl and CJ respectively at Q, 
the measure (according to § 72) of the ordered line pair is 

called the angular measure of the ordered pair of circles at Q, or 
simply the angle between the two cirdea at Q, If (Tf is any circle, 

a line meeting it in a point Q, and the tangent to Cl at 
the measure of the ordered line pair m^m^ is called the angle between 
m^ and CJ, and the measure of m^m^ is called the angle between Cl 
and The measure of a line pair is called the angle* between 

and 

Theorem 13. An angle a between two circles or a circle and a 
line or between two lines is changed into it —a by an inversion or 

* In accordance with common usage, we are here using the term “ angle to 
denote a number, in spite of the fact that we use It in § 28 to denote a geometrical 
figure. 
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an orthogonal line reflection and is left unaltered ly any direct 
circular transformatioiu 

Proof. The statement with regard to direct circular transforma¬ 
tions is an obvious consequence of the one with regard to inversions 
and orthogonal hne reflections. 'What we have to prove is, therefore, 
the following: 

Let n be an inversion or an orthogonal line reflection, and let 
and Z, be two lines meeting in a point P such that 11 (P) = @ is an 
ordinar}’ point. If is carried by 11 into a line, let this hne be denoted 
by and if Z^ (together with L) is carried to a circle rt\ denote 
the tangent toCf at Q; likewise, if Z^^ is carried by 11 into a line, let 
this line be denoted by and if Z^ (together with h) is carried to a 
circle C'i, let m., denote the tangent to at Q. The two ordered pairs 
of lines and are symmetric. 

In case 11 is an orthogonal line reflection, (Z^) and 11 (Z^)^ 

and the proposition is a direct consequence of the definition of the 
term “ symmetric ” (§ 57). Suppose, then, that 11 is an inversion hav¬ 
ing a point 0 as center. 

One of the lines Z^, Z^, say 
Z^, can be transformed into 
itself if and only if Z^ is on 0. 

By hypothesis O^P; hence 
iE n (Z^) = Z^, the line Z^ goes 
into the set of points dif¬ 
ferent from 0 on a circle 
through 0 and Q. Then 
is the tangent to at Q. 

Any hne through 0 which 
meets Z^ in an ordinary 
point X meets in the 
point which corresponds to 
X under the inversion. Hence the line through 0 and tangent 
to cannot meet Z^ in an ordinary point, and is therefore parallel to Z^. 
Hence the line pair Z^Z^ is congruent to the pair l^n^. The Hne is 
the tangent to (7| at Q. Since 1^%^ is carried to Z^m^ by the orthogonal 
line reflection whose axi s is the perpendicular bisector of OQ, the pair 
Z^Tig is symmetric with Z^m^. Hence is symmetric with Ifn^. 
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If neither of the lines is transformed into itself, neither passes 
through 0. Let I denote the line OP. Then by the last paragraph 
is symmetric with and ll^ with Im^. But by Theorem 13, Chap. IV, 
the symmetry which carries to must be identical with that 
which carries to Hence is S 3 ^mmetric with 

As an exercise in generalization by inversion let ns prove the following: 
Theorem 14. If three circles Cf, Cl meet in a point 0 in such a way that 
each pair of them makes an angle and also meet hy pairs in three other points 

u 

P, Q, R, the circle (or line) through P, Q and R makes with each of the other 
circles an angle ^ • 

Proof The pair of circles which meet at 0 obvionsly make the angle ^ at 

3 

each of the points P, Q, R. An inversion II with respect to a circle having 0 
as center must therefore change them into the sides of an equilateral triangle. 


The circle circumscribing this triangle makes the angle with each of the 

3 


sides. Bnt since this circle is the transform of the circle PQR by n, the 
conclusion of the theorem follows- 

As a second application of the theory of inversion, in combination with 
projective methods, we may consider the theorem of Feuerbach on the nine 
point circle (cf. Ex. 2, § 73). 


Theorem 15. The nine-point circle of a triangle touches the four inscribed circles. 
Proof Let the given triangle be ABC, and let the mid-points of the pairs 
BC, CA, AB be Aj, B^, C^ respectively. The nine-point circle is the circle 
containing A^, B^, C^. 



Let Kl and Kl be the two inscribed circles whose centers are on one of the 
bisectors ot^CAB. In case K} and touch the line PC at the same point, 
thiR is the mid-point A^ of the pair PC, the triangle ABC is isosceles, and the 
nine-point circle obviously touches and at In every other case there 
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is one line, U besides AB, BC, CA, vhich touches both and Let A'B'C' 
be the points in which I meets the sides BC, CA, AB respectively. Then AA', 
BB\ CC' are the pairs of opposite vertices of a complete quadrilateral circum¬ 
scribing both A’f and and the diagonal triangle of this quadrilateral is a 
self-polar triangle both for Af and A’| {§ 44, Vol. Ij. Since the side .1.4' of 
this triangle is the line of centers of A'f and A'r, the other two sides, BR and 
CC% are parallel to each other and perpendicular to .4.1'. Let their points of 
intersection with .4.1' be B^ and respectively. These two points are con¬ 
jugate with respect to both circles, and hence must be the limiting points of 
the pencil of circles containing A'f and A’|. The radical axis of the pencil of 
circles is the perj^endicular bisector of the pair B^Cq, and hence (§ 40) passes 
through the mid-points of all the pairs BC, B'C\ BC', B'C, B^C^. In partic¬ 
ular the radical axis of A”!' and A| passes through .4^, the mid-point of BC. 
Hence there is a circle with .4 ^ as center and passing through B^ and Cq. 

Let r be the inversion with respect to G“. Since this circle passes through 
^0 and it is orthogonal both to K{ and (Theorem 34, § 71), and hence 
r transforms each of these circles into itself. We shall now prove that V 
transforms I into the nine-point circle. 

Let B, be the point in which meets 1. Since A^B^ is parallel to AB, 
it is not parallel to /, and hence B^ is an ordinary point. Since A^Bj contains 
the mid-point .Ij of the pair CB and is parallel to BC', it contains the mid¬ 
point Cg of the pair CC'. The involution which T effects on the line A^B^ 
must have Cg as one of its double points and..4j as its center: hence the other 
double point must be the point S, in which meets BB’, because is the 
mid-point of the pair CgBy Thus <?* passes through 5, as well as through Cg. 
But since ^ 

BgA'CgA =BgB,CgB„ 

Bi and B^ are harmonically conjugate with req)ect to Cg and B,. Hence T 
transforms B, to By 

In like manner it can be shown that if C, is the point in which A^C^ meets 
I, r transforms Cj to Cy Since any line whatever is transformed by F to a 
circle through -Ij, it follows that I is transformed to the circle through Ay B , 
and Cy i.e. to the nine-point circle. By Theorem 11, Cor. 4, since / is tangent 
to K* and A'l, the nine-point circle touches and Ki- Since it has not been 
sp^ed which of the bisectors of 4. CAB contains the centers of JTf and A’l, 
this argument shows that the nine-point circle touches aU four inscribed circles! 

EZBRCISBS 

1. Any three points can be carried by an inversion into three collinear 
points. 

2. Two nonintersecting circles can he carried by an inversion into 
concentric circles. 

3. Any direct circular teansformation is a product of an inversion and 
an. orthogonal line reflection. 
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4. A product of two inversions is an involution if and only if tlie circles 
are orthogonal. 

5. Of four circles mutually perpendicular by pairs, three can be real. 

6. The nine-point circle meets the circle through Cq having as center 
in points of the line A'B'. 

7. The nine-point circle of a triangle touches the sixteen circles inscribed 
to the triangle or to any of the triangles formed by pairs of its vertices with the 
orthocenter, 

8. Let three circles C|, C| meet in a point 0, and let P^, Pg* -^s 

other points of intersection of the pairs C|Cf, respectively. If 

be any point of Cf, the point of C| coUinear with and distinct from and 

and Qg the point of C| collinear with and distinct from Qg Pi» then Qg, 
■Pa> and are collinear. 

9. The problem of Apollonius. Construct the circles touching three given 
circles. Cf. Pascal, Repertorium der Hoheren Mathematik, II 1, Chap. II, on 
this and the following exercise. 

10. The problem of Halfatii. Given a triangle, determine three circles each 
of which is tangent to the other two and also to two sides of the triangle. 

94. Inversions in the complex Euclidean plane. Thus far we have 
dealt only with a real Euclidean plane. The definition of an inver¬ 
sion given in § 71, however, applies without change in the complex 
Euclidean plane; le. two points are inverse with respect 

to a circle (7^, provided they are conjugate with respect to and 
collinear with its center. The transformation thus defined is obviously 
one to one and reciprocal for all points of the complex projective 
plane except those on the sides of the triangle where 0 is the 
center of ^7®, and and are the circular points at infinity. Any 
point of is carried to 0 by the inversion, and 0 is carried to every 
point of The circular poiut is transformed to every-point of the 
line OJj, and every point of the line 01^ is transformed to In like 
manner is transformed to every point of the line and every 
point of this line is carried to J^. 

DEFiKmoN. The sides of the triangle OI^I^ are called the singular 
lines of the inversion with respect to (7^ and the points on these lines 
are called its singular jpoints. 

The principal properties of an inversion may he inferred from 
■ the following construction: If is any point not on a side of the 
triangle 07^7,, let and be the points distinct from 7^ and 7^ 
(fig. 73) in which the lines Aj:^ and Aj:^ respectively meet C\ Let 
A^ be the point of intersection of and The points and A^ 
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are mutually inverse because, by familiar theorems on conics, they 
are conjugate with regard to and coUinear with 0, 

From this construction it is erident in the first place that all 
points, except 7^ of the line are transformed into points of the 
line and vice versa. Hence an inversion transforms the minimal 
liues through 7^ into the 
minimal lines through 
and ^ice versa. More¬ 
over, the correspondence 
between the two pencils 
of minimal lines is such 
that if i? is a variable 
point of C\ the line I^B 
always corresponds to 
7 ,j 5. In other words, the 
correspondence effected 
by an inversion between 
the two pencils of mini¬ 
mal lines is a projectivity generating the invariant circle C\ 

The definitions of circular and of direct circiilar transformations, 
given in § 92, apply without change in the complex Euclidean plane. 
The result just obtained therefore implies that any direct circvlar 
transformation transforms each pencil of minimal lines projectively 
into itself^ and any nondirect circular transformation transforms 
each pencil of minimal lines projectively into the other: 

Now suppose that .4^ is a variable point on any line I not contain¬ 
ing 7j or Jj. 

I 



Fig. 73 


(4) 




Since and jB, are always on the conic C\ 


(5) 

and 

( 6 ) 

Hence 

(7) 




But corresponding lines of these two pencils intersect in the vari¬ 
able point A^y which is therefore always on a conic through 7^ and 
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or on a line. In the projectmty (5) the line 1^0 corresponds to 
in (4) Z» corresponds to itself; and in (6) Z, corresponds to 1^0. 
Hence in (7) the line 1^0 corresponds to and so the circle or liae 
generated by (7) passes through 0. 

This result may be stated in a form which takes account of the 
singular elements, as follows: Any degenerate conic consisting of Z« 
and a nonminimal line is carried by an inversion with respect to 
into a conic (degenerate or not) which passes through 7^, and 0. 

Hext suppose to be a variable point on any nondegenerate conic 
through 7^ and In this case 

( 8 ) 

and hence by the projectivities (5) and (6) we have 

( 9 ) 

Hence A^ is again on a conic through 7^ and 7^, which can degenerate 
only if Z* corresponds to itself under (9). The latter case implies, by 
(5) and (6), that If) and If) correspond under (8) or, in other words, 
that the locus of A^ passes through 0, Hence any nondegenerate conic 
TT* thro%igh I^ and I^ corresponds by the inversion with respect to 
to a conic through 7^ and 7^, which degenerates into a pair of lines, 
one of which is L, only in case passes through 0. 

This result, together with the other statement italicized above, 
amount to an extension of Cots. 1 and 3 of Theorem 11 to the com¬ 
plex Euclidean plane. Erom our present point of view we can also 
establish the following theorem, which did not come out of the 
reasoning in § 92. 

Theorem 16. The correspondence between two circles which are 
homologous under an inversion is projective. 

Proof. If -4^ is a variable point of one circle and A^ of the other, 
then, in the notation above, I^B^ = I^A^, and hence by (5) 

which is a necessary and sufiB.cient condition that the correspondence 
between the two circles be projective (cf. the coroUaiy and definitions 
following Theorem 10, Chap. VIII, VoL I). 
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The same reasoning also applies in case one or both of the conice 
which are the loci of -4^ and A„ degenerate. We thus have 

Corollary. A projective correspondence is estahlished by an 
version beticecn any iico homologous lines or between a line and 
its homologous set of points on a circle. 

The proof of Theorem 13 on the preservation of angles under a cir¬ 
cular transformation applies without change in the complex Euclidean 
plane. This theorem can also be proved by the use of considerations 
with regard to the circular points. We shall give the argument for 
the case of orthogonal circles, leaving it as an exercise for the reader 
to derive the proof along these lines for the general case. 

It has been proved in § 71 that the circles through two points 
A^ are orthogonal to the circles through two points if and only 
if the pairs -4^.4^, ^ 1 ^ 2 ’ pairs of opposite vertices of a 

complete quadrilateral (cf. fig. 73). The sides I^A^, I^A^, of 
such a quadrilateral are transformed by an inversion relative to any 
circle into four lines through and I„. Hence the points ^4^, 

are transformed into four points Al, A.(, B[, Bi such that 
A[A!j, and B[Bl are pairs of opposite vertices of a complete quadri¬ 
lateral Hence the pencils of circles through A^, A^ and B^j B^ 
respectively are transformed into two pencils such that the circles 
of one pencil are orthogonal to those of the other. 

With this result it is easy to prove that Theorems 8-11, 13, and 
their corollaries hold in the complex Euclidean plane, proper excep¬ 
tions being made so as to exclude minimal lines and pairs of points 
on minimal lines. This is left as an exercise. 

95 • Correspondence between the real Euclidean plane and a complex 
paidl of lines- The correspondence between a complex one-dimen¬ 
sional form and the points of a real Euclidean plane, together with 

can be established in a particularly interesting way if the one¬ 
dimensional form be taken as the pencil of lines on one of the circular 
points of the line at infinity of the Euclidean plane. 

Let L be the line at infinity, and he one of the circular points. 
By Theorem 15, Chap. Y, each line through contains at least one 
real point. Ho line througii 7^, except l„, can contain more than one 
real point; for otherwise it would be a real line, and hence would meet 
Za in a real point contrary to the fact that is imaginary. Then each 
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Line through. 7^, except Z*, contains one and only one real point of the 
Euclidean plane. Let us denote by F' the correspondence by which 
L corresponds to itself and the other lines through 7^ correspond each 
to the real point which it contains. 

By § 94 a direct circular transformation transforms the pencil of 
lines on 7^ projectively into itself. Hence every direct circular trans¬ 
formation corresponds under F' to a projectivity of the hues on 7^. 

By Theorem 9 there is one and only one direct circular trans¬ 
formation canydng an ordered triad of distinct points to an ordered 
triad of distinct points; and by Assumption P there is one and only 
one projectivity carrying an ordered triad of lines of a pencil to any 
ordered triad of the pencil Hence a given projectivity of the pencU 
of lines on 7^ can correspond under F' to only one direct circular trans¬ 
formation. In other words, F' sets up a simple isomorphism between 
the projective group of a complex one-dimensional form and the 
group of direct circular transformations. 

The correspondence between the points of a real line and the lines 
joining them to 7^ is evidently projective. Since the cross ratio of 
four points of a real line is real, so is the cross ratio of the lines join¬ 
ing them to 7^. Hence any real line together with Z« corresponds 
under F' to a chain. Since any two chains of a one-dimensional form 
are projectively eq^uivalent, and any circle of the Eudidean plane is 
ecjuivalent under the inversion group to an ordinary line and it 
follows that under F' any chain corresponds to a circle and any circle 
to a chain. 

The correspondence F' may be used to transfer the theory of invo¬ 
lution from the complex pencil of lines to the Euclidean plane. Let 
AJl, BB\ CC^ be pairs of opposite vertices of a complete quadrilateral 
of the Euclidean plane. The pairs of lines joining these point pairs 
to 7j are pairs of an involution. Hence 

Theoebm 17. The pairs of opposite vertices of a ^complete quadri¬ 
lateral are pairs of an involution^ i.e. they are pairs of homologous 
points in a direct circular transformation of period two. 

In other words, the pairs of opposite vertices of a complete quad¬ 
rilateral constitute the image under F^ (and hence under F) of a 
quadrangular set. While the converse of this proposition is not 
true, the proposition can be generalized by inversion so as to give 
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a construction for the most general quadrangular set in which no 
four of the six points are on the same circle or line (cf. Ex. 1, below). 
We shall state the construction in terms of chains.* 

Theorem IS. Given tico pairs of points AA^ and BB^ and a point 
0 such that no four of the five points are on the same chain. The 
chains C (AB'C) and C {A'BC) either meet in a point D other than C 
or touch each other at C. In the latter case let D denote C, The chains 
C {DAB) and C {DA'B’) meet in a paint such that AA', BB\ CC 
are pairs of an involution. 

Proof Consider the figure in the Euclidean plane (together with Z») 
corresponding under to the figure described in the theorem. If 
r' (D) ^ L, r' (D) can be transformed to L by an inversion I. 
Under IF' the four chains C (AB^C), C (A'BC), C (DAB), and C {DA!B^) 
correspond to Euclidean lines (with Z*), and hence AA\ BB\ Off corre¬ 
spond to the vertices of a complete quadrilateral; so that the theorem 
reduces to Theorem 17. If T*(D) = Z*, the theorem reduces directly 
to Theorem 17. 

Corollary. Three pairs of points on a complex line AA\ BB\ 
CC\ such that the chains C {A^B'C% C (A'BC), 0 (AB'C), C {ABC') 
are distinct^ are pairs of an involution if and only if the four 
chains have a point in common. 


EXERCISES 

1. Three pairs of points of the same chain AA', BB% CC' are in involution 
if for any point D not in the chain the chains C {DAA')y C {DBB'), C {DCO') 
are in the same penclL 

2. Derive Ex. 15, § 81, from the theory of involutions in a plane. 

3. If AA', BB', CC' are pairs of opposite vertices of a complete quadri¬ 
lateral, the three circles having A A', BB', CC' respectively as ends of their 
diameters belong to the same pencil, and the radical axis of this pencil passes 
through the center of the circle circumscribing the diagonal triangle of the 
quadrilateral. 

4. Construct the double points of an involution in a Euclidean plane with 
ruler and compass. 

* This puts in evidence the fact that while the geometry of real one-dimensional 
forms depends essentially on constructions implying the existence of two-dimen¬ 
sional forms, the geometry of the complex projective line could he developed 
without suppodug the existence of points outside Ihe Hue. 
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96. The real Inversion plane. In a real Euclidean plane an inver¬ 
sion has been seen to be a one-to-one and reciprocal transformation 
except in that it transforms Z* to the center of inversion, and the center 
to Z«. An inversion, therefore, is strictly one to one if we regard it as 
a transformation of the set of objects composed of the points of the 
real Euclidean plEuie together with Z* regarded as a single object. 

Definition. The set of points in a real Euclidean plane, together 
with the hne at infinity regarded as a single object, is called a real 
mversion plane ; Z« is called the point at infinity of the inversion 
plane. The set of points on a real circle, or on a real line Z together 
with Z«, is called a circle of the inversion plane. An inversion is either 
an inversion in the sense of § 71 with respect to a real or imaginary 
circle or an orthogonal line reflection. Circular transformations, etc. 
are defined as in § 92. The set of theorems about the inversion plane, 
which remain vahd when the figures to which they refer are sub¬ 
jected to every transformation of the inversion group, is called the 
real inversion geometry. 

Although the point at infinity receives special mention in this 
definition, from the point of view of the inversion geometry it is not 
to be distinguished from any other point of the inversion plane. For 
any point of the inversion plane can be carried to any other point of 
it by an inversion. In a set of assumptions for the inversion geometry 
as a separate science, there would be no mention of a point at infinity; 
just as there is no mention of a line or a plane at infinity in our 
assumptions for projective geometiy. 

The inversion geometry has a relation to the Euchdean geometry 
which is entirely analogous to the relation of the projective geometry 
to the Euclidean; namely, the set of transformations of the inversion 
group which leaves one point of the inversion plane invariant is a 
parabohc metric group in the Euclidean plane obtained by omitting 
this point from the inversion plane. 

A large dass of theorems about circles can be stated with the 
utmost simplicity in terms of the geometry of inversion. For exam¬ 
ple, the propositions that three noncollinear ordinary points determine 
a circle and that two ordinary points determine a line combine into 
the single proposition: 

Theoeem 19. In the vmersion plane any three distinct points are 
on one and hut one circle. 
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The theorem that there i.s one and only one circle touching a given 
ciivle at a given piJint A, and passing through a given point R not 
on C", may be put in the following form, which also includes the 
proposition that through a given ^ioint not on a given Hue I there is 
one and but one line parallel to /. 

Theorem 20. T/iere is one and hut one circle through a point A on 
a circle and a point B not on C~j and hai'ing no point except A in 
cotiiiiion ivith C~, 

The theory of pencils of circles makes no special mention of 
the radical axis (§ 71), for the radical axis (with L) is merely one 
circle of the pencil and is indistinguishable from the other circles. 
In Hke manner the center of a circle is not to be distinguished 
from any other point; for the center is merely the inverse of Z*, 
with respect to the circle, and the inversion group does not leave 
Z. invariant. 

Thus the theory of pencils of circles in the inversion geometry 
involves no reference to the radical axis or to the Hne of centers. 
A pencil of circles may be defined as follows: 

DEFixiTioy. A pencil of circles is either (a) the set of all circles 
through two distinct points, or (b) the set of all circles orthogonal 
to the circles of a pencH of Type (a), or (c) the set of all circles 
through a point of a given circle and meeting in no other point. 
A pencil of circles is said to be hyperholic, elliptic^ or parabolic^ 
according as it is of Types (a), (b), or (c). Any point common to all 
circles of a pencil is called a base point of the pencil. 

By comparison with the theorems in the preceding sections it is 
evident that the pendls of circles of these three types include all the 
pencils referred to in § 71 and also certain pencils of circles which 
are regarded as degenerate, from the EucHdean point of view. Thus, 
consider a pencil of lines through an ordinary point of a EucHdean 
plane. Each of these lines, with Z*, constitutes a degenerate circle, and 
the set of degenerate circles is a pencil according to the definition 
above. Again, a pencil of parallel lines in the EucHdean plane deter¬ 
mines a set of circles [A^] in the inversion plane which have in 
common only the one point Z„, By Theorem 11, Cor. 3, any inver¬ 
sion r with a center 0 transforms [A^] into a set of circles [AJ] 
through 0 which have in common no other real points than 0. 
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Since there is one and only one circle of the set [K{] through 
every point of the Euclidean plane, [-BTf] must be a pencil of 
circles of Type (c). 

The fundamental theorems about circular transformations may be 
stated as follows: 

THEORE^r 21. A circular transformation is a one-to-one transfer- 
rnation of the inversion plane which co^rries circles into circles. There 
is a unique direct circular transformation carrying three distinct 
points A, By C to three distinct points A\ B\ C' respectively. A circular 
transformation leaving three points invariant is either an inversion 
relative to the circle through these three points or the identity. 

The theorems on orthogonal circles in § 71, together with the 
corresponding propositions on circles, lines, and orthogonal line 
reflections, become: 

Theorem 22. Two circles are orthogonal if and only if one of them 
passes through two points which are inverse with respect to the other. 

Corollary 1. Two circles are orthogonal if and only if they belong 
respectively to two pencils of circles such that the limiting points of 
one pencil are the common points of the circles of the other pericU. 

Corollary 2. If A^^ and A^ are inverse with respect to a circle 
all circles through A^ and orthogonal to pass through A^. 

The correspondence F, which was established in §§ 90, 91, between 
the Eudidean plane and the complex projective line, is one to one 
and reciprocal between the inversion plane and the complex line. 
Since cirdes and chains correspond under F, the inversion geometry 
is identical with the geometry of chains on a complex line. The direct 
circular transformations of the inversion plane correspond to the 
projectivities of the complex line. 

It follows from § 90 that the inversion with respect to the chain 
C transforms every point z—x-\-iy into the conjugate imagi¬ 

nary point z — x^iy. Hence an inversion with regard to any chain 
is a transformation projectively equivalent to that by which each 
point goes to its conjugate imaginary point (cf. § 78). For this reason 
we make the definition: 

Definition. Two points are said to be conjugate with respect to 
a chain if they axe inverse with respect to it. 
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It is easily seen that any nondirect circular transformation is a 
product of a particular inversion and a direct circular transformation* 
Hence any nondirect transformation may be written in the form 

, ffi + & 

z -=• 

cz->rd 

We shall return to this subject in § 99. 

EXERCISES 

1. Construct a set of assumptions for the inversion geometry as a separate 
science.* 

2. Work out the theorems analogous to those of §§ 71, 90-96 for the 
]CArabolic metric group in a modular space. Thus obtain a modular inversion 
geometry. The number of points in a finite inversion plane is ^“ + 1 if the 
number of points on a circle is p +1. 

3. The double points of an involution leaving a chain invariant are inverse 
■with respect to the chain. 

97. Order relations in the real inversion plane. The more elemen¬ 
tary theorems on order relations in the inversion plane follow readily 
from the corresponding theorems for the Euclidean and projective 
planes. Suppose we start with a projective plane tt'. By leaving out 
a line Z* of a Euclidean plane is deter min ed; and by regarding 

as a point, an inversion plane ir is determined. Any line Z of 7 / 
which is distinct from determines a circle of the inversion plane tt ; 
and we now define the order relations on this circle as identical with 
the projective order relations of Z, the point Z* taking the place of the 
point in which Z meets Z*. The order relations on any circle which 
does not contain Z* are determined by § 20. 

Sinea the correspondence effected between any two circles by an 
inversion is projective (Theorem 16), it follows that the order relations 
among the points on any circle are unaltered by inversion. Hence 
order relations on circles are unaltered by circular transformations. 

On a complex line the order relations in a chain are identical with 
the order relations on a real line as developed in §§ 18, 19, 21-24. 
The correspondence T (§§ 90, 91) is such that the order relations of 
corresponding sets of points on a chain C {Q^Q^Q^) and the circle 
.^^Z* are identicaL Since order relations on circles are unaltered by 

• This question has been treated for the three-dimensional case by M. Plerl, 
Giomale di Matematiche, Vol. XLLX (1911), p. 49, and Vol. L, p. 106. 
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circulax transfonnations, and order relations on chains are unaltered 
by projectmties, it foUows that T is such that the order relations 
of corresponding sets of points on any chain and the corresponding 
circle are identical Therefore the theory of order in the inversion 
plane applies also to the complex line. 

Eetuming to the EucMean plane tt', we know by § 28 that the 
points not on an ordinary line I fall into two classes such that any 
two points of the same class are joined by a segment not meeting Z, 
whereas a line joining two points of different classes always meets Z. 
By § 64 any circle containing two points of different classes meets 
Z in two points. We thus have 

Theorem 23. Definition. The points of an inversion plane not 
on a circle fall into two classesy called the two sides of such 
that two points on the same side of C'^ are joined hy a segment of a 
circle which does not contain any point of C‘, and such that any circle 
containing two points on different sides of contains two points of C\ 

Since order relations on circles are not altered by inversion, there 
follows; 

Corollary 1. If two points are on opposite sides of a circle 
the points to which they are transformed hy an inversion IT are on 
opposite sides o/11 (C). 

On a complex line the points on one side of the chain C 
are evidently those whose coordinates relative to the scale Q^, Q^y 
are x + iy, where x is real and y real and positive, and those on the 
other side are those whose coordinates are a; t- iy. Hence, in general, 

Corollary 2. The points D and jy are on opposite sides of a circle 
through A, By C if and ordy if y and ^ are of opposite sign in the 
following two eguaiions : 

B {ABy CD) = a; + B {ABy CD') = d + iy^y 

where x, y, x\ jf are all real. 

Definition. A throw T (ABy CD) is said to be neutral if B {ABy CD) 
is reaL Two throws T {ABy CD) Eind T {A'B'y C'D') are similarly or 
oppositely sensed according as y and are of the same or of opposite 
signs in the equations 

B {ABy CD) = a? + iy and B {A'B'y C'D') = a/ + iffy 

y> ff being real 
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From tliis definition it is obvious that a direct circular transforma¬ 
tion transforms any non-neutral throw into a similarly sensed throw. 
It is also ob^-ious that an inversion which reduces in the Euclidean 
plane tt to an orthogonal line reflection changes non-neutral throws 
into oppositely sensed throws. Hence we have 

Theoeem 24. A direct cirmlar tramforinatwn carries 'iioTwaeutral 
thraws into similarly sensed throws, and a nondirect cvrcular trans¬ 
formation carries them into oppositely sensed throws. 

EXERCISES 

1. Two circles C^, intersecting in two distinct points separate the inver- 
sdon plane into four classes of points such that two points of the same class are 
joined by a segment of a circle containing no points of C® and K^, whereas 
any circle containing points of different classes contains points of C~ and A . 

2. Two points which are inverse with respect to a circle are on opposite 
sides of it. 

3. What is the relation between the sense of throws as defined above and 
the sense of noncoUinear point triads in a Euclidean plane as defined in § 30? 

4. In a Euclidean plane if a triangle ABC earned to a triangle A'B'C 
by an inversion, the sense 5 {ABC^ is the same as or different from S (A B C ^ 
according as the center of the inversion is or is not interior to the circle ABC. 

5. In the notation of Ex. 7, § 92, if 0 is interior to a circle C^, then O' 
is interior to II (C®), and every point interior to C® is transformed by H to 
a point exterior to O'. 

98. Types of circular transformations. By § 5 every projectivity 
on a complex line has one or two double points. On account of 
the correspondence F the same result holds for the direct circular 
transformations of the real inversion plane. 

Let us consider first a transformation H having but one double 
point. Iq the theory of projectivitiea such a transformation has been 
called parabolic; and it has been proved that there is one and but 
one parabolic projectivity leaving a point M invariant and carrying 
a point -4^^ to a point A^. We have also seen that if A_^ is the point 
which goes to S {MA^, A^A_^ = — 1. Hence A_^, A^ are on the 
Mune chain through M. Since A_^, Ag, M are transformed into Ag, A^, 
M respectively, this chain is left invariant by H. 

In like manner any other point not on the chain C (A^A^Zf) 
determines a chain which is left invariant by H. These two chains 
cannot have another point than M in common, because this point 
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would have to be left invariant by IT. Tlius 11 leaves invariant a 
set of chains through M no two of which have a point in common, 
and such that there is one and only one chain of the set through 
any point except M. 

If n he regarded as a transformation of the inversion plane, this 
means that EE leaves invariant each circle of a pencil of circles of 
the parabolic type. In the Euclidean plane e, obtained by leaving M 
out of the inversion plane, this pencil of circles is a system of parallel 
lines and 11 is a direct similarity transformation. Now let us regard 
€ from the projective point of vi&w. The transformation 11 leaves all 
points of the line at infinity of e invariant, because it leaves each of 
the circular points invariant as well as the point at infinity of the 
system of parallel lines. Hence 11 is a translation in the Euclidean 
plane €. 

This result may be expressed in terms of the inversion plane as 
follows: 

Theore^i 25. Any direct circular transforTtiation with only one 
invariant jpoint transforms into itself every pencil of circles of the 
paraholic type having this point as base point. One and only one of 
these pendLs is such that each circle of the pencil is invariant. 

Returning to the Euclidean plane we have 

Theorem 26. Any direct similarity transformation which is not 
a translation or the identity leaves invariant one and only one 
ordinary point, 

Proof Regard the Euclidean plane as obtained by omitting one 
point from an inversion plane. A direct similarity transformation 
effects a transformation of the direct inversion group and leaves this 
point invariant. In case it leaves only this point invariant, it has 
just been seen to be a translation in the Eudidean plane. If not, by 
the first paragraph of this section it has one and only one other 
invariant point unless it reduces to the identity. 

A similarity transformation leaving an ordinary point 0 invariant 
must transform into itself the pencil of lines through this point and 
the pencil of circles having this point as center. 

Two important special cases arise, namely, a rotation about 0 and 
a dilation with 0 as center. Moreover, since there is one and only 
one direct similarity transformation leaving 0 invariant and carrying 
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a point Py distinct from 0, to a point distinct from 0, any non¬ 
parabolic direct similarity transformation is expressible as a product 
of a rotation and a dilation. 

A rotation which is not a point reflection leaves all circles with 0 
as center invariant, and changes every line through 0 into another 
line through 0. A dilation which is not a point reflection leaves 
every line through 0 invariant, and changes e\’ery circle with O as 
center into another such circle. Hence a product of a dilation and a 
rotation, neither of which is of period two, leaves invariant no line 
through 0 and no circle with 0 as center. Since either a rotation 

O 

or a dilation of period two is a point reflection, any direct circular 
transformation falls under one of the three cases just mentioned or 
else is a point reflection. Stated in terms of the inversion plane these 
results become (ci fig. 56, p. 158): 

Theorem 27. A direct circular transforviation having two fixed 
points traiisforras into itself the pencil of circles through the fixed 
points and also the pencils of circles about these points. The trans- 
formation either leaver invariant every circle of one pencil and no 
circle of the other pencil, or it leaves invariant no circle of either 
pencil, or it leaves invariant every circle of both pencils and is of 
period two. 

Definition. A direct circular transformation is said to be parabolic 
if it leaves invariant only one point; to be hyperbolic i£ it leaves in¬ 
variant two points and all circles through these points; to be elliptic 
if it leaves invariant two points and all circles about these points; 
to be loxodromic if it leaves invariant two points and no circle through 
the invariant points or about them. 

The theorems above are all valid for the complex line if circles 
be replaced by chains and direct circular transformations by projec- 
ti\uties. The definition is to be understood to apply in the same 
fashion. Since every nonidentical projectivity on the complex line 
has one or two double points, the discussion above gives the theorem: 

Theorem 28. A direct circular transformation {or a projectivity on 
a complex line) is either parabolic, hyperbolic, elliptic, or loxodromic. 

Corollary. An involution on a complex line is both hyperbolic and 
elliptic; and any projectivity which is both hyperbolic and elliptic is 
an involution. 
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1. A projectMty whose double points and a-, distinct from each 
other and from the point P* of a scale Po> Pv P«, and whose characteristic 
cross ratio (§ 73, Vol. I) is k, may be written 


( 10 ) 


x' — _ J^ X — X^ 

r' — arj x — x^ 


If one of the double points is P* and the other is ar^, the projectivity may 
be written 


( 11 ) 


a:' — = I' (a; — arj). 


The projectivity is hyperbolic if t is real, elliptic if = c*®, where B is real, and 
loxodromic if neither of these conditions is satisfied. 

2. The parabolic projectivities with x^ as double point may be written 
in the form 


or, in case the double point is P*, in the form 


a:' = X + ai. 


In either case a subgroup is obtained by requiring t to he real. The locus of 
the points to which an arbitrary point is transformed by the transformation 
of this subgroup is a chain, and the set of such chains constitutes a parabolic 
pencil of chains. 

3. The projectivities (10) and (11) for which 

k = aS 

where a is constant and t a real variable, form a group (a continuous group of 
one real parameter, in fact). The locus of the points to which a given point 
is carried by the transformations of this group or the group considered in 
Ex. 2 is called a path curve. In the nonparabolic cases, if a is real the path 
curves are chains through the double points. If a is complex and | a | = 1, 
they are chains about the double points. If a satisfies neither of these con¬ 
ditions, and the double points are Pq and Pod, the path curves are the loci of 
X = rc*® satisfying the condition 

(13) r = 

where a and ^ are real constants; if the double points are not specialized, the 
path curves are projectively equivalent to the system (13). Diagrams illus^ 
trating the three lypes of path curves will be found in Klein and Fricke’s 
Elliptische Modulfunktionen, YoL I, Abschnitt IT. 

4. From the Euclidean point of view the r and 6 in Ex. 3 are polar codrdi- 
nates, and the loci (13) are logarithmic spirals meeting the lines through the 
origin at the angle tan-^ O-ZP)- (A generalization of the notion of angle 
analogous to that in § 93 is here taken for granted.) The path curves of a 
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one-parameter group of Euclidean transformations may be a pencil of par¬ 
allel lines or a pencil of concentric circles or a set of logarithmic spirals 
congruent to (1:3). 

5. A projectivity having a finite period must be elliptic. A direct similarity 
transformation having a finite period must be a rotation. 

6. A loxodromic projectivity is a product of an elliptic and a hyperbolic 
projectivity. 

7. A projectivity leaving a chain invariant is either hyperbolic or elliptic. 


99, Chains and antiprojectivities. The theory of chains on a com¬ 
plex line has been developed in the sections above by combining the 
general theory of one-dimensional projectivities with the Euclidean 
theory of circles. It is of course possible, and from some points of 
view desirable, to develop the theory of chains entirely independently 
of the Euclidean geometry. The reader is referred for the outlines of 
such a theory to an article by J. W. Young in the Annals of Mathe¬ 
matics, 2d Series, YoL XI (1909), p. 33. Many of the properties of 
chains may be generalized to n dimensions, an 'nrdimensiono.l chain 
or an being defined as a real 9i-dimenaional space contained 

in an Ti-dimensional complex space in such a way that any three 
points on a line of the real space are on a line of the complex space. 
(This is the relation between S and in §§ 6 and 70.) A discussion 
of the theory of these generalized chains will be found in the articles 
by 0. Segre and C. Juel referred to below, and also in those by 
J. W. Young, Transactions of the American Mathematical Society, 
VoL XI (1910), p. 280, and H. H. MacGregor, ATiuals of Mathematics, 
2d Series, VoL XIY (1912), p. 1. 

The transformations, 


(14) 





of the complex Une which were mentioned at the end of § 96 are 
analogous to the following class of transformations of the complex 
projective plane: 


K = 

2^ = "I" "l~ ®aa®a» 

where 5, denotes the complex number conjugate to x^. These trans¬ 
formations are collineations, because they transform coUinear points 


®00 ®M 

% ®I1 

“a "'a. 


^ 0 , 
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to coUinear points,* but they are not projective coUineations. If a', 
be replaced by vl, (15) gives the equation of a non- 

projective correlation. The analogous formiilas in four homogeneous 
variables will define nonprojective coUineations and correlations in 
space. 

DEFTSaTiON. A nonprojective coUineation or correlation or a 
one-dimensional transformation of the lype (14) is called an aMi- 
jprojectivity. 

The theory of antiprojectivities has been studied by C. duel, Acta 
Mathematica, VoL XIY (1890), p. 1, and more fully by C. Segre, 
Torino Atti, VoL XXV (1890), pp. 276, 430 and VoL XXVE, pp. 35, 
592. Their rSle in projective geometry may be regarded as defined 
by the following theorem due to G. Darboux, Mathematische Annalen, 
VoL XVII (1880), p. 55. In this paper Darboux also points out the 
connection of the geometrical result with the functional equation, 

/(«+&')=/(»)+/(y). 

Theorem 29. Any one-to-o7ie reciprocal traTisformation of a real 
projective line which carries ha.rmonic sets into harmonic sets is 
projective^ 

Proof. Let 11 be any transformation satisfying the hypotheses of the 
theorem, A, .B, C any three points of the line, 11 {ABC)=AB^C^, and 
n' the projectivity such that 11' (A'B' C') = ABC. Then n'll (ABC) = 
ABC. * If we can prove that II'II is the identity, it will follow that 
n = and hence that 11 is a projectivity. 

If n'n were not the identity, it would transform a point P to a 
point Q distinct from P, while it left invariant all points of the net of 
rationality R {ABO). Let be points of this net in the order 

{PLJ^^QL^}. 

-By Theorem 8, Chap. V, there would exist two real points S, T which 
harmonically separate the pairs PP^ and P^Bg. The transformation 
n'n must carry B and T into two points harmonically separating 
the pairs QL^ and P^Pg- But since the latter two pairs separate each 

*ct §28, Vol.I. 

t Von Staudt, Geometrie der Lage (Niimberg, 1847), § 9, defined a projectivity 
of a real line as a transformation having this property. We are nsing Cremona's 
definition of a projectivity as a resultant of pcrspectivltiea (cf, VoL I, § 22). 
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other, by Theorem 8 , Chap. Y, there is no pair separating them both 
harmonicfijly. Hence the assumption that II^II is not the identity 
leads to a contradiction. 

GoBOLLAfiY 1. Any collineatioii or correlation in a real projective 
space is projective. 

Proof. Since a coUineation transforms coUinear points into col- 
linear points, it transforms nets of rationality into nets of rationality 
in such a way that the correspondence between any two homologous 
nets is projective (cf. §§ 33~35, Vol. I). Hence, according to the theo¬ 
rem above, the correspondence effected by the coUineation between 
any two lines is projective. Hence the coUineation is projective. 

A like argument proves that a correlation is projective. The reason¬ 
ing holds without change in a real projective apace of n dimensions. 

Corollary 2. Any one-to-one reciprocal transformation of the 
real inversion plane wliicli carries points into points and circles into 
circles is a traifisfoimiation of the inversion group. 

Proof Regard the inversion plane tt, minus a point ij, as a EucUd- 
ean plane tt' ; let H be any transformation satisfying the hypotheses 
of the coroUarj", let 11 (ii) = P', and let H' be an inversion carrying 
P' to a,. Then n'ET is a transformation satisfying the hypotheses of 
the coroUary and leaving H invariant. 

Since II'II carries circles through ^ into circles, it effects a^coUin- 

eationinTT. By the first coroUary this coUineation is projectiva Since 
it carries circles into circles, it is a similarity transformation. Hence 
n'n is a transformation, say H", of the inversion group in w'. Since 
n = n is also in the inversion group. 

Translated into the geometry of the complex projective line the 
last corollary states: 

CoaoLLABT 3. Any transformation which, carries chains into chains 
is either a projectivity or an antiprojectivity. 

la the l^ht of Corollary 2 it is deax that the whole theory of the 
inversion group can be developed from the definition of a circular 
transformation ss one which carries points into points and drclea 
into cirdes. This is the point of view adopted by Mobius in his 
Theone der Kreisverwandtschaft, where, however, he used also the 
unnecessary assumption that the transformation is continuous. 
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EXERCISES 


1. Derive the formulae for antiprojectivities in a modular geometry. 
Cf. 0. Veblen, Transactions of the American Mathematical Society, YoL VIII 
(1907), p. 366. 

2. Which if any of the following propositions are true? Any one-to-one 
and reciprocal transformation of a complex projective line which carries 
harmonic sets of points into harmonic sets of points is either projective or 
antiprojective. Any one-to-one and reciprocal transformation of a complex 
projective line which carries quadrangular sets of points into quadrangular 
sets is either projective or antiprojective. Any collineation or correlation of 
a complex projective space is either projective or antiprojective. 

3. An antiprojectivity carries four collinear points having an imaginary 
cross ratio into four points whose cross ratio is the conjugate imaginary. 


100. Tetracyclic coordinates. The general equation of a circle in 
a Euclidean plane tt with respect to the coordinate system employed 
in Chap. IV is 

(16) a^li^ + f)+2a^3: + 2a^y + a^ = Q. 

DEFiKlTioir. A degenerate circle is either a pair of lines joining an 
ordinary point to the ohcular points at infinity or a pair of lines ll„, 
where Z. is the line at infinity. 

Thus (16) represents a nondegenerate oirde, provided that the 
following condition is not satisfied; 


(17) 


0 = 


a, a, 
% 0 
a, 0 






The condition = 0 clearly means that (16) represents a degenerate 
circle consisting of and an ordinary line, unless 0 ;^= 0 :^= 0 also, in 
which case (16) reduces to 0 ^ 3 = 0. The condition 

(18) 

means in case ¥= 0 that (16) represents a pair of ordinary lines 
through the circular pointa In case are real, these two 

lines must be conjugate imaginaries. In the rest of this section the 
ff's are supposed real. 

Let us now inteq)ret the ordered set of numbers (a^, as 

homogeneous coordinates of a point in a projective space of three 
dimensions, S^. For every point of S 3 , except those satisfying (18), 
there is a unique circle or line pair Kob, where I is ordinary, and vice 
versa. Hence there is a one-to-one and reciprocal correspondence 
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between the points of Sg not on the locus (18) and the circles of the 
inversion plane tt obtained by adjoining L (regarded as a point) to tt. 

The points of Sg which are on the locus (18) and not on 0 
represent pairs of conjugate imaginary lines joining ordinary points 
of IT to and respectively. There is one such pair of conjugate 
imaginary lines of tt through each ordinary point of tt. The points of 
Sg on the locus (18) and not on 0 :^= 0 may therefore be regarded as 
corresponding to the points of with the exception of The only 
point of Sg common to 0 ^ 3 = 0 and (18) is ( 0 , 0 , 0 , 1 ), and this point 
may be* taken to correspond to L- Thus the jpomts of Sg not on (18) 
represent circles of the inversion plane and the points of Sg on (18) 
represent the points of tt. 

Stated without the intervention of Sg, this means that the ordered 
set of numbers taken homogeneously and subject to the 

relation (18) may be regarded as coordinates of the points of tt. When 
not subject to the relation (18) they may be regarded as coordinates 
of the circles and points in 

DefdsITIOX. The ordered sets of four numbers subject 

to (18) are called tetracyclic coordinates of the points in ir. The same 
term is applied to any set of cobrdmates (/S^, /S^) such that 

A’ “ 5) I ^O’l ^ 

J=-o 

The circles (real or imaginary or degenerate) represented by (1,0,0, 0), 
( 0 , 1 , 0 , 0 ), ( 0 , 0,15 0 ), ( 0 , 0 , 0 , 1 ) are called the lobse or fundamental 
circles of the coordinate system. 

A second particular choice of tetracyclic coordinates is given below. 

The points of S, on (18) evidently constitute the set of all real 
points on the linea of intersection of corresponding planes of the two 
projective pencils 

(19) a^=<r{a^+V^a^ and a^—V^a^=(ra,, 

where the planes determined by the same value of a are homologous. 
For (18) is obtained by eliminating <r between these two equations. 
The lines of intersection of homologous planes are all imaginary, but 
each contains one real point. This system of lines is, by § 103, VoL I, 
a regulus, and the set of points on the lines, by § 104, VoL I, a quad¬ 
ric surface. The locus (18) is therefore a real quadric surface aU of 
whose rulers are imaginary (cf. also § 106, VoL I). 
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The correspondence between the points of Sg and the circles and 
points of the inversion plane ^ is such that a range of points corre¬ 
sponds to a pencil of circles. For the points of the line joining 
(o:^, a^) and (iS^, correspond to the circles given by 

the et^uation 

(Xffjj + {x^ H- If) + X 4- (X^g -f y + (XtJTg+= 0, 

which represents a pencil of Circles, together with its limiting points 
in case the latter are real 

Any collineation T of Sg which carries the quadric (18) into , itself 
must correspond to a transformation F of if which carries points into 
points, circles into circles, and pencils of circles into pencils of circles, 
r therefore has the property that if a point P of ^ is on a circle 
of then r(P) is on T(C% By Theorem 29, Cor. 2, F is a circular 
transformation. Conversely, any circular transformation of ^ carries 
points to points, circles to circles, and pencils of circles to pencils of 
circles, and therefore corresponds to a collineation of Sg which carries 
the quadric into itseli By Theorem 29, Cor, 1, this collineation is 
projective. In other words, 

Theohem: 30. The real inversion geometry is equivalent to the 
projective geometry of the quadric (18). 

COEOLLAEY. The projective geometry of the real quadric (18) is 
equivalent to the complex projective geometry of a one-dimensional 
form, 

A one-to-one correspondence between a complex line and the real 
quadric (18) may also be set up as follows: Let I be any complex 
line in the regulus conjugate to that composed of the lines (19). 
Each of these lines contains one real point, P, of the quadric (18) 
and one point, Q, of Z. The correspondence required is that in which 
Q corresponds to P. 

By properly choosing the constants which enter in the equation of 
a circle, we may set up the correspondence between the circles of the 
inversion plane and the points of an Sg in such a way that the equa¬ 
tion of the quadric surface corresponding to the points of the inversion 
plane has a particularly simple fonn. The equation of a circle in tt 
may be written 

(20) + + 3^-1)+ 2 + 2 f.y = 0. 
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The points (1^, which coirespond to poiats of the inversion 

plane now satisfy the equation 

(21) = + + 
and the circles corresponding to the four points (1, 0, 0, 0), (0,1, 0, 0), 
(0, 0,1, 0), and (0, 0, 0,1) are mutually orthogonal, one of them being 
imaginary. The coordinates f„, fg) are connected with {a^, 

ffg) by the equations 

which represent a coUineation carrying the quacMc (18) into the 
quadric (21). 

It ^s/^o regarded as nonhomogeneous coordinates with 

respect to a properly chosen frame of reference in a Euclidean space of three 
dimensions (cf. Chap. VII), (21) is the equation of a sphere. Hence the real 
inversion geometry is equivalent to the projective geometry of a sphere. 

The latter equivalence may be established very neatly, with the aid of 
theorems of Euclidean three-dimensional geometry, by the method of stereo¬ 
graphic projection. This discussion would naturally come as an exercise in. 
the next chapter- It is to be found in books on function theory. On the 
whole subject of inversion geometry from this point of view, compare B6cher, 
Reihenentwickelungen der Potentialtheorie (Leipzig, 1894), Chap. IL 

Definition. A circle is linearly dependent on two circles 
and C'^ if and only if it is in the pencil determined by and 
A circle is linearly dependent on n circles • • •, if and only 
if it is a member of some finite set of circles ■ ■ •, (7®^^ such that 
is Linearly dependent on two of • • *, 1, 2 , • ■ A). 

A set of n circles is linearly independent if no one of them is linearly 
dependent on the rest. The set of all circles linearly dependent on 
three linearly independent circles is called a hindle. 

EXERCISES 

1. The tetracyclic coordinates of a point are proportional to the powers of 
the point with respect to four fixed circles. If the four circles are mutually 
orthogonal, the identity which they satisfy reduces to (21). 

2. A homogeneous equation of the first degree in tetracyclic coordinates 
represents a circle. 

3. What kind of coordinates are obtained by taking as the base (a) two 
orthogonal circles and the two points in which they meet? (b) four points? 

4. Two points of Sg correspond to orthogonal circles if and only if they are 
conjugate with regard to the quadric (21). 
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5. What set of circles corresponds to the conics in ^rhich the quadric (21) 
is met by the planes of a self-polar tetrahedron ? 

6. The direct circular transformations of ^ correspond to coUineations of 
Sg w-hich leave each imaginary regulus of (21) invariant, while the others 
correspond to coUineations interchanging the two regulL The direct circular 
transformations of ir correspond to direct coUineations of Sg in the sense of 
§ 31, Chap. 11. 

7. The circles of a bundle correspond to the points of a plane of Sg. 

8. The circles common to two bimdles constitute a pencil and hence corre¬ 
spond to a line of Sg. Determine the projectively distinct types of pencils of 
circles on this basis. 

9. All circles are linearly dependent on four linearly independent circles. 

10. For any bundle of circles there is a point 0 which has the same power, 
C-, with respect to every circle of the bundle. The radical axes of all pairs 
of circles in the bundle pass through 0. In case there is more than one point 
0, the radical axes of aU pairs of circles of the bundle coincide. 

11. A bundle of circles may consist of aU circles through a point (the set 
of aU lines in a Euclidean plane is a special case of this). In every other case 
there is a nondegenerate circle orthogonal to aU circles of the bundle. This 
circle has the point 0 (Ex. 10) as center and consists of the points C such that 
Dist (OC) = c. It is real if and only if c is real In case c is imaginary let 

be the real circle consisting of points C' such that Dist (0C') = c; any 
circle of the bundle meets in the ends of a diameter. 

101. Involutoric coUineations. In view of the isomorphism bet’ween 
the real inversion group and the projective group of the real quadric 
(21), a further consideration of the group of a general quadric wiU be 
found apropos. In this connection we need tc define certain particular 
types of involutoric coUineations in any projective space. The theorems 
are aH based on Assumptions A, E, P, 

It is proved in § 29, Vol. I, that if m is any plane and 0 any point 
not on o), there exists a homology carrying any point P to a point 
provided that 0, P, P' are distinct and coUinear and P and P' are not 
on <0. It follows by the constructions given in that place that if one 
point P is transformed into its harmonic conjugate with regard to 0 
and the point in which the line OP meets ea, ever}' point is transformed 
in this way. It is also obvious that a homology is *of period two if and 
only if it is of this type. Hence we make the foUowmg definition: 

HEFiNiTiOi^’. A homology of a three-space is said to be harmonic 
if and only if it is of period two. A harmonic homology is also caUed 
a jpoint-jplanc reflection and is denoted by or where 0 is 

the center and w the plane of fixed points. 
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Definition. If I and V are two nouintersecting lines of a projective 
space Sg, the transformation of Sg leaving each point of I and V inva¬ 
riant, and canning any other point F to the point F' such that the line 
FF^ meets Z and V in two points harmonically conjugate with regard 
to F and F-, is called a skew involution or a Ime reflection in I and V, 
It is denoted by {ZZ'},and Z and V are called its axes or directrices. 

Theorem 31. A line reflection {//'} is a jproduct of two ^point-fllane 
reflectio/is {Oo)} • {Ptt}, ivhere 0 and F are any two distinct jp&ints of Z, 

is the plane on F and V, and tt is the plane on 0 and V. 

Froofl Consider any plane through Z, and let L be the point in which 
it meets Z'. In this plane {Otn} and {P^} effect harmonic homologies 
whose centers are 0 and F respectively and whose axes are FL and 
OL respectively. The product is therefore the harmonic homology 
whose center is L and axis Z. Hence the product {Oco} * {Fir} satisfies 
the definition of a line reflection whose axes are Z and V, . 

Corollary. A line reflection is a projective collineation of period 
two, and any projective collineation of period two leaving invariant 
the points of two skew lines is a line reflection. 


EXERCISES 

1. A projective collineation of period two in a plane is a harmonic homology. 

2. A projective collineation of period two in a three-space is a point-plane 
reflection or a line reflection. 

3. Let A, 5, C, D be the vertices of a tetrahedron and n, y, S the respec¬ 
tively opposite faces. The transformations obtainable as products of the three 
harmonic homologies {-4a}, {5)8}, {Cy} constitute a commutative group of 
order 8 consisting of four point-plane reflections, three line reflections, and the 
identity. If the transformations other than the identity be denoted by 0,1, 2, 
3, 4, 5, 6, the multiplication table may he indicated by the modular plane 
given by the table (1) on p. 3, Vol. I, the rule being that the product of any 
two transformations corresponding to points i, j of the modular plane is the 
one which corresponds to the third point on the line joining i and j. 

4. Generalize the last exercise to n dimensions. The group of involutoric 
transformations carrying n + 1 independent points into themselves is commu¬ 
tative, and such that its multiplication table may be represented by means of 
a finite projective space of n —1 dimensions in which there are three points 
on each line. 

5. A projectivity T of a complex line such that for one point P which is 
not invariant, r»(P) = P is such that T" is the identity. If n is the least 
positive integer for which r“ = l, T is said to be cyclic of degree n; the 
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characteristic cross ratio of T is an nth root of unity; in case n = 3, this 
cross ratio is said to be equianharmonic, and a set of four points having this 
cross ratio is said to be equianharmonic. As a transformation of the inversion 
group, r is equivalent to a rotation of period n. 

6. A planar projective collineation of period n(n>2) is of Type I and the 
set of transforms of any point is on a conic, or else the collineation is a 
homology. In the first case, it is projectively equivalent to a rotation; in the 
second case, to a dilation (in general, imaginaiy). Consider the analogous 
problem in three dimensions. (For references on this and the last exercise 
cf. Encyclop^die des Sc. Math. Ill 8, § 14. The statements in the Encyclopedic 
on the planar case are not strictly correct, since they do not sufficiently take 
the existence of homologies of finite period into account.) 

102. The projective group of a quadric. According to the definition 
in § 104, A^oL I, a quadric may be regarded as the set of points of 
intersection of the lines of two conjugate regulL These two regulL 
may be improper in the sense of Chap. IX, VoL I, and in the following 
theorems improper elements are supposed adjoined when needed for 
the constructions employed. 

Definition. If there are proper lines on a quadric, the quadric is 
said to be ridedy otherwise it is said to he unruled. 

Theorem 32. A harmonic homology whose center is the jpole of its 
plane of fixed points with regard to a quadric surface transforms 

into itself in such a way that the two lines of(^ through any fixed 
point are interchanged. 

Proof Let 0 he a point not on and a> its polar plane. Any line 
I of meets m in a unique point K, The plane 01 contains one other 
line V of and (cf. § 104, VoL I) V passes through IL Any line join¬ 
ing 0 to a point Z of Z other than K must meet Z' in a point Z' such 
that Z and V are harmonically conjugate (§ 104, A^oL I) with regard 
to 0 and the point in which OL meets ©. Hence {0<d} interchanges 
Z and V. From this result the theorem follows at once. 

Comparing Theorems 31 and -32, we have 

Corollary. A line reflection {ab} such that a and h are polar with 
respect to a quadric transforms ^ into itself in such a way that 
each regulus on ^ is transformed into itself 

Theorem 33. A projective collineation of a ^adric which leaves 
three points of the quadric invariant, no two of the three points being 
on the same ruler, is either the identily or a harmonic homology whose 
center and plane of fixed points are polar with respect to the guadric. 



260 


[Chap. VI 


LSVERSIO^^ GEO^VIETRY 

Proof. Denote the three points by A, B, <7, the plane containing 
them bv ci), and the pole of ct) by 0. Since no two of -4, By C are on a 
line of (fy <o contains no line of and hence is not on 0. Since three 
points of the conic in which <o meets the quadric are invariant, all 
such points are invariant, aa is also 0. Hence the given collineation 
is either the identity or a homology. In the latter case it must be a 
harmonic homology, since any two points of the quadric coUinear with 
0 are harmonically conjugate with respect to 0 and the point in which 
the line joining them meets to. 

Thuorem 34. There exists one and only one jprojective colliTieation 
transfoTMing each line of a regulus into itself and effecting a given 
projectivity on one of these lines. Such a collineation is a jproduct of 
two line refieciions whose axes are lines of ths conjugate regulvs. 

Proof. Let i?i-be a regulus and the conjugate regulus. Aprojeo 
tivity on a line, 1, of iff is by § 78, VoL I, a product of two involutions, 
say I and I'. Let {rnjn^ be a line reflection such that n\ and are 
lines of through the double points of I, and let be a line 

reflection such that m[ and are lines of iff through the double 
points of The product of {fn^m.^} and effects the given 

projectivity on I and transforms each line of iff into itseli 

Conversely, any projectivity T leaving all lines of iff invariant 
effects a projectivity on I which is a product of two involutions I 
and r. The line reflections and being deflned as before, 

leaves all points of I invariant and hence leaves all linea of iff aa well 
as all lines of -Rf invariant. Hence 

{mjmo} ' {r/b^ni^} - r"^= 1, 

Corollary. Ths growp of permutatioTis of the lines of a regulus 
effected hy the projective colligations transforming the regulus into 
itsdf is simply isomorphic with the projective group of a Urn. 

Defcotion. a collineation of a quadric which carries each regulus 
on the quadric into itself is said to be direct. 

Theoreic 35. There is one and Jmt one direct collineation of a 
quadric surface carrying an ordered triad of points of no two 
of which are on a line of to an ordered triad of points oft^no two 
of which are on a line of 
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Proof, Let ABC and PQ-S be the given ordered triads of points, let 
a, c, jp, q, r be the lines of one regains through the points Ay B, C, 
Fy Qy R respectively, and let a', &■, c\ ;p\ fy r' respectively be the 
Lines of the conjugate regulus through the same points. By the last 
theorem there is a projective coUineation F carrying a, 6, c to jpy gy r 
respectively while leaving all lines of the conjugate regulus invariant, 
and also a projective coUineation F' carryhig aVc^ to jp'fr' respec¬ 
tively while leaving aU of the lines a, 6, c, jpy qy r invariant. The product 
of F and F' carries A, P, C to P, Qy R respectively. That there is only 
one direct coUineation having this effect is a coroUary of Theorem 33. 

Let P® be the regulus containing the lines a, c, and P® the regulus 
containing a', V, The two coUineations F and F' which have been 
used in the proof above are commutative as transformations of P“ 
because F' leaves aU lines of P“ invariant, and are commutative as 
transformations of P| because F leaves aU Lines of Rl invariant. Hence 

FF'= FT. 

By Theorem 34, FF'= {Zm} • {rs} • {ZW} • 

where Z, r, s are lines of P^^ and Z', m', s' are lines of P^®. The 
coUineations {rs} and {Z'm'} are commutative for the same reason that 
F and F' are commutativa Hence 

FF'= {Zm} . {Z'm'} • {rs} • {rV}. 

The pairs' Im and Z'm' are two pairs of opposite edges of a tetra¬ 
hedron the other two edges of which may be denoted by a and J. The 
product {Zm} • leaves each point of a and 6 invariaiit and is 

involutoric on each of the lines Z, Z', my m'. Hence 


{Zm}-{ZW} = {a&}. 


The lines a and i are polar with respect to P® because one of them is 
the line joining the point IV to the point mwJy and the other the line 
of intersection of the plane IV with the plane mm' (cf. § 104, VoL I). 
In like manner ^ ^^y ^ 


where c and d are polar with respect to R^. Hence we have 

Thioeem 36. Any direct jorojectvoe coUineation T of a quadric 
surface is expressible in the form 

T={al}'{cd}y 

where the line a is polar to the line by and the line c is polar to Hie line d. 
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Since any line reflection whose axes are polar with respect to a 
quadric is a product of two harmonic homologies whose centers 
are polar to their planes of fixed points (cf. Theorem 31), the last 
theorem implies 

COEOLLART 1. Aliy direct projective collmeation of a quadric is a 
product of four harmonic homologies vjhose centers are polar to their 
respective planes of fLced points. 

COEOLL.ARY 2. Any nondirect projective collmeation of a quadric 
is a product of an odd number of harmonic homologies whose centers 
are polar to their respective planes of fixed points. 

R-oof. If a projective coUineation F interchanges the two reguli, 
and A is a harmonic homology of the sort described in the statement 
of the coroUaiy, then rA=A is a projective coUineation leaving each 
regulua invariant. By Cor. 1, A is a product of an even number of 
harmonic homologies of the required sort, and hence r = AA is a 
product of an odd number. 

103. Real quadrics. The isomorphism between the real inversion 
group and the projective coUineation group of the real quadric (or 
sphere) (21) may now be studied more in detail. Since a circular 
transformation leaving three given points of the inversion plane tt 
invariant is the identity or an inversion (Theorem 21), and since a 
coUineation of leaving three points of the quadric (21) invariant 
is the identity or a harmonic homology whose center is polar to its 
plane of fixed points, it foUows that inversions in ? correspond to 
homologies of S^. Hence the direct circular transformations of tt cor¬ 
respond to the direct coUineations of Sg transforming (21) into itself. 

An involution in ^ is a product of two inversions whose invariant 
circles intersect and are perpendicular. To say that the invariant 
circles intersect and are perpendicular is to say that they intersect in 
such a way that one of the circles is transformed into itself by the 
inversion with respect to the other. Xow suppose that {Oco} and 
{Ptt} are the harmonic homologies corresponding to the two inver¬ 
sions. If the points of the quadric on the plane <» are to be trans¬ 
formed among themaelvea by {Ptt}, o) must pass through P. In like 
manner tt must pass through 0. Hence 

{Oai}^{Frr} = {lV}, 
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where Z is the line OP, V the Ime cutt, and the lines I and V are 
polar with respect to the quadric. Hence the involutions in the group 
of direct circular transformations correspond to the line reflections 
whose axes are polar with respect to (21). 

Thus the theorem that any direct circular transformation of ^ is 
a product of two in volutions is equivalent to Theorem 36 applied to 
the quadric (21). Since an involution in w always has two double 
points, we have the additional information, not contained in § 102, 
that every line reflection transforming the quadric (21) into itself has 
two and only two fixed points on the quadric. The line joining these 
two points is obviously one of the axes of the line reflection. Hence 
the line reflection has two real axes one of which meets the quadric 
(21) and the other of which does not. 

These re mar ks^ are enough to show how the real inversion geometry 
can be made effective in obtaming the theory of the real quadric (21). 
We shall now show that any real nonruled quadric is projectively 
equivalent to the quadric (21), from which it follows that the real 
inversion geometry is equivalent to the projective geometry of any 
real nonruled quadric. 

A nonruled quadric is obviously nondegenerate. In the complex 
space any two nondegenerate quadrics are projectively equivalent, 
because any two reguli are projectively equivalent. Since (18) repre¬ 
sents a quadric, it therefore follows that every nondegenerate quadric 
may be represented by an equation of the second degree. 

How let Q‘ be any quadric whose polar system transforms real 
points into real planes, and let the frame of reference be chosen so 
that (1, 0, 0, 0), (0,1, 0, 0), (0, 0,1, 0), and (0, 0, 0,1) are vertices of a 
real self-polar tetrahedron. The plane section by the plane £5^=0 
must be a conic whose equation is of the form 

-f + a^xl = 0, " 

and similar remarks can be made about the sections by the planes 
53 ^=0, 0, and 0, From this it follows that ^ has the equation 

(22) -1- a^xl + a^xl H- a^xl = 0, 

where are real The projective coUineation 

(23) a:i = V^aj„, a{ = y/\^x^, xl = y/\^\x^, ^,= -\/\^\\ 
transforma into a quadric having one of the following equations 

xl ,^ ± x [^ ± a:'» ± flsi® = 0. 
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Any one of the eight quadrics thus represented is obviously equiva¬ 
lent projectively to one of the following three: 


(24) 

+ + + 

(25) 

— x^ + x{ + x:^ + x; 

(26) 

— x^ — x{ + xl + x^ 


It is also obvious that (24) is imagineiry, that (26) has real rulers, 
and that (25) is equivalent to (21). 

EXERCISES 

1. Determine the types of collineatioiis transforming into itself (1) a real 
unruled quadric, (2) a real ruled quadric, (3) an imaginary quadric having a 
real polar system. 

2. Discuss the projective groups of the three types of quadrics enumerated 
in the last exercise. 

104. The complex inversion plane. A projective plane may be 
obtained from a EucMean plane (cf. Introduction, VoL I) by adjoining 
ideal points and an ideal line in such a way as to make it possible to 
regard every coUineation as a one-to-one reciprocal transformation of 
all points in the plane. In like manner the resd inversion plane has 
been obtained from the real Euclidean plane by adjoining a single 
ideal point which serves as the correspondent of the center of each 
inversion. Similar considerations will now be adduced showing that 
an inversion in the complex plane may he rendered one to one and 
reciprocal by introducing two intersecting ideal lines. 

In the complex projective plane an inversion has been seen (§ 94) 
to be a one-to-one reciprocal transformation of all points not on the 
sides of the singular triangle 0and to effect a projective transfor¬ 
mation interchanging the pencil of Itnea on with the pencil of lines 
on In this projectivity the line is homologous both with 01 
and with 01^ 

In the Euclidean plane obtained by omitting the line from the 
projective plane, it follows that the inversion is one to one and recip¬ 
rocal except for points on the two minimal* lines, and through 0. 
Moreover, it effects a projective correspondence between the set of 
minimal lines [p] parallel with and distinct from p^ and the set of 
minimal lines [m] parallel with and distinct from 
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The correspondence between any line p and the homologous line 
m is incomplete because there is no point on jp corresponding to the 
intersection of m with and no point on m corresponding to the 
intersection of ^ with This correspondence, however, may be made 
completely one to one and reciprocal by introducing an ideal point 
on m as the correspondent of the point and an ideal point 

on ^ as the correspondent of the point In order to treat 
all the minimal lines symmetrically, ideal points FJ, and ML must 
be introduced on and respectively, as mutually correspond¬ 
ing points. Also one other ideal point 0, is introduced as the 
correspondent of 0. 

According to these conventions the line p^ together with its ideal 
point Fj, is transformed into a set of points consisting of ML, and 
aU the points M^. This set 
of points is therefore called 
an ideal line In like 
manner the line together 
with its ideal point M^ is 
transformed into a set of 
points consisting of ii', 
and all the points IL ; and 
this set of points is called an Tig. 74 

ideal line The Euclidean 

plane with the lines and adjoined is called an inversion plane. 
Or to state the definition formally and without reference to a partic¬ 
ular inversion: 

Definition. Given a complex Euclidean plane tt and in it two 
pencils of minimal lines [_p] and [m]. By a complex inversion plane 
TT is meant the set of all points of tt (referred to as ordinary points) 
together with a set of elements called ideal points of which there is 
one, denoted by JJ,, for each^, and one, denoted by Af*, for each m, 
distinct ^’s and m's determining distinct ideal points, and also one 
other ideal point which shall be denoted by 0„. By a minimal line 
of ^ is meant (1) the set of points on a together with the corres¬ 
ponding JL, or (2) the set of points on an m together with the cor¬ 
responding AT*, or (3) the set of all ii’s together with or (4) the 
set of all Af«’s together with 0,. The minimal lines of Types (1) 
and (2) are called ordinary^ and the lines (3) and (4) are called ideal. 
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A minimal line of Type (1) or (4) will be denoted by p, of Type (2) 
or (3) by the ininimal lines of Types (3) and (4) are denoted by 
m* and respectively. 

This definition is evidently such that each point of tt is on a unique 
p and on a unique m. 

DEFixiTioy. By an inversioih I of tF is meant a transformation 
defined as follows by an inversion I of tt : If and are the singu¬ 
lar lines of I, I interchanges p^ with m., Wq with and each p con¬ 
taining a with the ttL containing the in to which ^ is transformed by I. 
A point of ^ which is the intersection of a ^ and an in is transformed 
to the point which is the intersection of I (p) and I (m). The set of 
points of w left invariant by an inversion is called a nondegmerate 
circle of tt. A pair of ininimal lines, one a p and the other an tti, is 
called a degenerate circle of tt. 

By reference to § 94 it is evident that every cdrcle of tt is a subset 
of the points on a circle of 

The complex inversion plane is perhaps best understood by setting 
it in correspondence with a quadric surface, the lines of one regulus 
on the quadric being homologous with [p] and those of the other with 
[m]. This correspondence may be studied by means of tetracyclic 
coordinates as in § 100, but it can also be set up by means of a 
geometric construction as follows: 

Regard the complex Euclidean plane tt with which we started as 
immersed in a complex Euclidean space. Let be a quadric surface 
such that 01 ^ is a line of one ruling and 01 ^ of the other (fig. 74). 
Through and there are two other lines of the two rulings which 
intersect in a point Any point P of the Euclidean plane is joined 
to 0„ by a line which meets the quadric in a unique point Q other 
than G* and, conversdy, any point of which is not on either of 
the lines or 0^1^ is joined to 0„ by a line which meets the 
Euclidean plane in a point P. Thus there is a correspondence T 
between the Euclidean plane and the points of not on 0*or 
G* This correspondence is such that every minimal line in tt of 
the pencil on eoiTesponds to a line of the quadric which is in the 
same ruling with 01^, and every line of tt of the pendl on corre¬ 
sponds to a line of the quadric which is in the same ruling with GJ^. 
Prom this it is evident that if ideal elements are adjoined to tt as 
explained above, the ideal points can be regarded as corresponding to 
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the points of the lines 0^1^ and 0*/^ so that there is a one-to-one 
reciprocal correspondence between w and 

Now any nondegenerate circle of tt is a conic through and 
This is projected from 0. by a cone of lines having in common with 
the two lines 0*7^ and 0*7^. It follows that the cone and have 
also a conic section in common. For let Q^, be three of the 
common points which are not on the lines and 0^1^; the plane 
meets the cone in a conic JEf and in a conic These two 
conics have also in common the points in which they meet the lines 
and 0^1^ (if these points coincide, and have a common tan¬ 
gent at this point), and hence The conic is nondegenerate, 

because a nondegenerate cone through can have no other line than 
0* and in common with Hence every nondegenerate circle 
of TT corresponds under T to a section of by a nontangent plane. 

Conversely, if is any nondegenerate conic section which is a 
plane section of G®, it is .projected from by a cone two of whose 
lines are and 0*7^. Hence X^ corresponds under T to a non¬ 
degenerate circle of tt. 

An inversion in tt with respect to a circle transforms every 
minimal line of the pencil [^] into that one of [m] which meets it on 
0\ Let be the conic section on corresponding under T to (7®. 
The inversion corresponds rmder T to a transformation of hy which 
every hne of one regulus is transformed into the line of the other 
regulus which meets it in a point of X^, This is the transformation 
(Theorem 32) effected by a harmonic homology whose plane of fixed 
points contains and whose center is the polar to this plane with 
respect to Hence every inversion in tt corresponds under T to a 
coUineation of G^ effected by a harmonic homology whose center and 
plane of fixed points are polar with regard to G*- Conversely, every 
such coUineation of evidently corresponds imder T to an inversion 
in TT. Hence (Theorem 36, Cors. 1 and 2) the inversion group in tt is 
isomorphic under T with the group of projective collineations of G“i 
and the direct circular transformations of tt correspond to the projec¬ 
tive collineations of G^ which carry each regulus into itself. 

EZ£E(^ISE 

Develop the theory of the modular iuversioii plane, using improper elements 
in the sense of Chap. IX, Vol. L 
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105, Functioii plane, inversion plane, and projective plane. In the 
theory of functions of two complex variables 

F{xy) 

the two variables x and y are thought of as completely independent 
of each other. The domain of each is the set of all complex numbers, 
including oc. This domain is therefore equivalent to the complex Line 
or to the real inversion plane. Thus the domain of x may be taken 
to be a real unruled quadric (in particular, a sphere) and the domain 
of y another real unruled quadric. Or the pair of values (a;, y) may be 
regarded as an ordered •pair of points on the same real unruled quadric. 

Now consider a regulus in the complex projective space and, adopt¬ 
ing the notation of the last section (fig. 74), let a scale be established 
on the lines p^ and so that 0 is the zero in each scale. Let x be 
the coordinate of any point on p^ and y of any point on Tlien a 
pair of values (i^, y) determines a unique point on the quadric, ie. the 
point of intersection of the line m through the point with x as its 
coordinate, and the line p through the point with y as its coordinate. 
Conversely, the same construction determines a pair of numbers (a;, y) 
for each point of the quadric. 

Defes’ITIOS’. The set of all ordered pairs (aj, y) where x and y are 
complex numbers, including exs, is called a complex fuTictwn plane, or 
the plane of the theory of functions of complex variables, or the com¬ 
plex plane of analysis. The ordered pairs (x, y) are called points. Anj 
point for which x = co or y = co is said to be ideal or at infinity, and 
aU other points are called ordinary. 

The points at infinity of the function plane can be represented 
conveniently by replacing ic by a pair of homogeneous coordinates 
x^, ajj such that x, and y by a pair (y^, y^) such that yjy^— y. 

Thus the points of the function plane are represented by 

and the ideal points axe those satisfying the condition 

The set of ordinary points of the function plane obviously forms a 
Euclidean plane in which a line is the locus of an equation of the form 

aa? + Sy + c = 0. 
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( 27 ) + + = 

an equation which is linear both in the pair of variables x^ 
and in the pair y^y The most general equation which is linear 
ia both pairs is 

(28) ax ^ y ^ + + hxjy ^ = 0. 

This reduces to (27) if the condition be imposed that the locus 
shall contain the point (oo, oo) which in homogeneous coordinates is 
(0, 1; 0, 1). 

Definition. The set of points of the function plane satisfying (28) 
is called a circle (or a bilinear curve)y and any circle of the form (27) 
is called a line. 

The group of transformations which is indicated as most important 
by problems of elementary function theory has the equations 


(29) 


r^x + Sj 


or, in homogeneous coordinates, 
®(=2’A + 2x®o« 


(30) 




0 , 






^ 0 , 




This group of transformations clearly transforms circles into circles. 
The subgroup obtained by imposing the conditions. 


ri=0, rj,= 0, 

transforms lines into lines because it leaves (oo, oo) invariant. 

Eetuming to the interpretation of the coordinates x and 3 / on a 
quadric, it is clear (cf. § 102) that every transformation (29) represents 
a direct coUineation of the quadric, the formula in x determining the 
transformation of one regulus and the formula in y the transforma¬ 
tion of the conjugate r^[ulus. Hence the fundamental group of the 
function plane is isomorphic with the group of direct projective 
coUineations of a quadric surface. 
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The parameteis x and y ■which determine the points of a regulua 
may be connected with the three-dimensional coordinatea (1^, 
by means of the following equations: 

where i®=— 1. For the set of aU points f,) given by these 

equations are the points on the quadric, 

( 21 ) + + 

Any plane section of this quadric is given by a linear equation in 
^ 0 ’ ^ 2 > by (31) reduces to a relation of the form (28) 

among the parameters x^; y^. Hence the circles of the func¬ 

tion plane correspond to the plane sections of the quadric (21). 
In view of the relation already established between the groups it 
follows that the geometry of a quadric in a complex projective 
space is identical with that of a complex function plane. In view 
of § 104 both these geometries are identical with the complex 
inversion geometry.* 

The complex projective plane may be contrasted with the complex 
inversion plane or function plane in an interesting manner as follows ■ 
The homogeneous coordinates a^) may be regarded as the 

coefficients of a quadratic equation 

(32) + a^z^z^ + a^z^ = 0. 

Every such equation determines two and only two values of 
which may coincide or become infinite (if a^= 0); and, moreover, two 
distinct points of the projective plane determine distinct quadratic 
equations and hence distinct pairs of values of z^z^. 

*If one 'were to confine attention to real valnes, the definition of the plane of 
analysis given above wonld determine a set of elements abstractly equivalent to a 
real ruled quadric. This is distinct from the real inversion plane, because Hie latter 
is equivalent to a real uonruled qnadric. For the purposes of the theory of func- 
tions of a real variable, however, it is usually desirable to distinguiBh between + oo 

— oo. If this be done, the function plane is easily seen, to be a figure analogous 
to a rectangle in a FncUdean plane. The group of transformations of such a func¬ 
tion plane does not seem to he of great interest from the projective iKiint of view. 
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The numbers z^) may be taken as homogeneous coordinates on 
a projective line. Thus there is a one-to-one and reciprocal corre¬ 
spondence between the points of a complex projective plane and the 
pairs of points on a complex projective Rne. It is important to notice 
that the pairs of points on the line are not ordered jpairs, because a 
pair of values of zjz^ taken in either order would be the pair of roots 
of the same quadratic. 

Now representing the points of a complex hne on a real unruled 
quadric (e.g. a sphere), we have that the projective plane is in one- 
to-one reciprocal correspondence with the v/mrdered pairs of points of 
the quadric. On the other hand, we have already seen that the com¬ 
plex projective plane is in one-to-one reciprocal correspondence with 
the ordered pairs of points of the quadric. In either case the points 
of a pair may coincide. 

For further discussion of the subject of this section see '^The 
Infinite Regions of Various Geometries” by M. Bdcher, Bulletin of the 
American Mathematical Society, YoL XX (1914), p. 185. 

106. Projectivities of one-dimensional forms in general. The 
theorems of the last four sections have established and made use of 
the fact that the permutations effected among the lines of a regulus by 
projective coUineations form a group isomorphic with the projective 
group of a line. Now a regulus is a one-dimensional form of the 
second degree,* and the notion of one-dimensional projective trans¬ 
formation has been extended to all the other one-dimensional forms 
(Chap. YIII, VoL I, particularly § 76). It is therefore to be expected 
that an analogous extension can be made to the regulus. This we 
shall now make, but instead of dealing with the regulus in particular, 
we shall restate the old definition in a form which includes the cases 
where the regulus is in question. 

Deftnution, a correspondence between any two one-dimensional 
forms whose elements are of different kinds and not such that aH 
elements of one form are on every element of the other form is 
said to be perspective if it is one-to-one and reciprocal and such 
that each element of either form is on the corresponding element 
of the other form. 

♦The one-dimensional forma of the first and second degrees in three-space are 
the pencil of points, the flat pencil of lines, the pencil of planes, the point conic, 
the line conic, the cone of lines, the cona of planes, and the regains. 
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This covers the notion of perspectmty as defined in VoL I between 
a pencil of points and a pencil of lines or between a pencil of lines and 
a point conic, etc. It also defines perspectivities between (1) the lines 
of a regulus and the poiats on a line of the conjugate regulus, (2) the 
lines of a regulus and the planes on a Hne of the conjugate regulus, 
(3) the lines of a regulus and the points of a conic which is a plane 
section of the regulus, (4) the lines of a regulus and the planes of a 
cone tangent to the regulus. 

Definitiox^. a correspondence between two one-dimensional forms 
or among the elements of a single one-dimensional form is projective 
if and only if it is the resultant of a sequence of perspectivities. 

This definition comprehends that made in § 22, VoL I, for forms of 
the first degree, and extended in § 76, VoL I, so as to include those of 
the second degree equivalent under duality to a point conic. In order 
to justify the new definition, it is necessary to prove that it does not 
lead to any modification of the relation of perspectivity between one- 
dimensional forms of the first degree. In other words, we must prove 
that any correspondence ietween two one-dimensional forms of the 
first degree is projective according to the new definition only if it is 
projective according to the definition of § VoL L 

To prove this theorem it is sufficient to show that a sequence of 
perspectivities beginning and ending with forms of the first degree 
and involving forms of the second degree can be replaced by one 
invohung only forms of the first degree. This follows directly from 
the fact that each one-dimensional form of the second degree is 
generated by projective one-dimensional forms of the first degree. 
Eor example, if a pencil of points [P] is perspective with a regulus 
[Z] and the regulus with a point conic and the point conic with some¬ 
thing else, it follows by the theorems of § 103, VoL I, that [P] is 
perspective with the pencil of planes [mZ], where m is a line of the 
conjugate regulus and [mZ] is perspective with the point conic. Thus 
the regulus [1] in this sequence of perspectivities is replaced by the 
pencil of planes [ml]. In similar fashion it can be shown by a con¬ 
sideration of the finite number of possible cases that however a form 
of the second degree may inier\='ene in a sequence of perspectivities, 
it can be replaced by a form or forms of the first degree. The 
enumeration of the possible cases is left to the reader, the argument 
required in each case being obvious. 
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Prom this theorem it follows that the group of projective corre¬ 
spondences of any one-dimensional form ivUJi itself is isomorphic ynth 
the projective group of a line. For let T be any projectivity of a one- 
dimensional form F‘ of the second degree (e.g. a regulus), and let 11 
represent a perspectmty between and a one-dimensional form 
of the first degree (e.g. a line of the conjugate regulus). Then Xiril"^ 
is a projectmty of F\ In Kke manner, if F' is a projectivity of F'^y 
II'T'n is a projectivity of F\ Hence 11 establishes an isomorphism 
between the two groups. 

*107. Projectivities of a quadric. An involution on a regulus is 
the transformation of the lines of the regulus effected by a line 
reflection whose axes are the double lines of the involution. Since 
any projectivity of a regulus is a product of two involutions, it may 
be regarded as effected by a three-dimensional projective coUineation 
which transforms the regulus into itself. Conversely, any direct pro¬ 
jective colHneation transforming a quadric into itself is a product of 
two line reflections (Theorem 36) each of which effects an involution 
on each of the reguli on the quadric. 

This relation between the theory of one-dimensional projectivities 
and the projective group of a quadric may be used to obtain prop¬ 
erties of the quadric analogous to the properties of conic sections 
studied in Chap. VIII, YoL I. The discussion is based on Assump¬ 
tions A, E, P, Hq, improper points being adjoined to the space 
whenever this is required for quadratic constructions. 

In Chap. VIII, Vol. I, we have seen that any projectivity on a 
conic determines a unique point, the center of the projectivity, and 
that the axes of any two involutions iuto which the projectivity 
may be resolved pass through its center. If, now, a projectivity 
r be given on a regulus, any plane tt meets the regulus in a conic 

on which is determined a projectivity F' having a point F as 
center. This determines a correspondence between the planes tt 
and points F of space which is a null system (§ 108, VoL I), and 
hence the axes of the involutions into which the projectivity F^ 
can be resolved form a linear complex. The formal proof of this 
statement follows. 

Theorem 37. Fbr any nonidentical projectivity of a regulus there 
exists a linear complex of lines [^] having the property that if l^ is any 
line of the complex not tangent to the regulus, there are three lines Z^, 



274 


IX\TERSIOy GEOMETRY 


[Chap. VI 


such that is polar to and to urith respect to the regulus, and 
such that the coUineatioii. - ., 


effects the given projectivity on the regulus. Moreover, every line 
having this property helongs to the complex, and so do l^, 

Proof. Let i?" be a regulus and F a projectivity of If and 
are pairs of polar lines such that • {Z 3 ZJ effects the given 
projecti\dtr on let ir be any plane containing and not tangent 
to K'. The projectivity F on Rr is perspective with a projectivity F' 
on the conic (7- in which tt meets E\ Moreover, and {Z^Z^} effect 
involutions on R^ which are perspective with involutions F and I" 


on C\ Thus on 


F=rF'/ 


But (cf. § 77, VoL I) Zj is the axis of F and hence passes through the 
center of F'. A similar argument shows that Z. {i = 2, 3, 4) passes 
through the center of the projectinty perspective with F on the conic 
in which R- is met by any plane containing Z^ and not tangent to R^. 

Hence all lines Z^, Z^, defined as above are contained in the 
set [Z] of all lines Z such that if -tt is any plane on Z and not tangent 
to R^, I is also on a point P defined as follows: Let be the conic in 
which TT meets R^ and F' the projectivity on ( 7 ® perspective with the 
projectivity F on R^\ then P is the center of F'. 

The set [Z] obviously contains all lines tangent to at points of the 
double lines (if existent) of F. If Z^ is any other line of [Z] let tt be a 
plane on Z^ and not tangent to R^, let be the conic in which tt meets 
R\ and let F' be the projectivity on 0^ perspective with F. By § 79 , 
Vol. I, and the definition of [Z], F^ is a product of two involutions 
having and another line, Z^, as axes. Let Z^ and \ be the polars of Z^ 
and Zj respectively. Then {Z^Z^} ■ effects the perspectivity F' on (7 
and hence effects F on By the first paragraph of the proof Z^, Z^, Z^ 
are all lines of [Z], Hence all lines of [Z] have the property enunci¬ 
ated in the theorem It remains to prove that [Z] is a linear complex. 

By definition, if tt is a plane not tangent to R‘ the lines of [Z] in 
TT form a flat pencil. If tt is tangent to P® let p be the line of P® 
on TT and g the line of the conjugate regulus on tt. In case is a 
fixed line of F, the lines Z on w are the tangents to P®, ie. the 
pencil of lines on tt and the point In case is not a fixed line 
of F, ^ is a tangent to P® which meets a fixed line of F and hence is 
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a line of [Z]. Any other line of [Z] in tt must have a polar line 
passing through the point jpq. Let T” be the projectivity on q perspec¬ 
tive with r. If r is effected by • {Z^Z then F'' is the product 
of two involutions, F and F', which are perspective with the involu¬ 
tions effected on by {Z^ZJ and {Z^ZJ respectively. Since Z, must 
pass through the point pq, the latter is a double point of I'. But 
when F" is expressed as a product of two involutions, one of these 
involutions is fully determined by one of its double points in case 
the latter is not a double point of F" (cf. § 78, VoL I). Hence the 
other double point, P, is fixed; and since Z^ must pass through it, it 
follows that all lines of [Z] on tt pass through P. Moreover, it is 
evident that if Z^ is any line (except q) on tt and P, Z^ its polar line, 
and {ZgZJ- any line reflection effecting an involution on P® which is 
perspective with 1", the projectivity F is effected by {Z^ZJ • 
Hence [Z] contains all lines on tt and P. Hence [Z] is a linear 
complex by Theorem 24, Chap. XI, VoL L 

Theorem 38. A direct projectivity T of a quadric surface vchich 
does not leave all lines of &itJier regubis invariant determines a linear 
congruence of lines having the property that if a^ is any line of the 
congruence not tangemt to ^ there exist lines a^, of the congruence 
such that 

(33) r = 

Moreovery each line having this property helongs to the congruenccy 

and so do a^, 5^, 6^. 

Proof. F effects a projectivity on each regulus of and each of 
these reguli by the last theorems determines a linear complex of hues. 
The two complexes are obviously not identical and hence have a 
linear congruence in common. Any line a^ of this congruence is either 
tangent to or such that there exist lines \ which are in both 
complexes and such that {a^a^ • effects the same projectivity 

as r on both reguli Hence {a^a^ • F. Moreover, any for 

which \ exist satisfying this condition must, by the last theorem, 
belong to both complexes and hence belong to this congruence. 

Corollary L The congruence referred to in the theorem may he 
degenerate and consist of all lines on a point of 0“ and on a plane 
tangent to 0^ at this point; or it may he parabolic and have a line 
of the quadric as directrix ; or it may he hyperbolic and have a pair 
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of polar lines as directrices; or it may he elliptic and have a pair of 
improper polar lines as directrices. 

Proof. Let C denote the congruence referred to in the theorem 
and let 11 be the polarity by which ever}' point is transformed into 
its polar plane 'with respect to This polarity transforms any line 

of C into its polar line, and the latter, by the theorem, is in (7. 
Hence 11 transforms C into itself. 

According to § 107, YoL I, any congruence is either degenerate, 
parabolic, hyperbolic, or elliptic. If degenerate, it consists of all lines 
on a point ^ or a plane p, R being on p. If IT transforms such a con¬ 
gruence into itself, it must interchange R and p, and hence R must be 
on and p tangent to ^ at R. The congruence C will be of this type 
if meets in a point of and does not meet a^. 

If C is parabolic, its one directrix must be transformed into itself 
by n, and hence must be a line of Q\ This case arises if a^, a^ 6^, 
all meet the same line of and do not meet any other line of 

If C is hyperbolic, 11 must either leave the two directrices fixed 
individually or interchange them. In the first case each directrix 
must be a line of which implies that a,, h^, h^ all meet two 
lines of and hence that all lines of one regulus are left invariant 
by r, contrary to hypothesis. Hence the second case is the only 
possible ona It occurs when a^, do not all meet any line of 
Q-, but are met by a pair of real lines. 

If C' is elliptic, it has two improper directrices * and the reasoning 
is the same as for the hyperbolic case. 

Definition. A line I is said to meet or to he met hy a pair of lines 
pq^ if and only if it meets both of them. A pair of lines Im is said to 
meet or cross a pair pq if both I and m meet pq, 

EXERCISES 

1, The lines which cross the distinct pairs of an involation on a regulus 
together with the lines tangent to the regulus at points of the double lines 
(if existent) of the involution form a nondegenerate linear complex. 

2. If two pairs of polar lines, and of a regulus meet each other, 
the involutions effected by and are harmonic (commutative) and 
their double lines form a harmonic set, 

» This may be proved as foUows: Let U, lines of C not on the same 

regulus. Any plane on meets the regulus containing Zg in a conic, and Z^ 
meets this conic in two improper points Pj, P^. The two lines of the regulus conju¬ 
gate to pa which pass through P^, P_, meet Z^, Z,, Zj, Z^ and hence meet all lines of C. 
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3. Let r be a projectivity on a regulus A Tariable plane meets R- in a 
conic C- on which there is a projectivity F perspective with F. The axes of 
the projectivities F' are lines of a linear congruence. 

4. Enumerate the types of collineations leaving invariant a quadric (1) in 
the complex space, (2) in a real space, (3) in various modular spaces. 

*108. Products of pairs of involutoric projectivities- 

Theorem 39. A direct jprojective collinmiion of a quadric surface 
is a line reflection whose axes are polar, if it interchanges two points 
of the quadric which are not joined hy a line of the quadric. 

Proof Denote the coUineation by F, the quadric by Q®, the two 
reguK on it by i? ® and Rl, and the two points which F interchanges by 
A and B. Let a and h be the lines of R^ on A and B respectively, and 
a' and V those of Rl on A andR respectively. Since F interchanges a 
and h it effects an involution on R^, and since it interchanges and 
V it effects an involution on Let I, 7n be the double lines of the 
involution on i?®, and p, q those of the involution on i?®. F is e’videntlj’’ 
the product of {Zm} by {pq} and hence is a line reflection whose axes 
are the line joining the points Ip and mq and the line joining the 
planes Ip and mq. These two hnes are polar with regard to 

Theorem 40. Two lines which are not on a quadric and do 
not meet the same line of Q® are met hy one and hut one polar pair 
of lines. 

Proof Let one of the given lines meet the quadric in A and A* 
and the other meet it in R and B\ By Theorem 35 there is a unique 
direct projective coUineation of the quadric which carries A to A\ A 
to A, and B to R'. By Theorem 39 this is a line reflection {Zm} and 
Z and m are polar with respect to Since {Zm} transforms A to A\ 
I and m both meet the hne AA\ and since {Zm} transforms R to R', Z 
and m both meet the line BB'. 

If there were another pair of polar lines V, m' meeting AA and 
BB\ {pm'} would interchange A and A and B and B'. By Theorem 3 5 
{Zm} = {ZW}. 

Corollary. Two lines which are not on a quadric and do not 
meet the same line of are met hy two and only two lines which are 
conjugate to them hath with regard to 

Proof This follows directly from the theorem, because two mutu¬ 
ally polar lines a, h meeting two lines Z and m are both conjugate to 
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I and m and, moreover, if a line a meets and is conjugate to both I 
and m its polar line also meets eind is conjugate to both I and m. 

Theorem 41. If a simple hexagon is inscribed in a quadric sur¬ 
face in such a vjay that no two' of its vertices are on a line of the 
quadriCy the three pairs of opposite edges are met each by a polar pair 
of lines, and these three polar pairs of lines are in the same linear 
congruence. 

Proof Let be the simple hexagon. By the last 

theorem the pair of opposite edges A^B^, A^B^ is met by a pair of 
lines which are polar with respect to the quadric. In like 
manner BfO^ are met by a polar pair a^, a^, and C^A^, C^A^ 
by a polar pair b^, Consider the product of line reflections, 

The line reflection {a^a^ carries B^ to carries to A^, and 

{CjCg} carries A^ to B^, Likewise {a^a^ carries B^ to C^, carries 

to A^, and carries A^ to B^. Hence T interchanges B^ and B^, 
and by Theorem 39 it is a line reflection. Denoting T by {dfl^ we have 

{CjC.} • 

By Theorem 38 the axes of the four hne reflections in this equation 
are aU lines of the same congruence. 

In view of the corollaries of Theorems 38 and 40 this theorem 
may be restated in the following forms: 

Corollary 1. If a simple hexagon is inscribed in a quadric in 
such a way that no two of its vertices are on a line of the quadric, the 
three polar pairs of lines which meet the pairs of opposite edges are 
met by a polar pair of lines {which may coincide). 

Corollary 2, If a simple hexagon is inscribed in a quadric sur¬ 
face in such a way that tw two of its vertices are on a line of the 
quadric, each pair of opposite edges is met by a unique pair of lines 
conjugate to both edges, arid the latter three pairs of liTies are met by 
a pair of lines conjugate to each of them. The Utics of the last pair 
may coincide.’'^ 

•Bulletin of the American Mathematical Society, Vol. XVI (1909), pp. 66 
and 02. A th^rem of non-Euclldean geometry from which this may he obtained 
^ ^®hi, Mathematische Annalen, Vol. xxtt 

(looo), p. 248. 
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This theorem is closely analogous to Pascars theorem on conic sections 
(Chap. V, Vol. I). In the Pascal hexagon the pairs of opposite sides deter¬ 
mine three points A, B, C which are coUinear. In the hexagon inscribed in 
a quadric they determine three pairs of lines which are in a 

linear congruence. In case the vertices of the hexagon are coplanai, the 
theorem on the quadric reduces directly to Pascal’s. 

The Pascal theorem may be proved by precisely the method used above. 
For let A^B. 2 C^A^ByCo be a hexagon inscribed in a conic and let A be the 
point B be A^C^'), and C be B^A^y Let {Aa], 

, and { Cc) be the harmonic homologies effecting the involutions having A, 
Bj C Qs centers. By construction the projectivity effected by { Cc} - {Bb] • {-4a} 
on the conic carries B^ to B^, and B^ to 5^, and hence is an involution. Denoting 
its center and axis by D and d, we have 

{Cc}-{Bb]-{Aa}=:iDd}. 

This implies [Bh] • {-4a} = {Cc} • {Dd}. 

By the theorems of Chap. YIII, Vol. I, the line AB is the axis of the projec¬ 
tivity effected by {Bi} • {4a} and must contain C and D. Hence A, By C are 
collinear. 

Pascal’s theorem is thus baaed on the proposition that the product of three 
involutions on a conic is itself an involution if and only if the centers of the 
three involutions are collinear, i.e. if and only if their axes are concurrent. 
Let us denote an involution whose double points are L and M by {LM}, as 
in Ex. 11, § 52. If the involution is represented on a conic, the double points 
are joined by the axis of the involution. The proposition above then takes 
the form: The product {L^M^} • {L^M^} • is an involution if and only 

if the lines concur. The concurrence of the three Unea 

means either that the three point pairs have a point in common or that they 
are themselves pairs of an involution. Thus the theorem on involutions may 
be stated as follows: 

Theorem 42. In any one-Aimensional form a product of three involutions 
{Zj-Ifjj}, {LjAfg} is an involution in case the pairs of points L^M^y 
XjAfj, LgATg have a point in common or are pairs of an involution; and the 
product is not an involution in any other case. 

The double points of the involutions may be either proper or improper 
(real or imaginary). In order to state the result entirely in terms of proper 
elements, the involutions may be represented on a conic and the condition 
stated in terms of the concurrence of their axes, as above; or it may be 
expressed by saying that they all belong to the same pencil of involutions, or 
by saying that they are all harmonic to the same projectivity. 

This theorem on involutions in a one-dimensionfll form is fundamental 
in the theory of those groups of jffojectivities, in a space of any number of 
dimensions, which are products of involutoric projectivities. For example. 



280 


rS^'ERSION GEOMETRY 


[Chap. VI 


it is essentially the same as Theorem 8, Chap. IV, which was fundamental in 
the theory of the parabolic metric group in the plane. Corresponding theo¬ 
rems in the Euclidean geometry of three dimensions will be found in §§ 114 
and 121, Chap- VII. The same principle appears as Theorem 27, Cor. 1, 
Chap. Ill, in connection with the equiaffine group. 

These groups are all projective and on that account related to the projec¬ 
tive group of a one-dimensional form. But the essential feature which they 
have in common is that etery transfoTmation of each group is a product of two 
involutoric transformations of the same group. On this account, even without 
their common projective basis, the geometries corresponding to these groups 
must have many features in common. In particular, whenever there is some 
class of figures such that if two of the figures are interchanged by a trans¬ 
formation, the transformation is of period two, there must exist a theorem 
analogous to Fascars theorem. As examples of this may be cited Theorem 41 
above; Ex. 6, § 80, Vol. I; Ex. 1, § 122, below; and in the list of exercises 
below. Ex. 4, referring to the group of point reflections and translations, 
Exs. 5, 6 referring to the Euclidean group in a plane. Ex. 7 referring to 
the equiaffine group. On this subject in particular and also on the general 
theory of groups generated by transformations of period two, the reader 
should consult a series of articles by H. Wiener in the Berichte der GeselL- 
schaft der Wissenschaften zu Leipzig, Yol. XLII (1890), pp. 13, 71, 246; 
VoL XLEH (1891), pp. 424, 644; and also the article by Wiener referred 
to in § 45, above. Cf. also § 80, Vol. 1. 

EXERCISES 

1. (Converse of Theorem 41.) If the three pairs of opposite edges of a 

simple hexagon are met by three pairs of lines a^a^i c^c^ in pairs of points 
which are harmonically conjugate to the pairs of vertices with which they are 
coHinear, and if the lines Cg, Sj, Jj, c^, are in the same linear congruence, 
then the vertices of the hexagon are on a quadric surface with regard to which 
QyfUt ^i& 2 » polar pairs of lines. 

2. Two pairs of Hues which are polar with regard to the same regulus 
cannot consist of lines of a common regulus. 

3. If two lines I and m are met by two pairs of lines which are polar with 
respect to a quadric, Z and m are polar. 

4. In a Euclidean plane let A, B, C be the three points of intersection of 
pairs of opposite sides of a simple hexagon. If A and B are mid-points of the 
sides containing them, and C is the mid-point of one side containing it, then 
C is also a mid'-point of the other side containing it. 

5. Let AyB^C-^AJB^C^ be a simple hexagon in a Euclidean plane. If the 
perpendicular bisector of the point pair A^B^ coincides with that of A^B^, and 
the perpendicular bisector of with that of BfJ^, and the perpendicular 
bisector of O^A^ with that of C^A^j then the three perpendicular bisectors 
meet in a point. 
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6. Let a, h, c, a\ h\ c' be six concurrent lines of a Euclidean plane. If there 
is a pair of lines bisecting each of the pairs ah' and a'h, and a pair bisecting 
W and 6^c, there is a pair bisecting ca' and c'a. 

7. If the pairs of opposite sides of a simple hexagon are parallel, the lines 
joining their mid-points are concurrent. 

109. Conjugate imaginary lines of the second kind. The theory 
of antiprojecti\ities (§ 99) and the extended theory of projectivities 
of one-dimensional forms (§106) will now enable us to complete the 
theory of conjugate imaginary elements in certain essential details 
which we were not ready to discuss in § 78. Let S' he a complex 
projective space and let S be a three-chain of S', ie. a space related 
to S' in the manner described in §§ 6 and 70, and let us use the 
definitions and notations of § 70. The simplest type of antiprojective 
coUineation of S' is given by the equations 

(34) ®0 = ^0> = K = “^8=®,- 

The frame of reference is such that the points of S have real coordi¬ 
nates. The transformation changes each point 

where the (x’s and are real, into the point 

« 8 -'^^ 8 )- 

These two points if distinct are joined by the real hne 

and are the double points of the involution determined by the 
transformation of the parameter X, 



Comparing with the definition of conjugate imaginary-points in § 78, 
it is clear that (34) is the transformation by which eveiy point of S' 
goes to its conjugate imaginary point, the points of S being regarded 
as real 

From the fact that the transformation (34) leaves no imaginary 
point invariant, it follows that it cannot leave any imaginaiy line or 
plane invariant For the real line through an imaginary point F of 
the given line or plane is left invariant by (34), and hence P would 
be left invariant by (34). On the other hand, (34) leaves eveiy real 
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dement invariant and hence leaves every elliptic involution in a real 
onedimensional form invariant. Since (34) cannot leave the double 
elements of such Ein involution invariant, it must interchange them. 
Hence (34) interchanges any dement of S' with the dement which 
is it-s conjugate imaginary according to the definition of § 78. 

The definition of § 78 defines the notion of conjugate imaginary 
elements for aR onedimensional forms of the first or second degrees, 
and the theorems of that section cover aU cases except that of a pair 
of conjugate imaginary lines which are the double lines of an elliptic 
involution in the Hues of a regulus. 

Definition. An imaginary line which is a double line of an ellip¬ 
tic involution in a flat pencil is said to be of the first Tdnd, and one 
which is a double line of an elliptic involution in a regulus is said to 
be of the second hmd. 

Theorem 43. Any imaginary line is either of the first or of the 
second hind. 

Proof. Let Z be an imaginary line. It cannot contain two real 
points, else it would be a real line (§ 70). Hence it contains one or 
no real point. In the first case let 0 be the real point on Z, F one of 
the imagina^ points on Z, and P the imaginary point conjugate to P. 
The Line PP is real, ^d hence the plane OFF is real. Hence by § 78 
the lines OF and OF are the double lines of an elliptic involution 
in the pencil of real lines on the point 0 and the plane OFF. 

Injihe second case let P, © and P be three points of Z and let P, Q 
and R their respective conjugate imaginary points. The lines FF, 
QQ, RR are real and no two of them can intersect, for if they did Z 
would be on a real plane, and we should have the case considered in 
the last paragraph. ^Hence these lines determine a regulus P® in S. 
On the^real line PP there is by § 78 an elliptic involution having 
P and P as its imaginary double points. Hence there is an elliptic 
mvolution in the regulu^P^, conjugate to P,^ having Z as one double 
Hne and a line I throughP as the other. The lines Z and Z are conjugate 
imaginary lines by definition, and satisfy the definition of imaginary 
lines of the second kind. Since (34) transforms each element into its 
conjugate element, it is dear that Z contains Q and P as weU as P. 

The system of real lines obtained by joining each point of Z to its 
conjugate imaginary point on Z is, by the reasoning above, a set of 
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Unes of the real space S, no two of which intersect. Any four of them 
determine a linear congruence (§ 107, VoL I) (7 in S and also a linear 
congruence C of S'. The congruence G has the property that each of 
it-s lines is contained in a line of C, and C e\idently is the set of all 
lines joining points of I to points of L Hence (7 is an elliptic con¬ 
gruence according to the definition of § 107, Vol. I, and consists of all 
real lines meeting I and L Hence the system of real lines joining 
points of I to their conjugate imaginary points is an elliptic congruence 
in S, or in other words: 

Theorem 44. An irnaginary line of ike second hind is a directrix 
of an elliptic congruence. 

The observation, made in the argument above, that there is one line 
of a certain elliptic congruence through each point of an imaginary 
line of the second kind, shows that an elliptic congruence may be 
taken as a real image of a complex one-dimensional form. This of 
course implies that the whole of the real inversion geometry can be 
carried over into the theorj^ of the elliptic congruence and vice versa. 
Of. the exercises below. 

The relations between the imaginary lines of the second kind and 
the regulus and elliptic congruence are fundamental in the von Staudt 
theory of imaginaries which has been referred to in § 6 . In addition 
to the references given in that place, the reader may consult the Ency- 
clopedie des Sciences Mathematiques, III 8, § 19, and III 3, §§ 14,15. 

EXERCISES 

1. An elliptic congruence in a real space has a pair of conjugate imaginary 
lines of the second kind as directrices. 

2. The correspondence by which each point of an imaginary line I corre¬ 
sponds to its conjugate imaginary point is an antiprojectivity between I and 
its conjugate imaginary line. 

3. Under the projective group of a real space any imaginary point is trans¬ 
formable into any other imaginary point, any imaginary line of the first kind 
into any imaginary line of the first kind, and any imaginary line of the second 
kind into any imaginary line of the second kind; an imaginary line of the 
first kind is not transformable into one of the second Mud. 

4. There is a one-to-one reciprocal correspondence between the points of a 
complex line and tiie lines of an eUiptdc congruence in a real space in which 
the points of a chain correspond to the lines of a regulus. By means of this 
correspondence, make a sfaidy of tiie elliptic congruence and its group. 
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5. Let be a three-dimensioiial complex space. Any five noncoplanar 
points of $3 determine a unique three-chain, which is a real S 3 . This S 3 is 
related to S 3 in the manner described in §§ 6 and 70. Through any point P 
of Sg not on S 3 , there is (§ 7S) a unique line which contains a line of Sg 
(i-e. a chain C^) as a subset. On this chain there is a unique elliptic invo¬ 
lution having P as a double point. Let P be the other double point of this 
involution. P and P are the conjugate imaginary points with regard to the 
real space S 3 , and the transformation of S^ by which each point P not on 
Sg goes to P, and each point on S 3 is left invariant, may be called a reflec¬ 
tion in the three-chain Sg. Any transformation which is a product of an odd 
number of reflections in three-chains is an antiprojective coUineation, and 
any transformation which is a product of an even number of reflections 
in three-chains is a projective coUineation. Every coUineation is expressible 
in this form- 

110. The principle of transference. We have seen how the geometry 
of the inversion group in the plane, arisiag initially as an extension 
of the Euclidean group, is equivalent to the projective geometry of 
the complex Line and also to that of a real quadric which may be 
specialized as a sphere. We have also seen the equivalence of the 
projective groups of all one-4imensional forms in any properly pro¬ 
jective space. Since the regulus is a one-dimensional form, this gave 
a hold on the group of the general quadric. The latter group in a 
complex space has been seen to be isomorphic with the complex 
inversion group and also with the fundamental group of the 
function plane. 

At each step we have helped ourselves forward by transferring 
the results of one geometry to another, combining these with easily 
obtained theorems of the second geometry, and thus extending our 
knowledge of botL This is one of the characteristic methods of 
modem geometry. It was perhaps first used with clear understanding 
by 0. Hesse * and was formulated as a definite geometrical principle 
(Uebertragungsprinzip) by F, ETein in the article referred to in § 34. 

This principle of transference or of carrying over the results of one 
geometry to another may be stated as follows: Given a set of elements 
[e] and a group G of permutations of these dements, and a set of 
theorems [T] which state relations left invariant ly G, Let {d] he 
another set of elements, and G^ a group of permutations of [e']. 
If there is a one-tthone reciprocal correspondence between [e] and [d] 


•Gesammelte Werke, p. 631. 
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in vjJhick G i^ simply isomorphic with (?', the set of theorems [T] deter¬ 
mines by a mere change of terminology a set of theorems [T'] which 
state relations among elements e' which are left invariant by G\ 

This principle becomes effective when the method by which [e] 
and G are defined is such as to make it easy to derive theorems 
which are not so easily seen for [«'] and G\ This has been abundantly 
illustrated in the present chapter, but the series of geometries equiv¬ 
alent to the projective geometry on a line could be much extended. 
Some of the possible extensions are mentioned in the exercises below. 

From the example of the conic and the quadric surface (§ 107) it 
is clear that in order to carry results over from the theory of a set 
[e] and a group 6^ to a set [a'] and a group & it is not necessary' that 
the correspondence be one-to-one. The transference of theorems is, 
however, no longer a mere translation from one language, as it were, 
to another, but involves a study of the nature of the correspondence. 

Definition. Given a set of elements [c] and a group G of permu¬ 
tations of [fi], the set of theorems [T] which state relations among 
the elements of [e] which are left invariant by G and are not left 
invariant by any group of permutations containing G is called a 
generalized geometry or a branch of mathematics.^ 

This is, of course, a generalization of the definition of a geometry 
employed in §§ 34 and 39. At the time when the role of groups in 
geometry was outlined by Klein, the only seta \e\ under consideration 
were continuous manifolds, Le. complex spaces of n dimensions or 
lod defined by one or more analytic relations among the coordinates 
of points in such spaces. The older writers restrict the term "geometry” 
by means of this restriction on the set [c]. But in view of the exist¬ 
ence of modular spaces and other sets of elements determining sets 
of theorems more nearly identical with ordinary geometry than some 
of those admitted by Klein’s original definition, it seems desirable to 
state the definition in the form adopted above. 

In case the set of theorems [T] is arranged deductively, as explained 
in the introduction to Vol. I, it becomes a mathematical science. The 
problem of the foundation of such a science is that of determining, if 
possible, a finite set of assumptions from which [T] may be deduced- 

* The generalized conception of a geometry is discussed very clearly in the article 
by G. Fano in the Encyclopadie der Math. 'Wlss. Ill AB 46. A number of special 
cases are outlined in the latter half of the article. 
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EXERCISES 


1. If a projective collineation interchanges the two reguli on a quadric, 
homologous lines of the two reguli meet in points of a plane. 

♦ 2 . LetiZ^ be a regulus, cd a plane not tangent to and 0 the pole of cd 
(£0 may conveniently be regarded as the plane at inQnity of a Euclidean space). 
A projectivity r of may be effected by a collineation F leaving all lines of 
the conjugate regulus invariant. This collineation multiplied by the harmonic 
homology {0«u} gives a collineation F' interchanging the two reguli. By Ex. 1, 
F' determines a unique plane. Let P be the point polar to F with regard 
to i?-. The correspondence thus determined between the projectivities T of 
R- and the points of space not on is one to one and reciprocal. It is such 
that projectivities which are harmonic (§ 80, Vol. I) correspond to conjugate 
points with respect to R”, and aU the involutions correspond to points of to. 

* 3. The construction of Ex. 2 sets up a correspondence between the pro¬ 
jectivities of a one-dimensional form and the points of a three-dimensional 
space which are not on a certain quadric. The same correspondence may be 
obtained by letting a projectivity 

^ _ opa; + tti 

correspond to the point (o^j, a^, Og, 03 ). The relations between the one-dimen¬ 
sional and three-dimensional projective geometries thus obtained have been 
studied by C. Stephanos, Mathematische Annalen, Vol. XXII (1883), p. 299. 

•4. Develop the theory of the twisted cubic curve in space along the fol¬ 
lowing lines: (1) Define it algebraically. (2) Give a geometric definition. 
( 3 ) Prove that Definitions (1) and ( 2 ) are equivalent. (4) Derive the further 
^eorems on the cubic as far as possible from the geometric definition. It will 
be found that the properties of this cubic can be obtained largely from those of 
conic sections and one-dimensional projectivities in view of an isomorphism of 
the groups in question. The theorems should be classified according to the 
principle laid down in § 83. 

♦5. A rational curve in a space of h dimensions is a locus given paramet¬ 


rically as follows: 


^0 “ -^0 ( 0 > ^1 ~ -^1 ( 0 » ■ * ^n—^n ( 0 * 


where (f), •••yR^Q') are rational functions of t. In case k = n and the locus 
is not contained in any space of leas than n dimensions, the curve is a normal 
curve. Develop the theories of various rational curves along the lines outlined 
in Ex. 4. For reference cf. § 23 of the encyclopedia article by Fano referred 
to above and articles by several authors in recent volumes of the American 


Journal of Mathematics. 


♦ 6 . The linear dependence of conic sections may be defined by substituting 
“point conic ” or “line conic,” as the case may be, for “circle ” in the definition 
given at the end of § 100 . ■ Develop the theory of linear families of conics of 
one, two, three, and four dimensions, using the principle of correspondence 
whenever possihle and classifying theorems according to the principle laid 
down in § 83. Cf. Encyclop 6 die des Sc. Math. Ill 18. 
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AFFINE AND EUCLIDEAN GEOMETRY OF THREE DIMENSIONS 

111. Affine geometry. Definition. Let tt* be an arbitrary but 
fixed plane of a projective space S- The set of points of S not on 
7r» is called a Euclidean space and 7r« is called the plane at infinity 
of this space. The plane tt* and the points and hnes on tt* are said 
to be ideal or at infinity \ all other points, lines, and planes of S 
are said to be ordinary. When no other indication is given, a point, 
line, or plane is understood to be ordinary. Any projective coUinea- 
tion transforming a Euclidean space into itself is said to be affine ; 
the group of all such coUineations is called the affirm group of 
three dimensions^ and the corresponding geometry the affine geometry 
of three dimensions. 

Definiti©n. Two ordinary lines which have an ideal point in 
common are said to be parallel to each other. Two ordinary planes 
which have an ideal hne in common, or an ordinary line and an 
ordinary plane which have an ideal point in common, are S£iid to be 
paralld to each other. 

In particular, a line or plane is said to be parallel to itself or to any 
plane or line which it is oil For ordinary points, lines, and planes we 
have as an obvious consequence of the assumptions and definitions of 
Chap^ I, YoL I, the following theorem: 

Theorem 1. Through a given point there is one and only om line 
parallel to a given line. Through a given point there is one and only 
om plam parallel to a given plane. If two lines, I and V, are not in 
the same plam there is om and ordy om plam through a given point 
parallel to I and V. If I and V are paralld, any plam through I is 
paralld to V. 

Another obvious though important theorem is the following: 

Theorem 2.- The transformations effected in an ordinary plane tt 
hy the affim group in space comtiivie the affim group of the Euclidean 

plam consisting of the ordinary points of jr. 

287 
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In conseq^uence of tliis theorem we have the whole affin e plane 
geometry as a part of the affine geometry of three dimensions, and we 
shall take all the definitions and theorems of Chap. Ill for granted 
without further comment. 

This discussion is valid for any space satisfying Assumptions A, E. 
The affine geometry of an ordered space (A, E, S) has already been 
considered in § 31, and certain additional theorems are given in 
Exs. 0-7 below. 

EXERCISES 

1. The lines joining the mid-points of the pairs of vertices of a tetrahedron 
meet in a point. 

2. Classify the quadric surfaces from the point of view of real affine 
geometry. Develop the theory of diEimetral lines and planes. The real projec¬ 
tive classification of the nondegenerate quadrics has been given in § 108. The 
affine classification is given in the Encyclopedic des Sc. Math. Ill 22, § 19. 

*3. Classify the linear congruences from the point of view of the real 
affine geometry. Cf. § 107, VoL I. 

•4. Classify the linear complexes from the point of view of real affine 
geometry. Cf. § 108, VoL I. 

5. With respect to the coordinate system used in § 31 the .points of the 
line joining A = (oj, Oj, Ug) and B = (5^, h. 6.) are 

( Oj + 0-2 + A&a Og + X58\ 

1 + X ' l + \ ’ 1 + X A 

B corresponding to X = oo and the point at infinily to X = — 1. The segment 
AB consists of the points for which X > 0 and its two prolongations of those 
for which X < — 1 and — 1 < X < 0 respectively. 

6. Two points D and 1/ are on the same side of the plane ABC if and 

“ S {ABCD) = S {ABCIT). 

7. Using the notation of § 101 and dealing with an ordered Euclidean 
space, {0<u} is an affine coUineation which alters sense if 0 or oi is at infinity 
and {IV} is an affine collineation which does not alter sense if I or V is at 
infinity. In an ordered projective space {IV} is, and {Ow} is not, a direct 
collineation. 

112. Vectors, eqtxivalence of point triads, etc. DEiixiTioy. An 
ekitioii having tt* as its plane of fixed pomts is called a translation. 
If Z is an ordinary line on the center of the translation, the translation 
is said to be paraUd to I, 

The properties of the group of translations follow in large part 
from the following evident theorem 



§112] 


AFFIN’E GEO:\IETRY 


289 


Theorem 3. The traTisfomiations effected in an ordinary plane tt 
"by the translations leaving tt invariant constitute the group of trans¬ 
lations of the Siididean plane composed of the ordAnary points of ir. 

As corollaries of this we have statements about translations in 
space which are verbally identical with Theorems 3-7, Chap. IIL 
Theorem 8, Chap. Ill, generalizes as follows: 

Corollary. Jf OX^ OY, and OZ are three noncoplanar lines and 
T any translatwn^ there exists a unique triad of translations T^, T^, 
parallel to OX, OY, OZ respectively and such that 

T = T T T. 

The theory of congruence under translations generalizes to space 
without change, and the contents of §§39 and 40 may be taken as 
applying to the affine geometry in three-space. In like manner the 
definition of a field of vectors and of addition of vectors is carried over 
to space if the words “ Euclidean plane ” be replaced by '' Euclidean 
space.” The theorems of § 42 then apply without change. 

We arrive at this point on the basis of Assumptions A, E, H^. 
Adding Assumption P we take over the theory of the ratio of col- 
linear vectors from §§43, 44 Some of the theorems to which it 
may be appHed without essential modifications of the methods used 
in the planar case are given in the exercises below. 

The definition of equivalence of ordered point triads in § 48 is 
such that if a plane tt be carried by an affine coHineation to a 
plane tt', any two equivalent point triads of tt are carried to two 
equivalent point triads of tt^ Moreover, the definition of measure 
of ordered point triads in § 49 is such that if two coplanar ordered 
point triads ABC, DBF are carried by an afSne coUineation to 
B^WF^ respectively, 

m {ABC) m (A^B'C') 

^ ^ m {DBF) “ rn {B^B^F ')' 

This result in view of Theorem 39, CJhap. Ill, depends on the corre¬ 
sponding theorem about the ratios of coUinear vectors. In (1) the unit 
of measure in any plane is regarded as entirely independent of the 
unit of measure in every other plane, but nevertheless the ratio of the 
measures is an invari^t of the affine group. Certain ratios of ratios 
of measures are invariants of the projective group (cf. Ex. 17 below). 
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The notion of equivalence of ordered point triads may he extended 
as follows: 

Definition’. Two ordered point triads ABC and A'B^C' are equivcu- 
lent if and only ii.ABC may be carried by a translation to an ordered 
triad A^-B"C" which is equivalent in the sense of § 48, Chap, III, 
to A'B^C\ 

The fundamental propositions with regard to equivalence, as devel¬ 
oped in § 4S, remain vahd under the extended definition. Thus if 
ABC^A^Bp^ ^ ABC^A^B^C^, 

A^B^C^^ABC, etc. 

This extension of the notion of equivalence carries with it a cor¬ 
responding restriction of the idea of measure, ie. measure is now- 
defined as in § 49, with the added proviso that the unit triad in any 
plane shall be equivalent to the unit triad in any parallel plane. 

The method by which the theory of equivalence of ordered point 
triads was developed in Chap. Ill does not generalize directly to the 
case of ordered tetrads in three-dimensional space.* We shall there¬ 
fore give an algebraic definition of the measures of an ordered set of 
four points, leaving it to the reader to develop the corresponding 
synthetic theory (cf. Ex. 13 below). 

Definition. By the measure of an ordered tetrad of points 
Ag, A^ relative to an ordered tetrad OFQR as unit is meant the 
number 

m 

where {a^y a.^y are nonhomogeneous coordinates of A^ (i = 1,2, 3,4) 
in a coordinate system in which 0, P, Q, B are (0, 0, 0), (1, 0, 0), 
(0, 1, 0), (0, 0, 1) respectively. Two ordered tetrads are said to be 
equivalent if and only if they have the same measure. In real affine 
geometry the number -}\m {A^A^A^A^)\ is called the volume of the 
tetrahedron A^A^A^A^ relative to the unit tetrahedron OFQE and is 
denoted by v (^^A^^AJ. 

The theory of the equivalence of point pairs, triads, tetrads, etc. 
is the most elementary part of vector analysis and the Grassmann 
Ausd-ehnuTigslehre. This subject in particular, and the affine geometry 

* C3f. M. Dehn, Mathematlsche Annalen, Vol. LV (1902), p. 466. 
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of three dimensions in general, is "worthT of a much more extensive 
treatment than it is receiving here. We have referred only to that 
part of the subject which is essential to the study of the Euclidean 
geometry of three dimensions. 

In the following exercises the coordinate system is understood to 
be that which is described in the definition of measure of ordered 
tetrads above. The vectors OF, OQ, OB are taken as units of measure 
for the respectively parallel systems of vectors. The ordered point 
triads OFQ, OQB, OBF are taken as units of measure for the respec¬ 
tively parallel systems of ordered point triads. 

Defdjition. By the ^projection of a set of points [X] on the rr-axis 
is meant the set of points in which this axis is met by the planes 
through the points X and parallel to the plane x=0; and the 
projection on the y- and ar-axes have analogous meanings. 

By the projection of a set of points [X] on the plane x = 0 ia 
meant the set of points in which this plane is met by the lines on 
points X and parallel to the g-axis; and the projections on the 
planes y = 0 and 2=0 have analogous meanings. 

EXERCISES 

1. The measures of ordered tetrads of points are unaltered by trans¬ 
formations 

-I- Z'ja.y + "I" ^io» 

(3) f/' = ^28“ ^ao» 

^ = h^iX + l^y + feggZ + 6go, 

subject to the condition A = 1, where 

j7>ii hyn ^13 

(4) A = I ^22 ^28 ■ 

^32 ^38 

This group is called the equlaffine group and also the special linear group. 
The group for which A^ = 1 leaves volumes invariant. 

2. Ratios of measures of ordered tetrads of points are left invariant by 
the affine group. 

3. In an ordered space two ordered sets of points A^CD and 

are in the same sense or not according as and m (A'B'C'jy') have 

the same sign or not. 

4. The product of two line reflections {It] and {mm'} (ef, § 101) is a 
translation if /' and m' are at infinity and I and m are parallel. 

5. Determine the subgroups of the group of translations in space. 
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6 . The projections of a point pair on the x-, y-, and r-axes 

reapectively have the measures 


CL = 2*2 — Jj, iS = ^2 “ 7 ” "2 “1* 

and those of the ordered point triad OP^Pn on the planes 1 = 0 , y = 0 , 2 = 0 
respectively have the measures 


X 


—'^1 ~i! 

\y^ =2i’ 


p- 



V 


Vi 


These numbers satisfy the relation 

aX + )3/i + yv = 0. 

Any two points P{Pi of the line PjPj such that Vect PjPj = Vect Pj'PJ deter¬ 
mine the same six nlunbera a, fi.y.Klhv- These numbers are proportional to 
the Plilcker coordinates (cf. § 109, Yol. I) of the line PiPo* 

7. Using the notations of Ex. 6 , X= m(OPPiPj), /i = (OQP^P,), 

v = m (OPPiP.). If a', /S', /, X', m'. v' are the numbers analogous to a, j 8 , y, 
fin V determined by an ordered pair P^P 4 , 

m (PiPjP.P*) = oX' -i /Sfi' + yv'+ Xa'+ + vy'- 


8 . The measures of the projections of an ordered point triad PjPjPg on 
the planes j: = 0 , y = 0 , £ = 0 respectively are 


Vz 


1 


Zj Zj 1 


Zi yi 1 

1 


z, Zg 1 

^*8 = 

Zg yj 1 

1 




Xt Sa 1 


The homogeneous coordinates of the plane P-^P^Pz (^o> ^ 2 ' "W^bere 


% i S' = m(0PiP,p,). 

yi =ai 


9 ^ jf pj, P^ are four noncoplanar points and Pi, PI are two 

points collinear with P^ and P 4 , then Yect (^PiP^) — Vect (P^P^ ^ oiily 

if m (PiPoPgPO = ”» 

10. If Pi, Pgi ^ 8 . -P* four noncoplanar points and the lines P 1 P 2 , -PiPa* 
P^P'a haTe a point in common and 

Vect (PiP,) = Vect (PiP^) + Yect (Pi'J^'), 
then m (PiPjP.P^) = m (PiPiPtP*') + »» (.P'{P'sP»P*')’ 

*11. Study barycentric coordinates and the barycentric calculus for three- 
dimensional space. Cf. § 51, § 27, and references to MObiua in § 49. 

*12. Study the pleasure of n-points in space, gener alizi n g the exercises 
m § 49. 

*13. Define two ordered tetrads ABCD and A'B'C'IT as equivalent pro¬ 
vided that (1) A=A', B = B', C=C', and the line BI/ is parallel to the 
plane ABC, or (2) if there are a finite number of ordered tetrads ^i, • • "i ^ 
such that ABCD is in relation (1) to in a like relation to U, ig to 
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and to A'RCiy. Develop a theory of equivalence as nearly as possible 
analogous to that of § 48. Show that two tetrads are equivalent in this sense 
if and only if they are equivalent according to the definition in the text. 

*14. An elation whose center is at infinity and whose plane of fixed points 
is ordinary is called a simjAe shear. The set of all products of simple shears is 
the equiaffine group. Develop the theoiy of the equiaffine group on this basis. 
Is it possible to generalize § 52 to space ? 

15. If a plane meets the sides A^A^ of a simple polygon 

AqA^A^ ... a., in points K A. • • •• respectively, 

AqRq AjRi 

16. If a quadric surface (§ 104, Yol. I) meets the lines A^A^ 

respectively in the pairs of points • • •» ^nG„, respectively, 

AqRq AqCq AjB"i AjGj ^ 

AjRq AjC*! A2RJ AjCj AqR^ AqC„ 

*17. Six points of a plane no three of which are collinear satisfy the 
following identiiy: 

m (123) m (456) — m (124) m (563) + m (125) m (634) — m (126) m (345) = 0. 

The ratio of any two terms in this sum is a projective invariant. These 
propositions are given by W. K. Clifford in the Proceedings of the London 
Mathematical Society, Vol. II (1866), p. 3, as the foundation of the theory of 
two-dimensional projectivities. Develop the details of the theory outlined by 
Clifford. Cf. also Mobius, Der barycentrische Calcul, § 221. 

113. The parabolic metric group. Orthogonal lines and planes. 
Definition. Let 2* be an arbitrary but fixed polar system in the 
plane at infinity tt*. This polar system shall be called the absolute 
or orthogonal jpolar system. The conic whose points lie on their polar 
liaes with respect to S* is, if existent, called the circle at infinity. 
The group of all collineations lea\dng invariant is called the 
parabolic metric group and its transformations are called similarity 
transformations. Two figures conjugate under this group are said to 
be similar. 

Deptnition. Two ordinary planes or two ordinary lines are orthog¬ 
onal or perpendicular if and only if they meet 7r« in conjugate lines 
or points of the absolute polar system 2.. An ordinary line and plane 
are orthogonal or perpendicular if and only if they meet tt* in a 
point and line which are polar with regard to 2*. A line perpendic¬ 
ular to itself, ie. a line through a point of the circle at infinity, is 
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called a minimal or isotropic line. A plane perpendicular to itself, 
i.e. a plane meeting tt* in a tangent to the circle at infinity, is called 
a minimul or isotropic plane. 

As the analogue of Theorems 2 and 3 we have 

Theorem 4. Tlie similarity transformations which leave an ordin 
nary nonminirnal plane tt invariant, effect in tt the transformations 
of a paraholic metric group in the Euclidean plane consisting of the 
ordinary points of tt. 

Generalizing Theorem 1, Chap. IV, we have 

Theorem 5. At every point 0 of a Euclidean space the correspond¬ 
ence between the lines and their perpendicidar planes is a polar system, 
the projection o/S*. All the lines through 0 perpendicmlar to a given 
line are on the plane perpendicular to the given line at 0; and all the 
planes through 0 perpendicular to a given plane are on the line through 
0 perpendicular to this plane. If existerit, the isotropic lines through a 
point 0 constitute a cone of lines, and the isotropic planes through 0 the 
cone of pla nes tangent to this cone of lines. 

CoBOLL.AJRY 1. Two perpendicular nonminirnal planes meet in a 
nonminirnal line, and two perpendicular nonminirnal Ivnes are par¬ 
allel to a nonminirnal plane. 

Corollary 2. If a plane 1 is perpendicular to a plane 2, and 2 
is parallel to a plane 3, then 1 is perpendicular to If a plane 1 is 
perpendicular to a line 2, and 2 is parallel to a line or plane 3, then 
1 is perpendicular to Z. If a line 1 is perpendicular to a plane 2, 
and 2 w parallel to a line or plane 3, then 1 is perpendicular to 3. 
If a line 1 is perpendicular to a line 2, and 2 is parallel to a line 
3, then 1 is perpendicular to 3. 

Theorem 6 . Two nonparallel lines not both parallel to the same 
minimal plane are met by one and only one line perpendicular to 
them both; this line is not minimal. 

Froof. Let and be the points in which the given lines 
meet tt*. By hypothesis E*, and the line is not tangent 
to the circle at infinity. Let C* he the pole of the line with 
respect to S*. The required common intersecting perpendicular is the 
line through meeting the two given lines; this line is obviously 
uniq[ue and not minimai 
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EXERCISE 

The planes perpendicular to the edges of a tetrahedron at the mid-points 
of the pairs of vertices meet in a point 0. The line perpendicular to any face 
of the tetrahedron at the center of the circle through the three vertices in 
this face passes through 0. 

114. Orthogonal plane reflections. Definition. A homology of 
period two whose center, P, is a point at infinity polar in the absolute 
polar system to the line at infinity of its plane of fixed points, tt, is 
called an orthogonal reflection in a plane or an orthogonal plane 
reflection or a symmetry mith respect to a plane^ and may be denoted 
{ttP}.* The plane of fixed points is called the plane of symmetry 
of any two figures which correspond in the homology. 

Since the center and the line at infinity of the plane of fixed pointe 
of an orthogonal reflection in a plane are pole and polar with respect 
to 2„, we have - 

Theorem 7. An orthogonal reflection in a plane is a transforma¬ 
tion of the parabolic metric group, 

■ By a direct generalization of Theorems 3 and 4, Chap. IV, we obtain 
the following: 

Theorem 8. (1) If tt and p are two parallel nonminimal planes, 
the product {/>P} • {^rP} is a translation parallel to any line per¬ 
pendicular to TT and p. (^) If T is a translation parallel to a won- 
minimal line I, TT any plane perpendicular to I, and p the plane 
perpendicular to I passing through the mid-point of the point pair 
in which tt and T (w) meet Z, then 

T={pii;}-{7rP}; 

and if <T is the plane perpendicular to I passing through the mid-point 
of the pair in which tt and T’"^(9r) meet Z, 

T={7rP}-.M}. 

(3) A translation parallel to a minimal line I is a product of four 
orthogonal plane reflections. 

Theorem 9. A product . A^ of orthogonal plane reflec¬ 
tions is expressible in the form . •. A[T or T'A^A^.i • ► • A(, 

where A{, M, ■ • A^ are orthogonal plane reflections whose planes of 

* In the rest of this chapter this notation will he used in the sense here defined 
and not in the more general sense of § 101. 
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fixed jpoints all contain an arbitrary jpoint 0, and T and are 
translations. In case 0 is left invariant by • • • Ap T and T' 

reduce to the identity. 

Proof. Let A? (i = 1, 2, ■ •. n) denote the orthogonal plane reflection 
whose plane of fixed poiats is the plane through 0 parallel to the 
plane of fixed points of A-. Then hj Theorem 8, A^A,- = T^, being 
a translation. Hence A. = T,-AJ and 

(5) A,4._,... A,= TXT.^.Ai ... T,Ai. 

By the generalization to space of Theorem 11, Cor. 2, Chap. Ill, if 2 
is any affine collineation and T a translation, T2 = 2T-, where T' is a 
translation- By repeated application of this proposition, (5) reduces to 

... A, = AiAi.,... AiT = ... A', 

where T and T' are translations. 

In case 0 is a fixed point for the product A^A^_i • • ■ Ap since 
it is also left invariant by each of the reflections AJ, it is left invariant 
by T and T'. Hence in this case T and T' reduce to the identity. 

Theorem: 10. If A^, A^ are three orthogonal filane reflections 
whose planes of fixsd points meet in a line I, ordinary or ideal, the 
product AgA^Aj is an orthogonal plane reflection whose plane of fixed 
points contains 1. 


Proof. One of the chief results obtained in Chap. VIII, VoL I, can 
be put in the following form: * If T^, T^, T^ are harmonic homologies 
lea\Tng a conic invariant and such that their centers are coUinear, 
TgTjTj is a harmonic homology leaving the conic invariant. For by 
Theorem 19 of that chapter, and its corollary, the product is 
expressible in the form T^T, where T is a harmonic homology whose 
center and axis are polar with respect to the conic, the axis being 


concurrent with those of T^, T^, and T^; and from TgT follows 


TbT,T,= T,T,T = 


T. 


Now lE Ag, Aj, are orthogonal plane reflections whose planes of 
fixed points meet in an ordinary line I their centers are collinear. 


Hence they effect in tt. three harmonic homologies whose centers 


are the poles of their axes with respect to the absolute polar 
system and whose centers are coUinear. Hence A^A^A^ effects a 
harmonic homology in the plane at infinity and its axis, passes 


* Cf. the fine print in § 108. 
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tkrougli the point at infinity of I, Since I and m* are both lines of 
fixed points of A^A^A^, all points of the plane tt containing I and m* 
are invariant. Hence A^A^A^ effects a homology having the pole of 
with respect to as center. Since this homology is of period 
two in TT* it must he an orthogonal plane reflection. 

In case the planes of fixed points of A^, A^, Ag are parallel we have 
by Theorem 8 (1) that A^A^ is a translation parallel to a line perpen¬ 
dicular to these planes, i.e. parallel to a nonminimal line. Hence by 
Theorem 8 (2) there exists an orthogonal plane reflection, A^, such that 

AgAi^ AgA^ 

or 

Corollaht. If and orthogonal plane reflec- 

tions, and is any ordinary nonrninirnal plane in the same pencil 
VJith and there exists a plane Xi and points L[ and such that 


Proof. By the theorem, if Xj is the point at infinity of a line per¬ 
pendicular to Xj, there exists an orthogonal plane reflection 
such that ^ 

and hence {X^XJ ' = iK^h} ‘ 


115. Displacements and symmetries. Congruence. We may now 
generalize directly from § 57, Chap. IV: 

Definition. A product of an even number of orthogonal plane 
reflections is called a displacement or rigid motion. A product of an 
odd number of orthogonal plane reflections is called a symmetry. 

Theorem: 11. The set of all displacements and symmetries is a 
self-conjugate subgroup of the parabolic metric group and contains 
the set of all displacements as a self-conjugate subgroup. 

Definition. Two figures such that one can be transformed into 
the other by a displacement are said to he congruent. Two figures 
such that one can be transformed into the other by a symmetry are 
said to be symmetric. 

Theorem 12. If a figure is congruent to a figure and F^ to 
a figure F^, then F^ is congruent to F^. If F^is symmetric with F^, and 
F^ with jPg, then F^ is congruent to F^. If F^is congruent to F^, and F^ 
symmetric with F^^ then F^ is symmetric with F^. 
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Theorem 13. Any displacement haviny an ordinary point O inva¬ 
riant IS a product of tico orthogonal plane reflections whose planes of 
fixed points contain O. 

Proof Consider a product of four orthogonal plane reflections, 
whose planes of fixed points pass through 0, 


r={>.A) • {W • {W- 

Let ? be the line of intersection of \ and m that of \ and 
and let X be a plane containing I and m, where in case Z = m, X is 
chosen so as not to be mininiaL If X is nonminimal, by the corollary 
of Theorem 10 there exist orthogonal plane reflections {/iM}, {vN^} 
such that ^ 

and {X,£J . {X,LJ = • {Xi}. 

Hence T = {w.V} • {\L} • {Xi} • {/iJlf} = {viy}. {fiM}. 


In case X is minimal* {X^Xj} transforms X to the other minimni 
plane through I (Le. the other plane containing I and a tangent to the 
circle at infinity), and {X.^,} transforms this plane back to X. In like 
manner the product {X^-L^ ■ {X^ij} leaves X invariant. Hence X is 
left invariant by F. On the other hand the line I is obviously not 
left invariant by F, and therefore F does not leave all points at infin¬ 
ity invariant Hence F leaves at most two tangents to the circle at 
infimty invariant, and thus leaves at most two miTn'mal p]anpa through 
0 invariant. let Xi he any plane of the bundle containing X^ and X 
which does not meet Xj in a line of an invariant mmimfll pinna of f! 
By the corollary of Theorem 10 there exists a plane X' and points L' 
and such that * 

and hence such that 


r= {\L,}. {x4i;}. {x4ii}. {x,i 

How let I be the line of intersection of Xj and Xj, m that of X' and X 
and X' the plane containing f and m. H X' were rninimnl it would as 
a^^ above for X, be invariant under F, whereas X' was so chosen 
that I cannot be in such a plane. Hence the argument in the pre- 
nous paragraph can be applied to the last expression obtained for F. 


that obvtondy does not arise In the real Euclidean geometiv (§ 110\ bo 
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Thus, in any case, a product of four orthogonal plane reflections 
whose planes of fixed points pass through 0 reduces to a product 
of two such reflections. By Theorem 9 any displacement leaving 0 
invariant is a product of an even number, say 2 n, of orthogonal 
reflections in planes through 0. This may be reduced to a product 
of two orthogonal reflections in planes through Ohj % — l applica¬ 
tions of the result proved above. 

CoROLLAEY. All ortliogonol plane reflection is not a displacement. 

Proof. Let 0 be a point of the plane of fixed points of an orthog¬ 
onal plane reflection A. If A were a displacement it would, by the 
theorem, be a product of two orthogonal plane reflections containing 
0 and hence could only have a single line of fixed points. 

DEFTN’iTioy. A displacement which is a product of two orthogonal 
plane reflections whose planes of fixed points have an ordinary line I 
in common is called a rotation about I, and I is called the axis of 
the rotation. If the axis is a minimal line the rotation is said to be 
isotropic or minimal. 

Theorem 14. The product of tvjo orthogonal reflections in perpen¬ 
dicular planes is a rotation of period tivo. It transforms every point 
P not on its axis to a point P' such that the axis is perpendicular to 
the line PP- at the mid-point of the pair PP, It leaves invariant 
the points of its axis and the points in which amy plane perpen¬ 
dicular to its axis meets the plane at infinity. Its axis cannot be a 
minimal line. 

Proof. Consider any plane tt perpendicular to the planes of fixed 
points of the two orthogonal plane reflections A^ and A^. By the 
first corollary of Theorem 5 the axis of A^A^ is nonminimal and 
hence tt is nonminimal In tt the transformations effected by A^ 
and A^ are orthogonal line reflections in the sense of Chap. TV, and 
their product is a point reflection (Tlieorem 5, Chap. TV) in the 
plane. From this the theorem follows in an obvious way. 

Definition. The product of two orthogonal reflections in perpen¬ 
dicular planes is called an involutoric rotation or an orthogonal line 
reflection or a half turn. If Z is its axis and V the polar with respect 
to S* of the point at infinity of I, it may be denoted by {WQ-.* 

* In the rest of this chapter tTn'« notation will be used in the sense here defined 
and not in the more gener^ sense of § 101. 
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Theorem 15. DEmixioN. The product of the orthogonal plane 
refections in three perpendicular planes is a traTisformation carrying 
each point F to a point F' such that the point 0 of intersection of the 
three planes is the mid-point of the pair FF\ A transformation of 
this sort is called a point reflection or symmetry with respect to the 
point 0 as center. It is not a displacement. The points F o/nd P' are 
said to he symmetric with respect to 0. 

Froof. In the plane at infinity the three orthogonal plane refleo- 
tions effect the three harmonic homologies whose centers and axes 
are the vertices and respectively opposite sides of a triangle. The 
product therefore leaves all points at infinity invariant. It also leaves 
0 invariant and is e^'idently of period two on the line of intersection 
of any two of the planes of fixed points of the orthogonal plane reflec¬ 
tions. Hence it is a homology of period two with 0 as center and tt* 
as plane of fixed points. It is not a displacement, sinc^ by Theorem 13 
a displacement leaving 0 invariant would have a line of fixed points 
passing through 0. 

Theorem 16. The transformations effected in a nonminimal plane 
TT hy the displacements leaving tt invariant constitute the group of 
displacements and symmetries of the parabolic metric group whose 
absolute involution is that determined by 2* on the line at infinity ofir. 

Froof Let T be any displacement leaving tt invariant, 0 an 
arbitrary point of tt, and T the translation carrjung 0 to P (0). Then 
T"^ r (0) = 0, and hence, by Theorem 13, T"^ F is a rotation. Moreover, 
T“^ r leaves tt invariant. 

It is obvious from the definition of a rotation that it can leave tt 
invariant only in case its axis is perpendicular to tt or in case it is of 
period two and its axis is a line of tt. If T"^ T falls under the first 
of these cases, it effects a rotation in tt according to the definition of 
rotation in Cliap. IV, and thus T effects a displacement in tt. If T”^ V 
falls under the second of these cases it effects, and therefore T also 
effects, a symmetry in tt according to the definition in Chap. IV. 

Corollary 1. The transformatwns effected in a nonminimal plane 
TT by the displacements and symmetries leaving tt invariant constitute 
the group of displacements and symmetries of the parabolic metric 
group whose absolute involution is that determined by 2* on the line 
at infinity of tt. 
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COROLLAHY % If 0 is an arhitrary pointy any displacement F is 
expressible in ike forms 

r = TP and r = p'r, 

where T, T' are translations and P, P' rotations leaving 0 invariant 

Proof As in the proof of the theorem above, let T be the translation 
carrying 0 to F (0). Then T“^F {0) = 0 and hence, by Theorem 13, 
T"^ F is a rotation, P. Hence F = TP, If T' is the translation carry¬ 
ing 0 to F"^(0), it foHowa in like manner that FT'(O) is a rotation 
P' and hence that F = P'T'-^ 

Corollary 3. The transformations effected on a nonminimal line 
p by the displacements leaving p invariant constitute the group com¬ 
posed of all parabolic transformations and involutions leaving the 
point at infinity of p invariant 

EXERCISES 

1. Two point pairs are congruent if they are symmetric. 

2. The set of all point reflections and tranalationB forms a group which, 
nnlilre the analogous group in the plane (§ 45), is not a subgroup of the group 
of displacements. The product of two point reflections is a translation, and 
any translation is expressible as a product of two point reflections, one of 
which is arbitrary. 

3. Study the theory of congruence in a minimal plane. 

4. A rotation leaves no point invariant which is not on its axis. It leaves 
invariant all planes perpendicular to its axis and no others unless it is of 
period two, when it is an orthogonal line reflection. 

116. Euclidean geometry of three dimensions. The last theorem 
may be regarded as the fundamental theorem of the parabolic 
metric geometry in space, for by means of it all the results of 
the two-dimensional parabolic metric geometry become immediately 
applicable. 

Suppose now that we consider a three-space satisfying Assumptions 
A, E, H, C, R (or A, E, K), Le. a real projective space. Suppose also 
that 2 ob be taken to be an elliptic polar system,* ie. the polar system 
of an imaginary ellipse (§ 79). Then in any plane the parabolic metric 
geometry reduces to the Euclidean geometry and the displacements 
which leave this plane invariant are Euclidean displacements. 

* The existence And properties of an elliptic polar system may be determined 
without recourse to imaginaries (in fact, on the basis A, E, F, S), as in § 89. 
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A set of assuHLptions for the Euclidean geometry of three dimen¬ 
sions is composed of I“XVI, given in §§ 29 and 66. We have seen in 
§ 29 that I“IX are satisfied by a Euclidean space of three dimensions. 
Assumption XI is a consequence of Theorem 12, and Assumptions X, 
XII-XVI of Theorems 11 and 16. Hence in a real threersjpacej if 
2* is an elliptic polar systein the parabolic metric geometry is the 
Euclidean geometry. 

The general remarks in § 66 are applicable to the three-dimensional 
case as well as to the two-dimmisional one. 

It wa3 stated in § 66 that the congruence assumptions are no longer strictly 
independent when a full continuily assumption is added, because by intro¬ 
ducing ideal elements and an arbitrary (as in the present chapter) a 
relation of congruence may be defined for which the statements in X-XVI 
are theorems which can easily be proved. This view is not accepted by 
certain well-known mathematicians, who hold that the arbitrariness in the 
definition of the absolute involution somehow conceals a new assumption.* 
It may, therefore, be well to restate the matter here.f 

Assumptions I-IX, XVII are categorical for the Euclidean space; i.e. 
if two seta of objects [P] and [Q] satisfy the conditions laid down for 
points in the assumptions, there is a one-to-one reciprocal correspondence 
between [P] and [Q] such that the subsets called lines of [P] correspond 
to the subsets called lines of [Q]. Thus the internal structure of a 
Euclidean space is fully determined by Assumptions I-IX, XYII. The 
group leaving invariant the relations described in these assumptions is the 
aflfine group, and all the theorems of the aflSne geometry are consequences 
of these assumptions. The latter may therefore be characterized as the 
assumptions of affine geometry. 

Among the theorems of the affine geometry is one which states that 
there is an infinity of subgroups, each one conjugate to all the rest and 
such that the set of theorems belonging to it constitutes the Euclidean 
geometry. Each of these groups is capable of being called the Euclidean 
group, and there is no theorem about one of them which is not true about 
all of them. The set of theorems stating relations invariant under any one 
of these groups is the Euclidean geometry. This set of theorems is the 
same whichever Euclidean group be selected, i.e. the Euclidean ge(meiry w a 
unique body of theorems. 

Each Euclidean group has a self-conjugate subgroup of displacements 
which defines a relation called congruence having the properties stated in* 

* Cf. the remarks on a paper by the writer in the article by Enriques, Encyclo- 
p6die des Sc. Math. Ill 1, § 12. 

t This discussion ^oold he read in connection with the remarks on foundations 
of grometry in the introduction to Vol. I and in § 13 of this volume; also in con¬ 
nection with-the remarks on the geometry corresponding to a group, §§ 34, 89,110; 
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Assumptions X-XVL Moreover, any relation which, satisfies these assump¬ 
tions is associated with a group of displacements which is self-conjugate under 
a Euclidean group. 

Thus Assumptions X-XYI characterize the relation of congruence as com¬ 
pletely as possible, i.e. any relation satisfying these assumptions must be that 
determined by one of the infinitely many groups of displacements. The set of 
theorems about congruence is unique and is the Euclidean geometry. 

The relation between the affine geometry and the Euclidean geometry is 
analogous to that between the Euclidean geometry and the geometry belong¬ 
ing to any non-self-conjugate subgroup of a Euclidean group. Consider, for 
example, the subgroup obtained by leaving a particular point 0 invariant. 
A relation which is left invariant by this group may be defined as follows: 

DEFiifiTiox. A point P is nearer than a point Q if and only if Dist (OP) 
< Dist (OQy P and Q are equally near if Dist (OP) = Dist (OQ). 

There is an element of arbitrary choice in this definition, just as there is 
in the choice of an absolute involution to define the notion of congruence. 
Moreover, the geometry of nearness is just as truly a geometry as is the 
Euclidean geometry.* It would be easy to put down, a set of assumptions 
(XVlll-JV) in terms of near regarded as an undefined relation, which would 
state the abstract properties of this relation, just as X-XVI state the abstract 
properties of congruence. 

Another non-self-conjugate subgroup of the Euclidean group which gives 
rise to an interesting geometry is the group leaving invajiant a line and a 
plane on this line. In terms of this group the notions of forward and lack- 
ward and up and down can be defined, and the geometry corresponding to this 
group is a set of propositions embodying the abstract theory of this set of 
relations. 

It is a theorem of Euclidean geometry that the Euclidean group has 
subgroups with the properties involved in these geometries, just as it is 
a theorem of affine geometry that the affine group has Euclidean subgroups 
and a theorem of projective geometry that the projective group has affine 
subgroups. 

Assumptions I-IX, XVII have a different r61e from X-XVI or XVTII-iV, 
in that they determine the set of objects (points and lines, etc.} which are 
presupposed by all the other assumptions. The choice of these assumptions 
is logically arbitrary. The choice of such sets of “assumptions ” as X-XVI 
is not arbitrary; it must correspond to a properly chosen group of permu¬ 
tations of the objects determined by I~IX, XVII. When independence proofs 
are given for Assumptions X-XVT, it is done by giving new interpretations 
to the term “congruence,” not to “point.” or “line.” 

• It is even possible to give a psychological significance to this geometry. The 
normal individual has a certain place, say home, in terms of nearness to which 
other places are thought of ; here 0 Is the c^tral point of home. In astronomy 
stars are regarded as near or the contrary, according to their distance from the 
sun; here 0 is the center of the sun^ . 
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The point of view of the writer is that if X-XVI or XYIII-A^ are to be 
regarded as independent assumptions, their independence is of a lower grade 
than that of I-IX, XVII. They constitute a definition by postulates of a 
relation (congruence or nearness) among objects (points, lines, etc.) already 
fully determined. Their significance is that they characterize that subset of 
the theorems deducible from I-IX, XVII which corresponds to any Euclidean 
group and which therefore is the Euclidean geometry. 


EXERCISES 

• 1. Develop the geometry corresponding to some non-self-conjugate sub¬ 
group of the Euclidean group. Determine a set gf mutually independent 
assumptions characterizing this geometry. 

2. The identity is the only transformation of the Euclidean group which 
leaves fixed two points ,4 and B and two rays (cf. definition in § 16) A C and 
-4D orthogonal to each other and to the line AB. 

3. If a and b are any two rays having a common origin, 0, and on different 
lines, there is a unique orthogonal line reflection and a unique orthogonal 
plane reflection transforming a into b~ 

4. If A, Bf C D are any four points no three of which are coll inear, there 
exists a unique rotation leaving the line AB invariant and transforming C 
into a point of the plane ABD on the same side of AB with D. 

5. Any transformation of the Euclidean group which leaves a line point- 
wise invariant and preserves sense is a rotation. 

6. Any transformation of the Euclidean group which leaves a line point- 
wise invariant and alters sense is an orthogonal reflection in a plane 
containing this line. 

7. There is one and only one displacement which transforms three mutually 
orthogonal rays OA, OBj OC into three mutually orthogonal rays O'A', O'B', 
<rC\ provided that S {pABC') = S[(yA'BfCr). 

*117. Genexalization to n dimensions. The discussion of the Euclid¬ 
ean and aflBne geometries in §§ 111-116 is so arranged that it will 
generalize at once to any number of dimensions. It is recommended 
to the reader to cany out this generalization in detail, at least in the 
four-dimensional case. 

The elementary theorems of alignment for four dimensions are 
given in § 12, VoL L The definition of a Euclidean four-space is 
given in § 28, VoL IL The generalization of § 111 is obvious on 
comparing these two sections. A four-dimensional translation may 
be defined as a projective coUineation leaving invariant all points of 
the three-space at infinity and also all lines through one of these 
points. The generalization of § 112 then follows at once. 
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A three-dimensional polar system may be defined as the polar 
system of a proper or improper regulus (Chap. XI, Vol. I; c£ also 
§§ 100“108j VoL II), or it may be studied ah initio by generalizing 
Chap. X, Vol. L The notion of perpendicular lines, planes, and three- 
spaces then follows at once and also the theorems generalizing those 
of § 113. An orthogonal reflection in an Sj is next defined as a projec¬ 
tive colUneation of period two, leaving invariant a point P at infinity 
and each point of a three-space whose plane at infinity is polar to P 
in the absolute polar system. All the theorems of §§ 114,115 up to 
Theorem 13 then generalize at once. Theorems 13-16 must be modi¬ 
fied, in view of the fact that there are more than one type of four¬ 
dimensional displacements leaving a point invariant. Theorem 16 
holds unchanged. 

Finally, it can be proved as in § 116 that in case of a real space 
and an elliptic polar system the parabolic metric geometry satisfies 
a set of axioms for Euclidean geometry of four dimensions. This 
set differs from the one used above, in that VIII is replaced by 

Vin'. If A, P, Cy D are four noncoplanar jpointSy there exists a 
point E not in the same Sg vAth Ay P, C, -D, and such that every point 
is in the same with Ay P, (7, P, P. 


The introduction of nonhomogeneous coordinates in a space of 
n dimensions may be made by direct generalizations of § 69, VoL L 
The formulas for the affine group, the group of translations, the 
Euclidean group, and the group of displacements are then easily seen 
to be identical with those given in the sections below, except that the 
summations from 0 or 1 to 3 must in each case be replaced by 
summations from 0 or 1 to n, 

118. Equations of the affine and Euclidean groups. With respect 
to a nonhomogeneous coordinate system in which tt* is the singular 
plane, the affine group is evidently the set of all projectivities of 
the form 

of = a^x + a^ + a^ + a^, 

( 6 ) y' = 

J=a^x + a^ + a;jt + a^ 


where 




a a a 

11 12 18 

a a a 

31 B3 23 


= 5 ^= 0 , 
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and the variables and coefficients are elements of the geometric 
number system. 

In the system of homogeneous plane coordinates in which the plane 
at infinity is represented by [1, 0, 0, 0], this group takes the form 

^^0 “ ^01^1 ^02^3 

“ ^11^1 "1” ^12^3 ^18^8^ 

h.^u.2 -f- 

K = 

In an ordered space the affine group has a subgroup consisting of 
all transformations for which A is positive. Tliis. group has been 
considered in § 31. It also has obvious subgroups consisting of all 
transformations for which = 1 and for which A = 1. 

The equations of a translation parallel to the a;-axis are evidently 
^ -h y* = y, 2 ^ = 2 , and similar expressions represent a transla¬ 
tion parallel to any other axis. Hence by the corollary of Theorem 3 
the equations of the group of tran^tions are 

scf sc "h 

(^) 7/ = y + i, 

z^=z + e. 

If the coordinates are so chosen that the planes x=0, y = 0, 
i = 0 are mutually orthogonal, the equations of the circle at infinity 
in terms of the corresponding homogeneous coordinates are 

+ 6^1+ = 0, = 0- 

These are reducible by the transformation 

(9) a:# = 5o> x^ = '/bx„ = 

to 

(10) = 0, x^ = 0. 

la the real geometiy o, 6, c are poaitive if the polar aystem ia elliptio (§ 85), 
aad the transformation (9) carries real points to real points. The formulas 
(9) are the only ones in the present section in which irrational expressions 
appear. Hence the rest of the discussion holds for any q)ace satisfying 
Assumptions A, E, P, H,. In any such space it is easily seen that (10) repre¬ 
sente a conic whose polar system may be taken as 2-, but it does not follow, 
as in the real case, that wiy imiuoper conic can be reduced to this form. 
The situation here is entirdy analogous to that obtaining in § 62. 
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In the three-dimensional homogeneous plane coordinates, tt. and 
the planes tangent to the circle at infinity (10) satisfy the equation 

( 11 ) = 0 . 

Any plane 

(12) Ug + UjO/ +uy +u^= 0 

is the transform under a coUineation of the form (6) of the plane 

(13) («„ + + a^u„ -|- a^u^) + x 

+ (®I2«1 + y + (®i8“i + ®28’*2 + ®8a“a) * = 0- 

Hence (11) is the transform of 

(14) (a = -I- a = + a® ) uf -|- (a^ai + a®)+ (a ^ q- a® -j- a®) m,® 

+ 2 a^,a^+ + 2 + a^a^+ a^aj 2i^u^ 

+ 2 + a A + Va = 0- 

In order that (11) and (14) shall represent the same locus, we must have 

(15) a® + ffij® + a®, = a® + = < + < + 

“ii«8i + “oa^as + “xs^aa = + Vaa 

= «A+“«“.a+«.a«88=0- 


These conditions are equivalent to the equation (cf. § 95, Chap. X, 
Vol. I) 

/« « „ X a,i\ /p 0 O', 


(16) 


^11 ®13 ®18 


®81 ^82 ®88- 


^la ^oa ®83 ) “ I 0 P 0 j, 

«««/ Vo 0 p, 


where p = H- ^ig. 

If the matrix —A he interpreted as the matrix of a planar 

coUineation, as in § 95, VoL I, this states that the product of the 
coUineation by the coUineation represented by the transposed matrix 
is the identity. Hence the product of the two matrices in the reverse 
order is a matrix representing the identity. This means that 


+ “A + ®ax«a2 = ®u“ia + Va, + “ai«aa 

= a^a.^+ ««%+ aaa«8a= 0. 


Since the determinants of a matrix and of its transposed matrix are 
equal, we have 


A® = p' = (a* + a® -t- a® )• = (a® - 1 - < + a®)*. 
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Defixitiox. a matrix such that its product by a given matrix A 
is the identical matrix (§ 95, Vol. I) is called the inverse of A and is 
denoted by A^\ A square matrix whose transposed matrix is equal 
to its inverse is chilled orthogonal. A linear transformation, 

(17) y' = a^x + a^ + a^, 

whose matrix is orthogonal, is said to be orthogonal. 

The results at which we have arrived may now be expressed in 
part as follows: 

Theoeem 17. The transformations of the paralolic metric group 
can be written in the form 

x' = p (a^x + + Te^, 

(18) y' = />(<i„a: + aj5y + aj,2 + A,), 

/ = p {a^x + + + \). 

where the matrix is orthogonal. 

Prom the form of these equations we obtain the following 
corollaries: 

COBOLLAET 1. Any transformation (18) of the Euclidean group is 
the product of an orthogonal transformation, a translation, and a 
homology of the form 

a/ = px, 

(19) y = />y, 

s/ = pz. 

COEOLLABY 2. A homology (19) is commutative with any collinea- 
iion leaving the origin invariant. 

Since an orthogonal matrix is any matrix satisfying (16) with 
p = 1, we have 

CoEOLLARY 3. The product of two orthogonal transformatious is 
orthogonal. The determinant of an orthogonal transformation is 
+1 or — 1. 
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In view of the formula for the inverse of a matrix (§ 95, VoL I), 
we have 

COROLLABT 4 A matrix orthogonal if and only if 

(20) = {i^ 1, 2, 3; y= 1, 2, 3) 

where A is the determinant of the matrix and the cof actor of a^. 

The matrix of an orthogonal transformation of period two is its 
own inverse and hence its own transposed. Hence 

Corollary 5. An orthogonal transformation is of period two if 
and only if a^. = 

The double points of any orthogonal transformation (17) must 
satisfy the equations 

Ki” 1) ^ + ^18^ = 

(21) a^^x + (^20 “ 1) y + ^38® = 

The determinant of the coefi&cients of these equations is 

A = ^~ (Al + ^22 + ^8j) + (®11 + “22 + ®3a) - 
But since the transformation is orthogonal, A,., = Hence the 
determinant of (21) reduces to 

A = (1 - + ''22 + «88 - !)• 

Another determinant which is of importance in the theory of 
orthogonal transformations is that of the equations 

(a^^ + l)a; + a^^ + a,gS=0, 

(22) + (^00 +1) y + = 0, 

V+ “ 33 y + K + 1 )^= 0 - 

Any point satisfying these equations is transformed into its symmet¬ 
ric point with respect to the origin. The orthogonal transformation 
therefore transforms the line joining these points into itself and 
effects an involution with the origin as center on this line. The 
determinant of the equations (22) is 

which reduces to 


^2 = (1+A) {a^^ + ^)‘ 
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Let us now consider an orthogonal transformation (1/) which we 
shall denote by 2, If A = -l for 2, 0, and hence there is at 

least one point which is carried by 2 into its symmetric point with 
respect to the origin. The plane through the origin perpendicular to 
the line joining these points is left invariant by 2. On the other 
hand, =f 0 unless 

(23) ®u+“!b+“m = ^' 

and hence 2 leaves no other point than the origin invariant unless 
(23) is satisfied. Suppose now that (23) is satisfied. A cofactor of an 
element a.^ of the main diagonal of is 

where i. By (20) this reduces to 

which vanishes. The cofactor of an element a^{i oiD^is 

+ S'l 

and by (20) this vanishes when A = —1. Thus we have that if 
A = —1 and (23) is satisfied, 2 has a plane of fixed points. Since it 
transforms one point into its symmetric point with respect to the ori¬ 
gin, it must be an orthogonal plane reflection. Thus we have proved 
Theorem 18. An orthogonal transformation for which A = — 1 
always has an invariant ;plane. It either leaves no point except the 
origin invariant or it is an orthogonal plane reflection. The latter 
case occurs if and only if a^^ + ^ 2 a + ®83 “ 

By comparison with Corollary 5 above we have 
Corollary. An orthogonal transformation for which L=^ — lis an 
orthogonal plane reflection if and only if a^ a^^, a^= a^, and a^^= a^^. 

Let us now consider an orthogonal transformation 2 for which 
A= 1. In this case I>^= 0, and hence there is always a line of fixed 
points passing through the origin. Let be an orthogonal plane 
reflection containing a line of fixed points of 2. Then 2Aj is an 
orthogonal transformation for which A = — 1 and for which there are 
other fixed points than the origin. By the last theorem, therefore, 
it is an orthogonal plane reflection A^. From 2Aj = A^ follows 
2 = i\^Aj. We therefore have 

Theorem 19. An orthogonal trarisformation for which A = 1 iia a 
rotaiion. 
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CoROLLAET 1. -472. orthogonal transformation for which A = — 1 is 
a syrtirnetry. 

Any transformation (IS) for which p = 1 is a product of an orthog¬ 
onal transformation and a translation. It is therefore either a dis¬ 
placement or a symmetry. By Theorem 16, Cor. 1, a homology (19) 
for which 1 is not a displacement or a symmetry. Hence we have 

COEOLLAEY 2. The mhgrouy of (18) for which p = l ani A=1 
is the group of displacements, 

CoHQLLARY 3. The &ubgroup of (18) for which p = l and 1 is 
the group of displacements and symmetries. 

The coordinate system which has been employed above is such 
that the planes a; = 0, y = 0 ,2 = 0 are mutually orthogonal Moreover, 
the displacement 

leaves (0, 0, 0) invariant and transforms (1, 0, 0) to (0, 1, 0) and 
(0, 1, 0) to (0, 0, 1). Hence the pairs (0, 0, 0) (1, 0, 0), (0, 0, 0) 
(0, 1, 0), and (0, 0, 0) (0, 0, 1) are congruent. Coordinates satisfying 
these conditions are said to be rectangular. 


EXERCISES 


1. The group of displacements and symmetries leayes the quadratic form 

^ 

absolutely invariant. 

2. Two point pairs (a, 6, V, d') and (x, y, 2 )(a:', y', 2 ') are congruent 

if and only if (a — oT)^ + (J — + (c — o')® = (x — viTf + (y — + (z — Tff, 

3 . Two planes + «.. + «„ = 0, 


v^x + v^y + t'gZ + Wq = 0 

are orthogonal if and only if + tijUg = 0. 


4. Three planes 


u^x + Ufoy f Ufgz + UfQ = 0, 


the coefficients being such that = 1, 


(»■ = !, 2, 3) 
0 =1,2, 3) 


are mutually perpendicular if and only if the matrix (uiiVs 2 ^aB) i^ orthogonal. 

5. The three ordered triads of numbers (oq, o.-^, Ofs), t = 1,2,3, are direction 
cosines of mutually perpendicular vectors if and only if the matrix (OxiUsaags) 
is orthogonal 

119. Distance, area, yoltune, angular measure. The definition 
(§ 67) of distance between two points extends without modification 
to the three-dimensional case. The distance between a point O 
and a plane tt is the distance between 0 and the point F in whidi 
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TT is met hj the line through 0 perpendicular to tt. The distance 
between two lines is Dist where and are the points 

in which the common intersecting perpendicular line meets Z^ and 
Z^ respectivelv. 

If the notion of equivalence of ordered point triads (§ 112) be 
extended b}' regarding two ordered triads as equivalent whenever 
they are congruent, it is obvious that any triad is equivalent to triads 
in any plane whatever and not merely, as in § 112, to triads in a 
system of parallel planes. Moreover, if ABC are noncoUinear points 
sueh that AB is congruent to AC, the ordered triad ABC is congruent 
and therefore equivalent to the ordered triad A CB. Hence 

ABC^ BCA ^ CAB^ACB^ CBA ^ BAC, 


Le. according to the extended definition, any ordered triad is equivalent 
to any permutation of itseU. 

Since m(ABC) = — 7n(ACB), the definition of measure (§ 49) can¬ 
not be extended to correspond to the new conception of equivalence. 
On the other hand, the notion of area (§ 68) of a triangle is directly 
applicable. The situation here is entirely analogous to that described 
in § 67 with regard to the measure of a vector and the distance 
between two points. The formal definition may be made as follows: 

DEFiyiTiox. Let OTQ be a triangle (called the unit triangle) which 
is such that the lines OT and OQ are orthogonal and the point pairs 
OP and OQ are congruent to the unit of distance. Then if A^B^C is 


a triangle coplanar with OPQ and congruent to ABC, the positive 
number \\m.{A'B'C')\ = a{ABC), 


where m {A'B' C) is the measure (§ 49) of the ordered triad A'B' C' rela¬ 
tive to the ordered triad OPQ, is called the area of the triangle ABC. 
The definition of the measure of an ordered tetrad and of the vol¬ 


ume of a tetrahedron may be taken from § 112, with the proviso that 
the unit tetrad OPQR is such that the lines OP, OQ, OB. are mutually 
orthogonal and the point pairs OP, OQ, OB congruent to the unit of 
distance. 


The definition of the measure of angle may be taken over literally 
from § 69. Since, however, any symmetry in a plane can be effected 
by a three-dimensional displacement, the indetermination in the meas¬ 
ure of an angle is such that any angle whose measure is /S also has 
the measure hir + ^, where 4 is a positive or negative integer. The 
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measure of an angle may therefore be subjected to the condition 
0 rs < TT or — 7r/2 < ^ ^ 7r/2. 

Definition. The angular measure of a pair of intersecting lines ah 
is the smallest value between 0 and 2 tt, inclusive^ of the measures 
of the four angles formed by a ray a^ of a and a ray of h. 

It is denoted by m(«5). If a and h do not intersect, micib) denotes 
m where a' is a line having a point in common with I and parallel 
to a. The angular measure of two planes tt, tt' is the angular measure 
of two lines Z, V perpendicular to tt and tt' respectively. 

The following statements are easily proved and will be left to the 
reader as exercises (cf. § 72): In the case where a and I do not inter¬ 
sect, the value of m {ab) is independent of the choice of a'. Although in 
Eudidean plane geometry 0 = m {db) < tt, in the three-dimensional case 

0 ^ 7/i(a6)<“- 

A 

If l^ and Z, are any two lines parallel to a and h respectively, and 

and % are the minimal lines through the intersection of \ and Z^, 
m{db) is the smaller of the two numbers 

Vs) ^.=- Vi)> 

that determination of the logarithm in each case being chosen for 
which 0 ^ < TT and 

The numbers which we have been defining in this section are some 
of the simplest absolute invariants of the group of displacements. The 
algebraic formulas for these invariants and some others are stated in 
the exercises below. In every case the radical sign indicates d, positive 
root. By the angle between two vectors OA and OB is meant the 
measure of A AOB, 

The orthogonal projection of a set of points [P] on a plane tt is the 
set of points in which the lines perpendicular to tt through the points P 
meet tt. The orthogonal projection of a set of points [P] on a line Z is 
the set of points in wMch the planes perpendicular to Z through the 
points P meet Z. 

The exerdses refer to four distinct noncoplanar points (iCj, zj), 
-?=(i=a. Vv « 2 ). Vi, *«). Vi! « 4 ). no two of which are 

coUinear with the origin. The coordinate system is rectangular, and 
0, P, 0, jK denote the points (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1) 
respectively, as in § 112. 
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EXERCISES 


1 . Dist (PiPj) = V(a;j -1,)“ + (yi - yj* + (Zj - 

2 . The cosines of the angles between a vector OP i and the x-, y-, and z-axes 
respectively are 


Vi 


+ VlZ + y a + zZ 

These are referred to as the direction cosijies of the vector OP-^- If r 
Dist (PjPg), the direction cosines of the vector P1P2 ^ 

X2 **“ 3^1 ^2 yi ^ ^ . 

-1 -1 

r r r 

3 . The equation of a plane perpendicular to the line OP j is 

+ 9iS + =1® = 

4 . The distance from the point Pj to the plane ax + fiy + ys = S is 

l<tri+fe + YZi-8| 


Va? + ^ + -f 

5 . If Qj is the orthogonal projection of Pj on the line OP y then 

VjZ + yS + sZ 

is Dist(OQj) in case Qj and Pj are on the same side of 0 , and — Dist(OQj) 
in case and P^ are nob on the same aide of 0 . 

V2 + ^1^3 + V2 — ^ PiOP 2- 

6. m(Pj^P^P^P^) = DistCP^Pj) > Dist (PjPJ • r ■ sin where r is the dis¬ 
tance between the lines P1P3 and PjP^j and ff the angle between the vectors 
PjP2 and PjP^. 

7 . If $ denotes the measure of Ji.P-fiP^y and l,Tn,n the direction cosines of 

a vector OK perpendicular to the plane OPjP^ and such that 5 (OP^P^K) 
^S(OPQfi,)y £ I 

= Diet(OPi)‘Dist((9P2)-stafl*t 


Vi -1 
Vi 2* 

*1 

^ ^3 
Vi 
^3 ^2 


= Dist(OPi) • DiBt(0P2) • sin^ • 

= Dist (OPi) - Diet (OP3) • sin ^ • n.* 


8. With respect to the coordinate system employed in § 118 , the angle 
between two lines which meet w® in (0, o^, Oj, Oj,) and (0, jSj, ^g) is 

Q i, ‘hA+‘Si3s+°.i8.+^^i+‘^i+‘».Ay-(‘hHaj+°|)W+/3| + 

2 iii^i+a2^j+a^,-V(a,^i+a5,^3+a^,)>-(a»+a|+a|)(^*+^»+^,») 

9 . If four planes a, ) 3 , y, 8 meet on a line, 

^ sin (08) Bin() 98 ) 

where (ay) denotes the angular measure of the ordered pair of planes ay. 

*Cf. Ex. 6, §112. 
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120. The sphere and other quadrics. Definition. A sphere is the 
set of all points [P] such that the point pairs OP, where O is a fixed 
point, are all congruent to a fixed point pair 01^. In case the line 01^ 
is minimal, the sphere is said to be degenerate ; otherwise it is nonde¬ 
generate, The point 0 is called the center of the sphere. 

By comparison with the definition in § 60 it is dear that any sec¬ 
tion of a nondegenerate sphere by a nonminimal plane is a circle. In 
case the circle at infinity exists, two perpendicular sections C® and 
of a sphere S by nonminimal planes constitute with the circle at 
infinity three conic sections intersecting one another in pairs of dis¬ 
tinct points. By § 105, VoL I, there is one and but one quadric surface 
containing them. A nonminimal plane tt through the center of the 
sphere meets this quadric in a conic section which contains at least 
two points of the circles and Gf and two points of the circle at 
infinity. This conic is therefore a circle containing the points of the 
sphere S which are in tt. Hence the sphere S is identical with the 
set of all ordinary points of the quadric surface containing (7®, and 
the circle at infinity. Since 0 is the center of each circle in which S 
is met by a nonminimal plane through 0, 0 is the pole of the plane 
at infinity with regard to the quadria Since a circle in a non- 
minimal plane contains the ordinary points of a nondegenerate conic, 
it follows that the quadric surface is nondegenerate, Le. is a quadric 
which contains two proper or improper regulL 

In case the circle at infinity does not exist, improper elements may 
be adjoined as explained in § 86, VoL I, so that the circle at infinity 
exists in the resulting improper space. The argument in the para¬ 
graph above thus applies to any space whatever which satisfies 
Assumptions A, E, P, H^j. Thus we have 

Theokem 20. A nondegenerate sphere consists of the ordinary points 
of a nondegenerate guadHc surface such that all pairs of points in 
the plane at infinity conjugate with regard to are conjugate with 
regard to the absolute polar system. The cent&r of the sphere is the pole 
of the plane at infinity relative to this quadric. 

Comparing the definition above with Theorem 7, Chap. IV, we have 

CoROLLABT. A degenero/te sphere with a point 0 as center consists 
of all ordinary points on the cons of minimal lines through 0, except 
0 itsdfi 
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Had a degenerate circle in the plane been defined in the same way that 
a degenerate sphere is defined above, it would have been found to consist of 
points on only one minimal line through 0, since in the plane the group of 
displacements leaves each minimal line invariant. 

The Euclidean classification of quadric surfaces may now be made 
in a manner entirely analogous to the Euclidean classification of conic 
sections in Chap. V. After completing the projective classification 
(§ 103) and the affine classification (§ 111, Ex. 2) and obtaining the 
properties of diameters and diametral planes, the principal remaining 
problem is that of determining the axes^ an sixis being defined as a 
line through the center of the quadric perpendicular to its conjugate 
planes. 

A line I and a plane tt meet the plane at infinity in a point Z* and a 
line respectively. If Z and ir are perpendicular, Z, and j?* are polar 
with respect to If Z and tt are conjugate with regard to a quadric 
^, Z* and are polar with respect to the conic (real, imaginary, or 
degenerate) in which meets 7r«. Hence the problem of finding the 
axes is reduced to that of finding the points which have the same 
polar lines with respect to two conics. This problem has been treated 
in § 101, VoL I, for the case where both conics are nondegenerate. 
In general the two conics have one and but one common self-polar 
triangle. Hence, in general, a quadric surface has three axes which are 
mutually orthogonal The determination of the other cases which may 
arise is a problem (Ex. 5, below) requiring a comparatively simple 
application of methods and theorems which we have already explained. 

The classification of point quadrics includes that of cones and 
conic sections, the properties of cones and conics in three-dimensional 
Euclidean geometry being by no means dual to each other. In con¬ 
nection with this it is of interest to prove the following theorem, which 
embodies perhaps the oldest definition of a conic. 

Theorem 21. Any Twndegemrate real conic is perspective with a 
eirde. 

Proof. Let be a given conic and a circle in a difiFerent plane 
having a common tangent and point of contact with C\ By Theorem 11, 
Chap. YIII, VoL I, and are sections of the same cone. 

CfOEOLLARY. Any cone of lines is a projection of a circle from a 
point 
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EXERCISES 

1. The equation of a sphere of center (a, ft, c) in rectangular codrdinates is 

(x - ay + (y- by + (2 - cy = fc. 

2. The set of points on the lines of intersection of homologous planes in 
the corresponding pencils, 

sTg + V—= A. (iq + ^i), 

Xq - 3:1 = X(arj - V^Txg), 

IS a sphere. 

3. A right circular cone is a projection of a circle from a point from which 
the extremities of anj diameter are projected by a pair of perpendicular lines. 
Any conic may be regarded as the plane section of a right circular cone. 

*4. Develop the theory of stereographic projection of a sphere on a plane 
(cf. § 100). 

*5. Classify the quadric surfaces from the point of view of Euclidean 
geometry. Having made the classihcation geometrically, find normal forms 
for the equations of the quadrics' of the different classes and the criteria to 
determine to which class a given quadric belongs. This is analogous to the 
work in Chap. V. 

♦6. Classify the linear complexes from the point of view of Euclidean 
geometiy. 

*7. Starting with a definition of an inversion with respect to a sphere analo¬ 
gous to that of an inversion with respect to a circle (§ 71), develop the theory 
of the inversion group of three-dimensions. This should be done both in the 
real and complex cases and the real and complex inversion spaces studied. 

121. Resolutioii of a displacement into orthogonal line reflections. 
The properties of the group of displacements are closely bound up 
with the theorem that any displacement is a product of two orthogonal 
line reflections. In proving this theorem we shall place no restriction 
on the absolute polar system 2*, except that it be nondegenerate, and 
shall base our reasoning on Assumptions A, E, only. We are 
therefore obliged to consider transformations which do not exist in 
the Euclidean geometry, namely those with minimal lines as axes. 

Deftchtion. The line at infinity polar in 2» to the center of a trans¬ 
lation is called the axis of the translation. If the axis is tangent to 
the circle at infinity, the translation is said to be isotropic or minimal. 

Theorem 22. A product of two orthogonal line reflections whose 
axes I and m are parallel is a translation whose axis is the line at 
inflnity of any plane perpendicular to the plane of I and m and par- 
alld to Z. Conversely, let T he any translation and I any nonminimal 
line meeting its axis ; then if m is the line containing the mid-points 
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of every pair of points^ L and T (Z), for which L is on I, and if V is 
the pole in 2* of the point at infinity of ly 

Proof If the axes I and ni of two orthogonal line reflections {IV} 
and {niTrV} are parallel, they meet tt, in a point -B. Each of the 
orthogonal line reflections effects in tt* a harmonic homology whose 
axis I is the polar of in 2*. Hence the product leaves aU points 
at infinity invariant In the plane of I and m the product {mV} • {IV} 
effects a planar translation parallel to any line perpendicular to 1. 
Therefore the product {mV} • {ZZ'} is a translation in space parallel 
to this lina Its axis, therefore, is the line at mfinity of any plane 
perpendicular to the plane of I and m and parallel to Z. 

The converse follows directly in the same manner as the analogous 
statement in Theorem 4, Chap. IV. 

Theorem 23. Any displacement is a product of two orthogonal 
line reflections. 

Proof. In case the displacement, which we shall denote by A, is a 
translation the theorem reduces to Theorem 22. In any other case A 
is a product of a rotation and a translation (Theorem 16, Cor. 2), i.e. 

where T is a translation which may be the identity. Thus A effects 
in the plane at infinity a product of two harmonic homologies whose 
centers and axes are ILypa, and 22*, r^ respectively, where jp* is the 
line at infinity of ir and r* that of p. 

Let g he an arbitrary ordinary point and Q'= A(e). Let Z be the 
line of intersection of the planes joining Q to and Q- to r*. These 
planes cannot be parallel, because p^ and r, do not coincide; and I 
cannot contain ^ or 22*, because P^ is not on and .B* is not on r*. 

Let 0 be an ordinary point of I such that neither of the lines OQ 
and OQ^ contains -B or 22*. (If the lines OQ and OQ^ coincide, they 
coincide with Z.) Let P be the mid-point of Oft 22 the mid-point of 
Oft, and let j?? and r be the lines PJSi and 2222* respectively. Then 
p and r are such that there exist orthogonal line reflections {ppf} 
and {rr*} such that , ., ^ 

M(ft)=ft 

to-}(^)=ft 
(ft)=ft 


Hence 
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Moreover, {ppJs * {^*} effects the inverse of the transformation 
effected in the plane at infinity by A. Hence • {rr«} • A leaves 
invariant all points at infinity as well as Q, and hence 

A=l, 

or A = {rr*} • {pp«}. 



It is now very easy to enumerate the possible types of displace¬ 
ments. A displacement A being expressed in the form {K'} • {mm'}, 
the following cases can arise: * 

L The lines Z and m intersect in an ordinary point 0. A is a rota¬ 
tion which is the product of the orthogonal reflections in the planes 
perpendicular to I and m respectively at 0, Two subcases must be 
distinguished: 

(a) The plane containing Z and m is not minimal A is a rotation 
about the common intersecting perpendicular of Z and m. 

(&) The plane containing Z and m is minimal A is an isotropic 
rotation about the line joining 0 to the point in which the plane of 

* It is to be Temembered that neither I nor m can be miniinal. 
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I and Tifh touches the circle at infinity. It evidently effects a parabolic 
transformation in the pencil of planes meeting its axis and also effects 
an elation in the fixed plane on the axis. 

IL The lines I and m are parallel. If we denote their common 
point at infinity by -E, and its polar line with respect to E* by 
Theorem 22 states that A is a translation whose axis is the line polar 
in 2* to the point in which the plane of I and rii meets The latter 
point is the center of the translation. Two cases arise: 

{a) The axis of the translation is not tangent to the circle at infinity. 

(&) The axis of the translation is tangent to the circle at infinity, 
and the translation is isotropic. 

I TT, The lines I and rti do not intersect. Again two cases arise: 

(а) The lines I and m have a common intersecting perpendicular 
line a (Theorem 6) which is not minimal Let p be the line parallel 
to M and passing through the point of intersection of I with a. Then 

A={Zf} • {pp'} • {pp'] • {mm'}. 

Thus A is the product of a rotation {ZZ'} • {pp*} about by a translation 
{pp'} • {iTiTnJ} parallel to a, 

(б) The lines Z and m have no common intersecting perpendicular. 
In this case they are (Theorem 6) both parallel to the same minimal 
plane a. Let a* be the line at infinity of a, and its point of con¬ 
tact with the circle at infinity. Then Z and m pass through points of 
distinct from each other and from A*, and V and m' pass through A*. 
Therefore A effects a transformation of Type III (§ 40, Vol. I) in the 
plane at infinity, with as its fixed point and as its fixed line. 
It also effects a parabolic transformation in the pencil of planes with a* 
as axis. Thus its only fiLxed point is its only fixed hne a*, and its 
only fixed plane tt.. 

Deftxitiox. a displacement of Type Ilia, Le. a product of a non¬ 
isotropic rotation by a translation parallel to its axis, is called a twist or 
screw motion. The axis of the rotation is called the ayAs of the twist. 

Theorem 24 A displacement which interchamges two distinct ordi¬ 
nary points is an orthogonal line rejlection. 

Proof. Denote the given points by A and B. The given displace¬ 
ment A cannot be a translation, because a translation carrying a 
point A to a point B would carry jB to a point C such that B is the 
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mid-point of the pair AC. 'Sot ean A be a twist or a transformation of 
Type Illb, because either of these types effects the same transforma¬ 
tion as a translation on a certain system of parallel planes, and hence 
no point can be transformed involutorically. And A cannot be an 
isotropic rotation, because in this case it would effect a parabolic trans¬ 
formation in the planes on its aids and an elation in the one fixed 
plane on the axis. Hence A is a nonisotropic rotation- By reference 
to § 115 it follows that A must be an orthogonal line reflection. 

Theorem 25. If A^, A^, A^ are three orthogonal line reflections 
whose axes are parallel or have a common intersecting perpendicular 
Ij the product A^A^A^ is an orthogonal line reflection whose axis is 
parallel to the other three axes in the first case and is an inter¬ 
secting perpendicular of I in the second case, 

Broof In case the three axes are parallel, by Theorem 22, A^A^ is 
a translation which is also expressible as the product of A^^ by another 
orthogonal line reflection A^, so that 

and hence A^A^iV^ = A^, 

In case the three axes have a common intersecting perpendicular Z, 
the orthogonal line reflections effect involutions on I having the point 
at infinity of Z as a common double point. Hence (§ 108, Theorem 42) 
the product A^A^A^ effects an involution on I whose double points are 
the point at infinity and an ordinary point P. Hence, by Theorem 24, 
AgAgA^ is an orthogonal line reflection A^. Since P is left invariant 
by A^, it is on the axis of A^; and this axis is perpendicular to I because 
A^ leaves I invariant. 

EXERCISE 

The product of an isotropic rotation by a translation parallel to its axis is 
an isotropic rotation about an axis in the ssune minimal plane. 

122. Rotation, translation, twist. Let us now require the absolute 
polar system to be elliptic, as in the real Euclidean geometry. In this 
case there are no minimal lines, and hence the possible types of dis¬ 
placement are reduced to la, Ha, rHa. Thus we have 

Theorem 26. In case the absolute polar system is elliptic any dis¬ 
placement is a rotation or a translation or a twist. 
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With this assumption about the absolute polar system we have 
a particularly simple method for the combination of displacements 
which depends on Theorem 25. Suppose that we wish to combine 
two displacements {IM^s ' {^/i} ^ ^ common 

intersecting perpendicular of 4 4* ® 

a common intersecting perpendicular of a and b. Then the product A 
of the two displacements satisfies the following conditions; 

• { 44 ^}' ‘ ‘ { 4 © • {kQ- 

By the theorem just proved there exist two orthogonal line reflections 
(22'} such that 

(24) {44}'{44}-w = fe'} 

and 

(25) 

Hence A = {gg'} • 

Another way of phrasing this argument is as follows: 

By (24), {44}*{44} = fe'}*{mm'}, 

and, by (25), {Z^Z'} ■ {Z^Zi} = {mm'} • (p^'}. 

Hence A= {qq^} • (mm'} • • {pp'} = • (pp'}. 

The analogy of this process with that of the composition of vectors is very 
striking. A vector is denoted by two points. A displacement is denoted by 
Aj. Aj where and Aj are the orthogonal line reflections of which it is the 
product. In order to add two vectors AB and CD we choose an arbitrary 
point O and determine points P and Q such that 

AB = PO and CD = OQ. 

Then we have AB + CD = PO + OQ = PQ. 

In the case of two displacements AjA^ and A^Ag we find an orthogonal line 
reflection A (which is not arbitrary hut is determined according to Theorem 25), 
for which there are two others, Ag and Ag, such that 

AjAj^ = AAg and A 4 Ag = Ag A 
-tlence A. 4 .^g A ^^^A-A-Ag A-g^ig. 

Similar remarks can be made with regard to any group of transformations 
which are products of pairs of involutoric tranaformatioils. See § 108 and, 
particularly, the series of articles by H. Wiener which are there referred to. 

The resolutdou of a general displacement into a product of two 
rotations of period two is a special solution of the problem to express 
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a given displacement A as a product PA where P and A are rotations, 
A being of period two. The general solution of this problem may be 
found very simply in terms of the special one as follows: 

Let P be any point of space, and let ou be any line through P 
such that ^ ^ j 

Let 'p be the line through P perpendicular to a and intersectiug 6, 
and let tt be the plane through P perpendicular to p. Then any line I 
on P and tt may be taken as the axis of A This is obvious if Z = a. 
If Z a, the product {aa'} • {ZZ'} is a rotation about p, because Z and a 
are perpendicular to ^ at P. Hence 

A • {W} = {bV} • {aa^} • {W} = P 

is a rotation about an axis through the point of intersection of h and p. 
Hence 

(26) A=PA 

where A={ZZ^}. 

Moreover, if Z be any line through P and not in tt, {aa^ • {IV} is 
a rotation about a line q perpendicular to a and Z and hence distinct 
from p. Since q is perpendicular to a and not identical with p^ it 
does not meet h. Hence the displacement 

A-{ZZ'} = {&&'}. {aa'}.{ZZ'} 

is not a rotation. Hence the pencil of lines on P and tt is the set of 
aU lines on P which are axes of the rotations A of period two such 
that A = PA where P is a rotation. 

This argument applies to any ordinary point P. There is no diffi¬ 
culty in seeing that any point at infinity is also the center of a flat 
pencil of hnea any one of which may be chosen as the axis of A in (26). 
From this it follows by Theorem 24, Chap. XI, VoL I, that the set of 
all lines which are axes of A’s satisfying (26) form a linear complex. 
The argument for the case when P is at infinity is left as an exercise for 
the-reader (Ex. 7). By another application of Theorem 24, Chap. XI, 
VoL I, it is easy to prove that the axes of the rotations P which 
satisfy (26) are the lines of another linear complex. This is also 
left as on exercise (Ex. 8). Other instances of the resolution of a 
general displacement into displacements of special types are given 
in Exs. 9-11. These ex^cisea aU connect closely with those given 
in the next section. 
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Definition. A twist T such that is a translation is called a 
half tiouL 

An orthogonal line reflection is a special case of a half twist, and 
any half twist is a product of two orthogonal line reflections whose 
axes are perpendicular. 


EXERCISES 

1. If the three common intersecting perpendiculars of the pairs of oppo¬ 
site edges of a simple hexagon are also the lines joining the mid-points 
of the pairs of vertices on opposite edges, they have a common intersecting 
perpendicular. 

2. If the product of three orthogonal line reflections is another line reflec¬ 
tion, the three axes are parallel or are all met by a common perpendicular. 

3. For any three congruent figures Fv F,. F, there exists a figure F and 
three lines h, such that 

F,^{kli}F. 

(See the note by G. Darboux on p. 351 of Lemons de Cin^matique, Paris, 1897, 
by G. Koenigs, where the theorem is credited in part to Stephanos.) 

4- The axes of two harmonic orthogonal line reflections meet and are 
perpendicular. 

5. For any pair of orthogonal line reflections there is a third which is 
harmonic to both. 

6. Under what conditions are two displacements commutative ? 

7. For any displacement A there exists a linear complex C of lines such 
that every ordinary line of C is an axis of a rotation A of period two such that 

A=PA 

where P is a rotation. Ko line not in C is an axis of such a A 

8 . If A is a displacement which is not of period two, the axes of the 
rotations P determined in Ex. 7 form a linear complex which has in 
common with C all the lines perpendicular to the axis of A. 

9. Any displacement A can be put in the form 

A = AP 

where A and P are rotations and A is of period two. The axes of the A's 
satisfying this condition constitute the ordinary lines of the complex C (Ex. 7) 
and those of the P*8 the ordinary lines of Ci(Ex. 8). 

IQ. Any displacement A can be put in the form 

(27) A = P,.P, 

where P^ and P^ are rotations or translations. If A is not a rotation or trans¬ 
lation, the axis of P^ or of Pj can be chosen arbitrarily. The axes of the P^’a 
which satisfy (27) are. carried into the axes of the corresponding P^’s by a 
correlation P. 
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11. Any displacement A can be put in the form 

(28) A = PH 

where P is a rotation or translation and H a half twist. The axis either of 
P or of H can be chosen arbitrarily. For any P and H satisfying (28) there 
exists a rotation or translation P' and a half twist such that 

A = HF and A = HT. 

12. Every symmetry is expressible as a product in either order of an 
orthogonal reflection in a plane ir and a rotation about a line Z perpendicular 
to w. 

13. The mid-points of pairs of points which correspond under a symmetry 
are the points of the plane (Ex. 12) or else coincide with the point Ztt. The 
planes perpendicular to the lines joining these pairs at their mid-points pass 
through the point Iv. 

14. Every symmetry transformation is expressible as a product in either 
order of an orthogonal plane reflection and an orthogonal line reflection. 

15. Determine the types of symmetry transformations which are distinct 
under the Euclidean group. 

123. Properties of displacements. The main properties of displace¬ 
ments which we have found may be stated as follows for the real 
Euclidean geometry; 

Any displacement A has a uniq^ue 
axis a which is a line at infinity only 
in case A is a translation. The displace¬ 
ment is a product of two orthogonal 
line reflections, Le. 

The lines and Z^ meet a in two points 

and A^ and are perpendicular to it. 

Let the measure of the angle between 
Zj and Zj he d and the distance between 
A^ and A^ be d. Then A is the result¬ 
ant of a translation T parallel to a which carries every point X 
to a point X' such that 

Dist(XZ0=2£Z, 

and a rotation P with a as axis which carries each plane tt on d to 
a plane tt' such that the angular measure of tt and tt' is 2 

Defuotion. The numbers 2 6 and 2 d respectively are called the 
angle of rotation and distance of translation respectively of A. 
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The rot-ation P such that A = TP = PT is 

where is the line through parallel to Z^. Let and be two 
points of and respectively, so chosen that the measure of 4 
is 5 (and not tt — 6)* Let one of the two sense-classes (§ 31) in the 
Euclidean space be designated as positive. 

If 0 =?£= S there are two points B^^ B^ on a such that 
Dist (A^B^) = Dist {A^B'^) = tan 

These points are on opposite sides of the plane A^B^B^ and hence 
S{A^B^B.B^) ^ S{A^B^B^B-^), Let B^ be that one of these points for 
which S{AyB^B^j) is positive. If 5= 0, let B^ = A^. It is easily seen 
that this determination of B^ is the same for any choice of B^ and B^^ 
subject to the conditions imposed above. Hence any disjplac&nient A 

for which ^ =5^ ^ determines uniquely a line a and two vectors A^A^ 

and A^B^, which are parallel to a if a is ordinary. If a is ideal, A 
is a translation and AfB^ zero. 

Conversely, an ordinary line a and two vectors parallel to a deter¬ 
mine a uniq^ue displacement A. For let A^ be any point of a, and Z^ 
any line through and perpendicular to a. Then the first vector 
determines a imique point A^ and the second a unique point B^. 
There are two lines Z^, through A^ perpendicular to a and such that 
m (Z= m (ZjZ^ = 6 where tan 9 = Dist BfB^, Let B^ be an arbitrary 
point of Zj, and B^, B^ points of Z,, Z^ respectively, such that 6 is the 
measure of 4.B^A^B^ and AB^A^B^. Then let B^ be that one of B^ 
and B^ such that S {A^B^B.^B^ is positive, and let l^ be the ILne through 
A^ parallel to A^B^, The displacement determined is 

Hence any displ(jLcern&nt A which is not a half twist determines and 
is determined hy a line a and two vectors A^A^ and Afd^. From this 
it is plain that if it be desired to specify a displacement by means of 
parameters or coordinates, it is necessary to give a set of numbers 
which will determine the line a (e.g. the Pliicker coordinates of 

* The measure of any pair of lines in three-dimensional Euclidean geometry 

satiades the condition 0 ^ ^ ^ . Cf. § 119. 

2 
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the line) and two additional numbers which will specify the vectors 
and This question is considered from various points of 

view in the following sections. 

For a treatment of the general problem of parameter representations 
of displacements and, iodeed, of the whole theory of displacements, see 
the articles by E. Study, Mathematische Annalen, YoL XXXIX (1891), 
p. 441, and Sitzungsherichte der Berliner Mathematischen Gesellschaft, 
VoL XII (1913), p. 36. The exercises in this section and the last one 
are largely drawn from the first of these articles and from the articles 
by Wiener, referred to above. 


EXERCISES 

1. Let Z be the axis of a twist, a any ray peipendicnlar to and intersecting Z, 
and b the ray into which a is displaced. Let c be the ray with origin at the 
mid-point of the segment joining the orig^ of a and b and bisecting the angle 
between the rays through this point parallel to a and h respectively. (Two rays 
are parallel if they are on parallel lines and on the same side of the line joining 
their origins.) The given twist is the product of the line reflection whose axis 
contains a by the line reflection whose axis contains c. 

2. The product of three rotations whose axes have a point in common and 
whose angles of rotation are respectively double the angles between the ordered 
pairs of planes determined by the pairs of axes in a definite order, is the identity. 

3. The rotations P and P described in Ex. 11, § 122, have the same angle 
of rotation, and the half twists H and H' described in the same exercise have the 
same distance of translation. 

4. There exists an orthogonal line reflection interchanging two congruent 

ordered pairs of points and if and only if A-^B^ is congruent to A^B^. 

5. There is a unique orthogonal line reflection carrying a given sense-class 
on a line Z to a given sense-class on a line Z'. The axes of the two orthogonal 
line reflections carrying a line Z to a line V are perpendicular to each other and 
to the common intersecting perpendicular of Z and If at the mid-point of the 
pair of points in which the latter meets Z and Z'. 

6. If an ordered triad of noncoUinear points A^Bff!^ is congruent to 
an ordered triad A^B^C^, the axis of the displacement carrying 

to Bo, Cj respectively meets orthogonally the axis of the orthogonal line 
reflection which carries A^ and Bj to two points Af^ and BJ of the line A^B^ 
such that B(4iBi') S{A^B^). 

7. If three noncoUinear points A^, A^, A^ are displaced into A^, A^ 
respectively, the axiH of the displacement is the'common intersecting per¬ 
pendicular of the line joining A^ to the mid-point of A^A^ and the line 
joining A^ to the mid-point of A^A^. 

8. Show how to construct the axis of the displacement carrying an ordered 
point triad A^B^C^ to a congruent ordered triad 
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9. If a line I be displaced to a line l\ the mid-points of pairs of congruent 
points are the points of a line I or are identical; the planes perpendicular to 
the lines joining the pairs of congruent points at their mid-points meet on a 
line Z or are parallel or coincide. Under what circumstances do the different 
cases arise? 

10. If a plane a be displaced to a plane a, the mid-points of the pairs of 
congruent points are the points of a plane a or the points of a line or coincide ; 
the planes perpendicular to the lines joining the pairs of congruent points 
at their mid-points pass through a point .1 or all meet on a line or coincide. 
Under what circumstances do the different cases arise? 

11. Let A be a displacement, P a variable point of space, P' = A (P), P the 
mid-point of the pair PP', and -jt the plane through P perpendicular to the 
line PP' it Pr^P'. Then if A is not a half twist, the transformations such 
that Tj (P) = P and T, such that (P) = P are affine collineations and 

T2Ti= A = TiTa. 

If A is not a rotation, the transformation T such that V (P) = r is a projective 
correlation such that T (tt) = P'; i.e. such that 

r2=A. 

If A is not a rotation or a half twist, the transformation N such that N (P) = v 
is a projective correlation, and in fact is the null-system of the complex C 
referred to in Ex. 7, § 122. These transformations also satisfy the equations 
Ti = Nr, T2 = rN, NA = AN. 

12. Using the notations of Ex. 11, if a is any plane, A (a) = a, and T^ (a) = a, 
then a bisects the pair of planes a and a', and Tj (5) = a'. 

13. In the correlation N the lines Z and Z defined by Ex. 9 correspond. 
The plane a and the point .4 defined in Ex. 10 also correspond in N. 

14. The linear complex C(Ex. 7, § 122) contains every line I which coin¬ 
cides with the line I determined by the same Line Z(Ex. 9). Hence it is the 
set of those lines Z"which are perpendicular to the Unes joining corresponding 

points of I and V, and it is also the set of Hnes Z which intersect the lines join¬ 
ing corresponding points of Z and V. 

15. The affine collineation T^ (Ex. 11) carries the axis of P (Ex. 11 § 1^2) 
to that of H'. 

16. The correlation T (Ex. 11) carries the axis of (Ex. 10, § 122) to that 
of Po. 

17. The transformations T-i, To, P, aU carry C (Ex. 7, § 1221 into C 

(Ex. S, § 122). ‘ ^ ' 


124. Correspondence between the rotations and the points of space. 

If we confine attention to the rotations leaving a point 0 invariant,* 


of 


reasoning in § 90 it is clear that this amounts to considering the effect 
all displacements on the field of vectors. 
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the considerations of the last section simplify considerably. The 
points and A^ may be taken as coincident with 0, and the point 
Rg shall be denoted by i?. Then every noninvolutoric rotation P 
corresponds to a definite point Jv on its axis. An involutoric rotation 
(orthogonal line, reflection) may be taken to correspond to the point 
at infimty of its axis. Hence the rotations leaving 0 invariant cor¬ 
respond in a one-toHDne and reciprocal way to the points of the real 
projective space consisting of the given Euclidean space and its 
points at infinity. 

Let 0-Z] 0 Yj OZ be axes of a rectangular coordinate system with 0 
as center such that 8{0XYZ) is the positive sense-class. Whenever 
R is distinct from the origin, denote the measures of AROXy A ROY, 
AROZ by or, y respectively. Then the coordinates of R are 

X = tan 0 cos a, 
y = tan 6 cos yS, 
z = tan 6 cos 7 . 

Let {a^y a^y a^) be the homogeneous coordinates of R, so chosen 

that if is ordinary, a a cc 

X=-^> Y=-^7 Z=-^; 

^0 ^0 

and if is at infinity, 0, In either case we may take 

cos 0y sin ^ cos a, sin 6 cosy 8 , = sin^ cos 7 . 


According to Theorem 23 any rotation a^y a^) is expressible 

as a product of two involutoric rotations ( 0 , \y \y \) and ( 0 , /x^, 
According to the convention just introduced, the X’s and fJLS may 
be regarded as direction cosinea Hence, by Exs. 0 and 7, § 119, 



J ^0= 

II 

W 

A*.! 

' s 




Two fundamental problems now arise: (1) to express the coordi¬ 
nates of the point representing the resultant of two rotations in 
terms of the coordinates of the points representing the rotations, and 
( 2 ) to write the equations of a rotation in terms of the parameters 

(« 0 » ».)• 

The formulas (29) are a special case of the formulas which furnish 
the solution of the first of these problems. The formulas for the 
general case may be found by an application of the method for 
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compounding rotations described in § 122. Let the two rotations 

correspond to A=(a^, ff.. a., a,) and )3j, 

Let be direction cosines of a Une perpendicular to OA and 

0£ t£; to »>Ulioa K, ».) « «*?»>«>!' by toto of 
the formulas (29) and ^ 3 ) ^7 follomng. 

(30) 


1^3 
I'. I', 


i 8 .= 


/*! 


According to the principle explained in § 122, the pomt ( 7 , 7 ^. 7 ^ Tj) 
which represents the product of {a^ a ^,«*) followed by {p„, Pj, Pjj P*) is 


(31) 7,=Xji/j+X.i/,+X,i»,. 7i=l y* » 


% 


= l^« . 7.= 


I*-. M 


"i "2 


The result of eliminating the Vs, /t’s, and r’s from these equations is 
7o= ®A~ * 2 ^ 2 " ® 3 ^ 8 * 

7^=a/„+a.^,+ffA-®2^.> 

7, = '^2^0 “ “s^l + ®0^8 ■*■ 

7,== ®,/®o+ "' 2 '®!“ 

This is most easily verified by substituting (29), (30), and (31) in (32). 
The rotation ( 7 „, 7i, %> 7.) is tiie product of (a,, a^, a,, a,) and 

(jS , j9j, j8,, jff,) must be that given by (32); for if not, there would 
be* some *^ge in which (32) would not be satisfied by the values of 

«o» ^o> To» given by (29), (30), and (31). 

The formulas (32), which are due to 0. Eodrigues, Journal de 
MatMinatiques, VoL V (1840), p. 380, are the same as those for 
the multiplication of quatemiona CL § 127. 

The problem (2) of expressing the coefficients of the equations (17) 
of a rotation in terms of the coordinates of the corresponding point 
(a , a, or,,«,) may be solved very easily by the formulas and theorems 
of* § 118, in the case of rotations of period two. The involutoric 
rotation corresponding to (0, X^, X^, X,) is, in. fact, 
a/= (2 X? -1) 0 ! + 2 Wy + 2-\\z, 

(33) y = 2 XjX,® 4" (2 X| — I)y4-2>,X,», 

a* = 2 X^X,* + 2 X,\y + (2 >,* - l)a 


This is easily verified, because (1) the matrix is orthogonal and its 
4ofi»TTtimn.nt is +1, (2) the tiansformation leaves the point (X^, X,, X,) 
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invariant, (3) the matrix is symmetric and hence corresponds to a 
transformation of period two. 

To obtain the equations of the transformation corresponding to 
it would be sufficient to take the product of (33) and 
the corresponding transformation in terms of and compare 

with equations (29). The algebraic computations involved would, 
however, be more complicated than in the following method, which 
is based on a simple observation with regard to coUineations whose 
equations are of the form 

(34) = + 

If P= (5, y, i) and P= (x, y, z), then the vector OP is perpendicular 
to the vector PP, because 

(35) x{x-x) + y{y - y) + z{z-z)= 0. 

The transformation (34) also has the obvious property of leaving 
invariant all points on the line joining the origin to (a^, 
Conversely, if a coUineation 

px^cu^^aj + aj, 

(3 6) py = a^x + aj + aj, 

P!i = aj + aj + a^, 

has the property that whenever P = (x, y, z) is distinct from P= (x, y, z), 
OF is perpendicular to PP, the relation (35) requires that 
whenever i=^j and that /)= If, moreover, (36) leaves 

all points of the line joining the origin to (a^, a:^, a^) invariant, it must 
be either of the form (34) or of the form 

a^x = a^x-a^y^a^, 

(34') = a,® + a^- a^, 

= -a^ + + a^. 

It is also to be observed that the determinant of Transformations 
(34) and (34') is a^A, where 

(37) A^al + al-\-(Ll + al. 

This determinant can vanish for real a*s only if 0. 
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Now consider an orthogonal transformation (17) representing a 
rotation P which is not of period two. Let F be an arbitrary point, 
P' = P(P), and P the mid-point of P and F\ The relation between P 
and P is given by the equations* 

2x = {a^^+\)x+a^y + a^, 

(38) 2y= + (a^+1) y + 

22=tt„a: + a3,y + (a„+l)a 

The line PP is perpendicular to OP and (38) must have the same 
invariant pointe as P, Hence if P is the rotation corresponding to 
(®o» ®i> ®*> ®s)» equations of the transformation from P to P must 
be of the form (34) or (34'). 

Forc^g the determinants analogous to (19) in § 31, we see t.lmf. 
S{OPPK), where P = (a^, a^, a^, a^, is positive it P is given by (34) 
and negative if P is given by (34'). Hence (38) must be the inverse 
of (34). Solving the equations (34) we have 


J. ^ A 1 

(39) y = + 

A A A * 


i = a, + 2. 

-4 A A 

Since (38) and (39) must be the same transformation, we have 



^ ~ A 

A 

(40) 


„ _o“2®8-aoai 

“ A 

^ A 

“ “ 4 * 


a _s!®3“.+«oai 

/T _ O ^0* + ^8 1 

” ~ A 

“ " A 

“m2 ^ '-1. 


These axe the formulas, due to Euler, for expressing the coefficients of 
an orthogonal transformation in terms of the homogeneous parameters 

• The transformaaon from P to P is that denoted by Tj in Ex. 11, $ 123. 
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The formulas for the a’s in terms of the a^s may be obtained by 
taking linear combinations of Equations (40): 


4 a 




A 


A 


4go«i, 

A 


ia-Oi 


From this it follows that 


A 


(41) a^:a^:a^:a= 1 + a„+ a^+ a,,: a„- a^. 


125. Algebra of matrices. The algebra of the last section may 
be put in a most compact form by means of matrix notation. This 
requires one or two new definitions. The sum of two matrices is 
defined by means of tbe following equation: 


(42) 


'a Ob Ob ^ 

11 13 18 


/^ii ^13 ^ia\ /^II Jii ^13 ^12 ^18 ^laN 

1 + ^21 ^32 ^ 38 ) = P21 + Jai ^ 23+^22 ^28 + ^38 

\^81 ^82 W \^81 + ^81 ^83 + ^83 ®«8 + W 


This operation obviously satisfies the associative and commutative 
laws, namely A^'{B+C)^{A+B) + C, 

A + B^B + A, 


where A, B, C stand for matrices. 

Multiplication of matrices has been defined in § 95, VoL I, Le. 
(43) ^ (%) • (5y) = (Cy), 

where Cy = ^ Under this definition it is clear that 
A{B+q = AB-\-AC 
and (B-\-C)A = BA~\-CA 


Also it has already been proved that 

(AB)C=A(BC). 

It is now easy to see that, under these definitions, matrices have 
most of the properties of a noncommutative number system in the 
sense of Chap. VI, VoL I, the matrices 

/O 0 0\ /I 0 0\ 

0 0 0 and 0 1 0 1 

\0 0 0 / \0 0 1 / 

taking the roles of 0 and 1 respectively. The matrices of the form 

/x 0 0\ 
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form by themselves a number system which is isomorphic with the 
number system of the geometry. Such a matrix may be called a 
scalar and be denoted by x. 

Xow let us denote the orthogonal matrix of the equations of a 
rotation (17) by i?, and let the skew sjTnmetric matrix 

/ 0 

«c 

Ilfs 0 ^3 

«o 

^ 11?1 0 

\ / 

be denoted by S. Then the matriz of the transformation (34) is 1 + <5 
and the matrix of the transformation (38) is J (1 + B). The comparing 
of coefficients of (38) and of (39) amounts to 'vmting 

H-i2 = 2(l + ^)-'. 

This equation may be transformed as follows: 
i2=2(l + 5)-‘-l. 

= 2 (1 + 5 )-‘- (1 + ^ ( 1 +> S )-*, 

ie = (l-5r)(l + ^)-i. 


The last equation, however, states a relation which is obvious 
from the point of view of matrices. For if <9 be any skew symmetric 
matrix, the transposed oi S is — S. Since the product of the trans¬ 
posed matrices of the two given matrices is the transposed of the 
product, the transposed of 

(i-^)(l + -5r)-^ 
is (l-|--S)(l-fi)-S 

which is also its inverse. Hence, whenever 


. ■ ii:=(i-^)(i-H-S)-\ 

R m orthogonaL 

This equation may be solved as follows: 


H-J? - (1-I-5) (l-t-(1 - 5) (1-h 5)-‘ 
= 2(l-l-<9)-S 
(l-l-iE)-‘ = J(l+,S), 

2 (H-J?)-i-l=i', 

2 (H-i2)-"- (H-J2)(l-(. JJ)-»=5, 
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which gives the formula for a skew symmetric matrix in terms of 
an orthogonal matrix, 

The operation of taking the inverse of a matrix is defined (cf. § 95^ 
Vol. I) in case the determinant of the matrix is distinct from zero. 
In the operations above, this is a restriction on the matrix l-\-B and, 
by comparison ^th Equations (22), is seen to mean that no point 
must be transformed by the rotation corresponding to B into its 
symmetric point with respect to the origin. 

The generalization from three-rowed to 7i-rowed matrices is obvious, 
and we thus have the skew symmetric and orthogonal matrices of 
n rows connected by the relations 

(44) Ji;==(l-.S)(l-h^)-‘, 

(45) S=^{l-B)(l + B)-\ 

The equations between the corresponding elements in the matrices 
which enter in the first of these two matrix equations are the formu¬ 
las given by Cayley (Collected Works, Cambridge, 1889, VoL I, p. 332), 
expressing the coefficients of an orthogonal transformation as 

rational functions of ^ parameters. 

126. Rotations of an imaginary sphere. The group of rotations 
leaving a point invariant may be regarded as a subgroup of the 
coUineations of a sphere having this point as center. Let us consider 
the imaginary sphere 

(46) 4- + x^ -\-x^ = 0 

and apply some of the results obtained in § 102. If a coUineation 
X^ = ^00^0 "b ^01^1 ”b "b ^oa^a* 

( 47 ) ^ + Cl,®,, 

= ^20*0 + Cji®! + Va + 

carries each line of one regulus on the sphere into itself, any point 
(Xq, rCj, ajjj, Xg) satisfying the condition (46) must be carried into a 
point (x', x[, x^, x^) satisfying the condition 

(48) + = 

which states that it is on the sphere, and the condition 

(49) ^0^0 "b XiX[ -t- X^2 “b = 0, 
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which states that it is on the plane tangent at {x^y x^, ajg, x^). Substi¬ 
tuting (47) in (48) we have, as in § 118, 

1=0 i =0 1=0 i =0 

Co(Cw + Cii':u + %Cy + C3,.c,^ = 0 if 

Substituting (47) in (49) we have 

c^j = — Cj- if i y, 

^00 “ ^11 “ ^22 ” ^ 88 * 

The matrix of the equations (47) must therefore be of the form 


(50) 

(51) 



On multiplying together two matrices of one of these forms, the 
product is seen to be of the same form; whereas if two matrices of 
different forms are multiplied together, the product does not satisfy 
the condition = — Cj., i ^j. Hence the matrices of the form (50) 
must represent the projective coUineations leaving aH lines of one 
r^ulus on (46) invariant, and those of the form (51) must represent 
the projective collineations leaving aU lines of the other regulus 
invariant. Hence, by § 102, any direct projective coUineation leaving 
the sphere invariant is represented by a product of a matrix of type 
(50) by one of type (51). 

A rotation is a direct coUineation leaving invariant both the sphere 
and the plane at infinity = 0. A coUineation (47) leaves = 0 
invariant if and only if =c^ = c^=0. But on multiplying (50) 
and (51) it is clear that this can happen only if = — p/3^, 

= —P being any number except zero. Hence the 
matrix representing a rotation is AA, where 
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The matrix of the product AJ. is 

“o+“i+® 2 +«a 0 0 0 ' 

0 aj-+a:=-a^-< 2 (a,a,- a.a,) 2 (a,a, + a^a^) 

0 2(a;^a^+a^a:,) a^+a^-a^-a^ 2 (a^a,-a^a^) 

0 2(aia,—ffoO^a) ‘2 (a^a^+a^a^) a;+af-a^-al 


■which agrees -vrith (40) of § 124. 

Hence the parameters (a^, a^, a,) in the Euler formulas may be 

regarded as the elements of a matrix of the form (50) which represents 
the projectivity effected on one of the reguli of (46) by the rotation. 

If two rotations effect projectivities A and B respectively on a 
regulus, the product of the rotations effects the projeetivity BA on 
the regulus (§ 102). Hence the product of two rotations whose 
parameters are (o^, a^, a^, and (j 8 „, /Sj, y9,) respectively has the 
parameters ( 7 „, 7 ^, 7 ,, 7 ,'), where 



'/i Va 7,\ 

7o 7,-7aU 
-7e 7o 7^ 

73 -7i 7o/ 


^0 

/So 

-^2 ^0 -i®i 

—fis —A A ^0 



This yields the same formulas as (32) in § 124. 


EXERCISE 

A parameter representation for the sphere (46) is 
^0 = * C^i/h + 

^3 = \)/^> 

^3 “ * (^iMo “ 

where i® = — L The two reguli on the sphere are the sets of lines for which 
Xj/Xq and respectively are constant. The transformation whose matrix 
is (50) is given by the projeetivity 

= (a„ + joj) Ao + (a, - w,) Ai, 

A{ = - (a, + ii,) Ao + (oo - Wi) Aj. 

127. Quaternions. The definitions of sum and product of matrices 
in § 125 for three-rowed matrices clearly apply to matrices of any 
number of rows. 'With this understanding the sum of two matrices 
of the form (50) is obviously a matrix of the same form. The same 
has been seen in the lost section to be true of the products of two 
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such matrices, Henc^ the set of all such matrices is carried into 
itself by the operations of addition and multiplication of matrices 
defined in § 12o. 

Let U3 introduce the notation 


/I 

0 

0 

®\ 

1 ° 

1 

0 


0 

1 

0 

0 

/-I 

0 

0 

0 

0 

0 

1 

oh 

0 

0 

0 

-1 

'•0 

0 

0 

i! 

\ 0 

0 

1 

0/ 


/ 0 

0 

1 

0 . 

/ 0 

0 

0 

1 \ 

• / 0 

0 

0 

1 

2 / 0 

0 

-1 

oi 

-1 

0 

0 

o )’ 

0 

1 

0 

0 

\ 0 

-1 

0 

o ' 

'.-1 

0 

0 

0 / 


Then any matrix of the sort we are considering is expressible in 
the form 

The matrices i, j, k satisfy the following multiplication table: 


(52) 


I * y ^ 

t — 1 k —y 
j -k-l i 
k y — i — 1 


It has been seen in § 125 that matrices satisfy the associative and 
commutative la\v's of addition, the associative laws of multiplication, 
and the distributive laws. They obviously do not, in the present case, 
satisfy the commutative law of multiplication. Addition is performed 
by the rule 


(53) (q:„1 + a^i + aj + a^) + (^^1 + 

= K + ^o) 1 + K + ^i) * + K + ^i,)y + K + /9,) 

and multiplication by the rule 

(54) (a, l+a^i + aJ -|- afi ). (/3^1 + 

= 7ol + 7y + 7.y+y,*, 

where 

7o = <^A - 

7x=+ <^A+•^A - 
7* = 

7, = ^A + 


(55) 
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From (53) it is clear that the operation of subtraction can be per¬ 
formed on any two matrices of this form. From (55) it is clear 
that (/9jl -h -t- /9„y exists whenever the determinant 


'A-A-A-A 
A A A-A 
A-A A A 
A A -A A 


(A+A + A+Ay 


is different from zero. This condition is satisfied whenever j3^, /3^, 
/Sg are real 

Hence when a^, are real, the matrices of the form (50) 

constitute a noncommutative number system in the sense of Chap. VI, 
VoL 1. This number system is, in fact, the Hamiltonian system of 
quaternions. Compare the references at the end of the next section, 
particularly p. 178 of the article in the Encydopadie and the article 
by Dickson in the Bulletin of the American Mathematical Society. 


EXERCISE 


A aysrtem of qaatemions may be defined as a set of objects [j] such that 
(1) for every ordered pair of vectors a, h there is a which we shall denote 
by j; (2) for every q there is at least one pair of vectors; {3) two pairs of 

vectors OA, OB and OA', OB' correspond to the same q if and only if the 
ordered triads OAB and OA'B' are coplanar and directly similar in their 
common plane; (4) the q*s are subject to operations of addition and multi¬ 
plication defined by the equations 



(ft 9^ 0 C) 


Prove that a system of fs satisfies the fundamental theorems of a number 
system with the exception of the commutative law of multiplication. See 
G. Koenigs, Legons de Cin4matique (Paris, 1897), p. 464. 


128. Quaternions and the one-dimensional projective group. On 
comparing (32) and (55) it is dear that there is a correspondence 
between quaternions, taken homogeneously, and the rotations leaving 
a point invariant in which if two quatemiona q^ correspond to the 
rotations P^, respectively, the product qj[^ corresponds to P^P^. The 
group of potations is isomorphic with the group of projective trans¬ 
formations of the cirde at infinity and hence with the projective group 
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of any complex one-dimensional form. There must, therefore, be a 
relation between quaternions and the one-dimensional projectivities, 


X = 


ryaj-f- S 


The simplest way to obtain a number system corresponding to 
these transformations is to apply the operations of addition and 
multiplication as defined above to two-rowed matrices, Le. 

Ui sj V7 i + 73 


If we write 
e. 


\y, V U V + yA + ¥J 


we have = ae^ -f- -f- 

The units satisfy the multiplication table 



«1 


«» 





0 

0 


0 

0 




«. 


0 

0 

«4 

0 

0 


«4 


Although these matrices satisfy the associative and distributive 
laws of addition and multiplication and the commutative law of 
addition, it is clear that they do not constitute a number system, 
because it is possible to have aj = 0 when a ijt 0 and 6 0. Never¬ 

theless, if we write 

1 i=V^(e,-e,), /=e,-e., + 

any matrix is expressible linearly in 1, i, j, le-, and 

^ — —ji jlc — ^]cj=i, hi = — ih —j. 

Hence the system of two-rowed matrices 


(“?)• 


whefe a, /S, 7 , S are complex numbers, is equivalent to the set of 
elements 
( 56 ) 


al li -|- cj 4 - dkj 
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where i, j, h satisfy the multiplication table (52) of quaternions. 
The elements (56) are quaternions, properly so called, only when 
a, &, c, d are real When a, 5, c, d are ordinary complex numbers, the 
elements (56) do not form a number system in the sense of Chap. VI, 
VoL I, because there can be elements x, y both different from 0 such 
that xy = 0 . 

It is interesting to note that 1 , i, /, h are the matrices 




which represent the identity, and three mutually harmonic involutions 

— ar' = —0/ = -. 

X X 

If the projecti\dties are represented on a conic, these three involutions 
have the vertices of a self-polar triangle os centers. 

The matrix represented by 

a^l + a^i^aj+ajc 

is / 

\- + V-1 a, ccj 

and its determinant is 

< + - 


The geometric significance of this remark is obvious on comparison 
with the exercise in § 126. 

The relation between quaternions and the one-dimensional projec¬ 
tive group was discovered by B. Peirce (cf. Chap. VI by A. Cayley in 
Tait’s Quaternions, 3d edition, Cambridge, 1890). It is an instance of a 
general relation, noted by H. Poincar4, between any linear associative 
algebra and a con'espondiog linear group. On this subject see E. Study, 
Mathematical Papers from the Chicago Congress (New York, 1896), 
p. 376, and Encydopadie der Math. Wise., IA 4, § 12; lie-Sheffers, 
Kontinuierliche Gruppen {Leipzig, 1893), Chap. XXI; and L. E. Dick¬ 
son, Bulletin of the American Mathematical Society, VoL XXII 
(1915), p. 53. On the general subject of linear associative algebra see 
L. E. Dickson, Linear Algebras, Cambridge Tracts in Mathematics, 
No. 16, 1914; and the article by E Study and K Oartan in the 
Encyclopedic des Sciences Mathematiques, 15. 
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* 129. Representation of rotations and one-dimensional pro jectivities 
by points. The parameter representation of the rotations about a 
point which we based in § 124 on a Euclidean construction has now 
been seen to be connected in the closest way with the theory of the 
one-dimensional projective group. It is therefore of interest to set up 
the correspondence between the points of space and the rotations 
about a point in a form which puts in evidence also the correspond¬ 
ence between the points of apace and the one-dimensional pro jec¬ 
tivities. This hflj; been studied in detail in the memoir by St6phanos 
referred to in Ex. 3, § 110. It will be merely outlined here, because 
the proofs are all simple applications of theorems which should by 
this time be familiar to the reader. The construction given below 
has the advantage over the one given in §123 of being valid in a 
general projective space. 

Let be an arbitrary sphere. (In order to connect with our pre¬ 
vious work iS^may be taken as the imaginary sphere 
= 0). Let El and El be the two reguli on /Sf^, 0 the center of S', 
and the circle at infinity. 

An arbitrary rotation P leaving 0 invariant determines and is fully 
determined by a projectivity T of Cl, and hence is fully determined 
by its effect on three points JJ of Gi. If Z^ are the lines 
of El on ij, j§, respectively, and the lines of E^ on the 

points P (ij), P (-B), P (ij) respectively, the planes 
meet in a point E, Let E corresjpond to P and to F (cf. Ex. 2, § 110). 

The following propositions are now easily established by reference 
to theorems on one-dimensional forms; 

The point J2 is on the axis of P and is independent of the choice 
of i?, ij. 

If the line OE meets in two points Es OB) is the 

cross ratio of F. 

The involutions correspond to points of the plane at infinity. 

Pairs of inverse projectivities correspond to pairs of points having 
O SiS mid-point. 

Harmonic projectivities (§ 80, VoL I) of Cl correspond to points 
which are conjugate with respect to S\ 

The projectivities of Cl harmonic to a given projectivity corre¬ 
spond to the points of a plane. Such a set of projectivities may be 
called a bundle of projectivities. 
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The projeetivities cominon to two bundles correspond to the points 
of a line and may be called a pencil of projeetivities, 

A pencil of involutions according to this definition is the same as 
a pencil of involutions according to the definition in § 78, Yol. I. 

The product of the projeetivities corresponding to points and 
not coUinear with 0, corresponds to a point R^ obtained by the fol¬ 
lowing construction: Let V, Z" be the lines of Rl through the points 
in which OR^ meets and let m', m" be the lines of Rl through 
the points in which OR^ meets The line through R^ meeting 
m' and intersects the line through R^ meeting V and I” in the 
point R^. If V and I" coincide, the line meeting them is understood 
to he tangent to and a similar convention is adopted in case m' 
and coincide. 

If R^ he regarded as fixed and R^ as variable, R^ is connected with 
R by the relation 

where A is a projective collineation leaving the lines V, pointwise 
invariant. In case V — Z", A is a collineation of the type in which aU 
points and planes on V are invariant and each plane on V is trans¬ 
formed by an elation whose center is the point of contact of this 
plane with 

If R^ be regarded as fixed and R^ as variable, the transformation 
defined by the relation 

is a collineation interchanging the reguli Rl and Rl, and carrying 
each line Z of Rl into the line m of in the plane RJ,, and each 
line m of Rl into the line Z of in the plane Om. 

The propositions above are derivable from Assumptions A, E, P. 
In a real space we have 

The rotations represented by points of a line all carry a certain 
ray with 0 as origin to a certain other ray with 0 as origin. Con¬ 
versely, all rotations carrying a given ray with 0 as origin to a 
second ray with 0 as origin are represented by points of a line. 

The necessary and sufificient condition that two rotations be 
. harmonic is that there exists a ray r such that (r) is opposite to Pj,(r). 

The representation of rotations by points given in § 124 is identical 
with the one given in this section, in case /S® is imaginary. In case 
jSf® is real, the real points of space represent imaginary rotations- 
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If is a ruled quadric and 62 a real conic, tlie construction above 
gives a representation of the real projectmties of a one-dimensional 
form by the points of space not on #Sr-. The sets of points [D] and 
[O] representing the direct and opposite projectivities respectively 
are such that any two points of the same set can be joined by a 
segment consisting of points of this set, whereas any segment jo inin g 
a I? to an O contains a point of The sets [D] and [0] are called 
the two sides of 


BZEHCISES 

1. Study the configuration formed by the points representing the rotations 
which cany into itself (a) a regular tetrahedron; (b) a cube; (c) a regular 
icosahedron. (Cf. Stephanos, loc. cit., p. 348.) 

2. A real quadric (ruled or not) determines two sets of points, its aides^ 
such that two points of the same side can be joined by a segment consisting 
entirely of points of this side and such that any segment joining two points 
of different sides contains one point of the quadric. If the quadric is not 
ruled, one and only one of its sides contains all points of a plane. This side 
is called the outside or exterior^ and the other the inside or interior. 


130. Parameter representation of displacements. Simple algebraic 
considerations will enable us to extend the parameter representation 
of rotations considered in the sections above so as to cover the case 
of displacements in general. We will suppose the general displace¬ 
ment given in the form 

®o'= Vo. 

(57) Vi+Vo+V.* 

<= Vo+ Vi+ Va+ V.. 

Vo+ Vi+ Vo+ V.. 


where the matrix (“nVw) “ orthogonal According to § 126, if 
matrix of (57) ia expressible in the form aZ, 
A and A being defined at the bottom of page 336. 


Now observe that if 
(58) 


/2^o 0 0 0\ 

2/Sj 0 0 0 

2j8, 0 0 0 ' 

\2/S, 0 0 0/ 


and C is any four-rowed matrix, C • B is & Tna triir in which all 
elements except those of the first column are zero. From this it 
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follows that -4 (A—-B) will be of the form (57). In fact, if we require 
also that 


(59) 


we have 



+ “A + = 0, 


q; 

1 



/a — 
/ ® 






.K- 


®0 

®s 


-a\ 

k- 




®1 

®,/ 

k- 

2/^, 




lal + aj+al+al 0 

2 a:„/3j+ a^,) <+ af- a,*- 

2 (a,^, - + ^A) 2 (a,a, + or^a,) 

K^« + - «A) 2 

0 0 ' 
2 {a^a^ - a,a,) 2(a^a, 4-«,«,) 

a* + a,- - al - <4 2 (a^or, - aji) 

2(ar^a,+ a^a^) «:“+ a,-- orf- a* 


Hence the coefficients of (57) are given in terms of two sets of homo¬ 
geneous parameters ^ ^s> ^8 ^7 equations (40), 

together with ci^=l and 


(60) 


®io= 2(aj^„- aAi+ *A- «As)^* 
®*o= 2 (^Ao- ®Ai- ®o^>+ 

«80= 2 («,^o+ ‘^A-«A»U> 


provided that the ofs and )8*s are connected by the relation (59). 
Conversely, the a's and yffs are determined by the coefficients of (57) 
according to the equations (41) and the following: 

(61) /9o: aja ^- a^) + (a^^- aj + aj : 

®io(^ ^11 ^aa ®8a) " ^ 20(^21 ®ia) ®3o(®i8 ^si) • 

®ia) ^11 ®22 ^sa) ^bo(^83 ^23)" 

®io(®ia ^8i) ^ao ^^aa ^a«) ^8o(^ ®fia ^aa)’ 

The last equations are obtained by solving (59) and (60) simultaneously 
for the and substituting the values of the o^a given by (41). 

It remains to find the formulas for the parameters (oj', aj', 

1^0,13”, 13^2f Pz) of ^ displacement A" which is such that A" = A' ■ A, 
where A has the parameters (cc^,€c^, a^, /S^, /3^, ^,) and A' the 

parameters {a^, a[, a', /3', ^')- 
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We have seen that the matrix of A is of the form A{A-B), where 
A and A are of the form given at the bottom of page 336 and B is 
given by (58). In like manner A' can be expressed in the analogous 
form A'(A'--B') and A" in the form A"{A"—B"). Since the 0’s do 
not enter into any coefScients of (5 /) except it is clear 

that a'g, a", a!,', a" are given by the formulas (32), or, in other words, 
that A” = A'A. By definition, 

A" { 2 " - B") = A'{A'-B’)A{A-B) 

= A'A'A A - A'A'AB - A'B'AA + A'B'AB. 


In view of (59), the elements of the first row of AB are all zero. 
Hence all the elements of B'AB are zeros. Hence 

A'B'AB= 0. 


Since A and A' are the matrices of transformations of two conjugate 
reguli, each transformation leaving all the lines of the other regulus 
invariant, they are commutative. Hence 

A" (I" -B") = A'jJ'l— A’AA'B - A'JAr^B'AA. 


But 


• A-^=A* 


1 

+ «! + ’ 


where 

and 

Hence 


/«„ -«i 

A* = ri 

U -a, 

B'AA = B' ■ (a® + al + a| + a*). 


(62) A"{A’'+ R") =A'A (A'A - A'B - A*B'). 
Since A"=A!A and A"=A'A, it follows that 

(63) R" = A'R + A*R'. 


Hence 

y9"=ai/9„- a{^j- a'/3,- a[0,+a^0[- a^0[- 

0-1 = "I" Q'0^1 + ®i^o "I" ®o "F 

/9" = a:'j8;+a'/3i+a{)S,+a,/8'-a,/3{+ 
ffi = aiiSo- ®o/S«+ 
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Eewiitmg (32) in our present notation, we also have 


(65) 


<= ^1^1- 
< = + ^ 1^0 + ^ 2^3 

a!, = ffgao— a[a^-\-a!,a^-{- 


O^Q — ^0^3 ^1^2 ^2^1 “i“ ®3^0* 


The formulas (64) and (65) can be put into a veiy convenient form 
by means of the notation of biquaternions.* Let us define a bi- 
quatemion as any element of a number system whose elements are 
expressions of the form 

(66) s = (ar^+ a^i + aj+a^i;) + +^Jc), 


where the u;’s and ^'s are numbers of the geometric number system, 
ijj, k are subject to the multiplication table (52), and e is subject to 


the rules 


e“ = 0, ea; == a:e, 


where x is any other element, and where the elements (66) are added 
and multiplied according to the usual rules for addition and multipli¬ 
cation of polynomials. 

If the product of s and s\ where 

s!={a[+ a[i -|- + oc[k)-\-+ 

be denoted by 

5" = sL 5 = (<-f + 

the a'', • • •, /Sg' are given by the formulas (64) and (65). 

For a more complete study of the parameter representation of dis¬ 
placements, see E. Study, Geometrie der Dynamen (particularly II, 
§ 21), Leipzig, 1903. 

EXERCISES 


1. The parameters of a twist may be taken so that are the 

direction cosines of the axis of the twist; = cot 6, where 2 0 is the angle 

of rotation; and = d, where 2 d is the distance of translation. 

2. Find the equations of T^, T^, F, N, etc. as defined in the exercises 
of § 123. 

* 3. Find a parameter representation for the displacements in a plane which 
18 analogous to the one studied above (cf. Study, Leipziger Berichte, Vol. XLI 
(1889), p. 222). 


• W. K. Clifford, Preliminary Sketch of Biquatemions, Mathematical Papers 
(London, 1882), p. 181. The system of hiquatermons here used is one of the three 
systems of hypercomplex nmnbeiB known by this name. See § 146, below. 
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GBNEHAL EXERCISES 

Classify each theorem in this list of exercises according to the type of projective 
space in which it may he valid and according to the geometry to which it belongs. 

1. A homology whose plane of fixed points is ideal is called a dilation or 
expansion. Any transformation of the Euclidean group is either a displace¬ 
ment or a dilation or the product of a rotation by a dilation. 

2. Any transformation of the Euclidean group leaves at least one line 
invariant. 

3. Any transformation of the Euclidean group is either a displacement or 
a dilation or the product of a displacement by a dilation whose center is on a 
fixed line of the displacement. 

4. Let Z be a line which is invariant under a transformation T of the 
Euclidean group, and let k be the characteristic cross ratio (§73, Yol. I) of 
the projectivity effected by T on Z. F is a displacement or symmetry if and 
only if it = i 1. 

5. Any transformation of the Euclidean group which alters sense can 
be expressed as a product APA, where A is a dilation or the identity, 
P an orthogonal plane reflection, A an orthogonal line reflection or the 
identity. 

S. If two triangles in different planes are perspective, and the plane of one 
be rotated about the axis of perspectivity, the center of perspectivity will de¬ 
scribe a circle in a plane peipendicular to the axis of perspectivity (Cremona, 
Projective Geometry, Chap. XI). 

7. The planes tangent to the circle at infinity constitute a degenerate plane 
quadric. With any real nondegenerate quadric this determines a range of 
quadrics, he. a family of quadrics of the form 

/(“l. “31 “») + + U| + ui) = 0, 

where /(up Ug) is the equation in plane coordinates of the given quadric. 
This is called a confocal system of quadrics. Besides the circle at infinity this 
range qpntains three other degenerate quadrics, an imagfinary ellipse, a real 
ellipse, and a hyperbola. There is one quadric of the range tangent to any 
plane of space. There are three quadrics of the range through any point of 
space, and their tangent planes at this point are mutually orthogonal. 

8. Let [Z] and [m] be two bundles of lines related by a projective trans¬ 

formation r. There is one and, in general, only one set of three mutually 
perpendicular lines Z^, Zj, Zj transformed by F to three mutually perpendicular 
lines jyq, to,, There are two real pencils of lines in [Z] which are transformed 

by F into congruent pencils of [m]. What special cases arise ? Cf. Encyclop4die 
des Sc. Math., m, 8, § 9. 

9. Let F be a coUineation of space. The planes F( 7 r„) and F-i( 7 r«) are 
called the vanishing planes of F. Through each point of space there is a pair 
of lines each of which is transformed by F into a congruent line (i. e. pairs of 
points go into congruent pairs). These lines are all parallel to 
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10. A coUineation T which does not leave the plane at infinii^ invariant 
determines two systems of coniocal quadrics such that the one system is 
carried by T into the other. Cf. § 84 and the references given there. 

11. Let T be a direct-similarity transformation of a plane, -4^ a variable 

point of this plane, Ag = T (Aj), and Ag a point such that the variable triangle 
A 1 AgAg is directly similar to a fixed triangle Then the transformations 

from to and from A^ to A^ are direct-similarity transformations. Both 
of these transformations have the same finite fixed elements as T.* 

12. Let T be an affine transformation, a variable point, j4g = T(Ai), 
and Aq& point such that the ratio AqAj^/AqA^ is constant. The transformation 
P from to Aq is directly similar and has the same fixed elements as T. If 
T is a similarity transformation, so is P. 

13. If Tj and T, are affine transformations, a variable point, -4^ = Tj (A q), 
Ag = Tg (Aq), and A^ a point such that Aj^A^A^Aj^ is a parallelogram, the trans¬ 
formation from Ag to A, is affine. 

• On and the following exercises cf. Encydopadie der Math. Wiss. Ill AB 9, 
pp. 914-916. 
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131. Hyperbolic metric geometry in the plane. According to the 
point of view explained in § 34 there must be a geometry corre¬ 
sponding to the projective group of a conic section. The case of a 
real conic in a real plane is one of extreme interest because of its 
close analogy vith the Euclidean geometry, as 'will be seen at once. 

Defixitiox. An arbitrary but fixed conic of a plane tt is called 
the absolute conic or the absolute. The interior of this conic is called 
the hyperbolic plane. Points interior to the conic are called ordinary 
points or hyperbolic points^ and those on the conic or exterior to it are 
called ideal points. A line consisting entirely of ideal points is called 
an ideal line, and the set of ordinary points on any other line is called 
an ordinary line or a hyperbolic line. The group of all projective 
coUineations leaving the absolute conic invariant is called the hyper- 
bolic {Tnetric) group of the plane, and the corresponding geometry is 
called the hyperbolic plane geometry. 

Let us at finest assume only that the plane tt is ordered (A, E, S, P). 
On this basis we have as a consequence the theorems in §§ 74, 75 
on the interior of a conic, that the points of an ordinary line satisfy 
the definition in § 23 of a linear convex region. This determines the 
meaning of the terms "segment,” "ray,” "between,” “precede,” eta 
as applied to coUinear ordinary points and sets of points in the hyper¬ 
bolic plane. The ordinal properties of the hyperbolic plane may be 
summarized as follows: 

Theorem 1 . The hyperbolic plane satisfies Assumptions I— VI given 
for the Euclidean plane in § 29. 

Proof Assumptions I, H, III, V are direct consequences of the 
proposition that the points of an ordinary line constitute a linear 
convex region. Assumption VI, that the interior of a conic con¬ 
tains at least three noncoUinear points, is an obvious consequence 
of §§ 74, 75. 
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The hypothesis of Assumption IV is that three points A, B, C are 
noncoUinear and that two other points D and JE satisfy the order 
relations {BCD) and {CEJ^. The conclusion is that there exists a 
point F on the line DE and between A and B, To prove this it is 
necessary to show (1) that the point of intersection F of the projective 
lines DE and AB is interior 
to the absolute conic and (2) 
that F is between A and B. 

Let ^ be a line exterior to 
the conic, and let its points 
of intersection with the lines 
ABt BGy CA respectively be 
jp’., D^j E^, By hj'pothesis 
and §75, the pair DD^ is 
not separated by BC and the pair EEa, is separated by AC. Hence, 
by § 26, the pair FF^ is separated by AB. Since F„ is exterior to 
the conic, F is interior (§ 75) and between A and B. 

Theosem 2. The hyjperlolic plane does not satisfy Assumption IXy 
§B9. On the contrary^ if a is any line and A any point not on a 
there are infinitely many lines on A and coplanar with a which do 
7U)t meet a. 

Proof By §75 the projective line containing a also contains an 
infinity of points exterior to the absolute. Any line of the hyperbolic 
plane contained in the projective line joining A to one of these 
points fails to meet a. 

Definition. If a projective line containing a line a of a hyperbolic 
plane meets the absolute conic in two points B^, and A is any 
ordinary point not on a, the ordinary lines contained in the projective 
lines AB„ and AC^ are said to be parallel to a. The segments AB^ 
and AC^, consisting entirely of points interior to the absolute, consti¬ 
tute, together with A, two rays which are also said to be parallel to a. 

If the projective plane tt be supposed real, the points B^ and C^ 
exist for every line a, and hence we have 

Theobem 3. In the real hyperbolic plane there are two and only 
two lines which pass through any point A and which are parallel to 
a line a not on A There are two and only two rays with A as end 
parallel to a. 
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TMs theorem of course does not require full use of contiuuitv 
assumptions. It would also be valid if we assumed merely that any 
line through an interior point of a conic meets the conic (cf. § 76). 

Definition. The points on the absolute are sometimes called 
at infinity ot infinite points \ and the poiots exterior to the absolute, 
ultra-infinite points. 

132. Orthogonal lines, displacements, and congruence. 

Definition. Two lines (or two points) are said to be orthogonal or 
perpendicular to each other it they are conjugate with respect to the 
absolute. 

Of two perpendicular points one is, of course, always ultra-infinite, 
but no analogous statement holds for perpendicular lines. From the 
corresponding theorems on conics we deduce at once 

Theorem 4. The pairs of perpendicular lines on an ordinary point 
are pairs of a direct inxohdion. Through an ordinary point there is 
one and hut one line perpendicular to a given ordinary line. 

Definition. A transformation of tt which effects an involution 
on the absolute conic whose axis contains ordinary points is called 
an orthogonal line reflection. A transformation of tt which effects an 
involution on the absolute conic whose center is an ordinary point is 
called a point reflection. A product of two orthogonal line reflections 
is called a displacement A product of an odd number of orthogonal 
line reflections is called a symmetry. Two figures such thati one can 
be carried to the other by a displacement are said to be congruent, and 
two figures such that one can be carried to the other by a symmetry 
are said to be symmetric. 

An orthogonal line reflection is a harmonic homology whose center 
and axis are pole and polar with respect to the absolute conia Since 
the axis contains an interior point, the center is exterior and the 
involution effected on tbe absolute alters sense (§ 74). Conversely, 
it follows from § 74 that an involution on the absolute conic which 
alters sense is effected by a harmonic homology whose center is 
exterior to the absolute conic, — ie. by an orthogonal line reflection. 

Since any direct projectivity is a product of two opposite involu¬ 
tions (§ 74), the displacements as defined above are identical with 
the projective collineations which transform the absolute ccaiic into it¬ 
self with preservation of sense. In particular, a point reflection is a 
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displacement. On the other hand, the symmetries are the projective 
coUineations which carry the absolute into iteelf and interchange 
the two sense-classes on the absolute. 

From these remarks it is e\udent that the theor}" of displacements 
can be obtained from the theorems on projectivities of a conic in 
Chap. YIII, VoL I, and in Chap. V, Vol. IL Some of the theorems 
may also be obtained very easily as projective generalizations of 
simple Euclidean theorems. 

In proving these theorems we shall suppose that we are dealing 
with the real projective plane and not merely with an ordered plane 
as in Theorem L It would be sufficient, however, to assume merely 
that every opposite involution is hyperbolic (Le. that every ILne through 
an interior point of a conic meets it), for this proposition is the only 
consequence of the continuity of the real plane which we use in our 
arguments. 

Let us first prove that Assumption X (§ 66) of the EucHdean 
geometry holds for the hyperbolic geometry. It is to be shown 
that if A, -R are two distinct points, then on any ray c with an 
end C there is a unique point D such that AB is congruent to CD. 
The points A and C are the centers of elliptic involutions on the 
absolute. It is shown in § 76 that one such involution can be trans¬ 
formed into any other by either a direct or an opposite involution. 
Hence there is a displacement A carrying A to C, 

The absolute conic may be regarded as a circle (7^ in a Euclidean 
plane whose line at infinity is the pole of C with regard to the 
absolute. In this case C is the center of the Euclidean .circle, and 
the hyperbolic displacements are the Euclidean rotations leaving C 
invariant. The required theorem now follows from the Euclidean 
proposition that there is one and only one rotation carrying B to 
a point -D of a ray having C as end. The point D is interior to 
because B is. 

Assumption XI, § 66, holds good in the hyperboKc geometry because 
the displacements form a group. Assumption XII may be proved for 
the hyperbolic geometry by the argument used in § 66 for the Euclid¬ 
ean case. The same is true of Assumption XHI if we understand by 
the mid-point of a pair AB the ordinary point which is harmonically 
separated by the pair AB from a point conjugate to it with respect 
to the absolute. 
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Definition. A circle is the set [P] of all points such that the point 
pairs OF where 0 is a fixed point are all congruent to a fixed point 
pair OP^. 

If the absolute be identified, as in the proof of Assumption X above, 
with a Euclidean circle and 0 with its center, it is obvious that 
the circles of the hyperbolic plane having 0 as center are identical 
with the Euclidean circles interior to and concentric with C'“. Hence 
we obtain from the properties of a pencil of concentric Euclidean 
circles (§ 71) 

Theorem 5. Definition. A circle in the hyperholic plane is a conic 
entirely interior to the ahsohite. It touches the absolute in two conjugate 
imaginary points A, P, and the tangents at these points pass through 
the center of the circle. The polar of the center passes through A and B 
and is called the axis of the circle. All its real points are exterior to 
the absolute conic. 

It win be proved in § 134 (Theorem 7, Cor. 1) that two circles can 
have at most two real points in common. Once this is established, 
the proof of Assumption XIV in § 66 applies without change to the 
hyperbolic geometry. 

Assumption XV is proved in § 134 as Cor. 2 of Theorem 7. 

Assumption XVI may be proved as foUows: Let A, P, C be 
three points in the order {ABC}^ and let P^ and Q. be the points 
in which the line AB meets the absolute conic, the notation being 
assigned so that we have {PaABCQI^. Let Pg, • ■ • be points 

in the order {B^ABB^B^B^ - • -} such that AB is congruent to each 
of the pairs PP^, P^P,, etc. Choose a scale (Chap. VT, VoL I) in 
which KAQ:j, correspond to 0, 1, oo respectively, and let b be the 
coordinate of P. By the hypothesis about the order relations, 6 > 1. 
The displacement carrying AB to PP^ is a projectivity of the hne 
AB which leaves Pm and Qm respectively invariant and transforms 
A to P. Hence it has the equation 

sd =bx 

with respect to the scale Pm, A, Qm. The coordinates of P^, B^, 
Pg, • • • are therefore W, J* - respectively. The coordinate of 
C is, by the hypothesis that {APG}, some positive number c 
greater than b. There are at most a finite number of values of 
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= 1, 2, • • •) between h and c. Hence there are at most a finite 
number of the points - -. between B and C, This is what is 

stated in Assumption XVI. 

We have now seen, taking for granted two results which will 
be proved in § 134, that aU the assumptions (cf. §§29 and 66) 
of Euclidean plane geometry except the assumption about paral¬ 
lel lines are satisfied in the real hyperbolic plane, and that the 
parallel-line assumption is not satisfied. 

EXERCISES 

1. If corresponding angles of two triangles are congruent, the correspond¬ 
ing sides are congruent. 

2. The absence of a theory of similar triangles in hyperbolic geometry is 
due to what fact about the group of the geometry ? 

3. The perpendiculars at the mid-points of the sides of a triangle meet in 
a point (which may be ideal). 

* 4. Classify the conic sections from the point of view of hyperbolic geometry. 

133. Types of hyperbolic displacements. According to § 77, VoL I, 
any displacement has a center and an axis which it leaves invariant. 
If the center is interior, the axis meets the absolute in two conjugate 
imaginary points, and the displacement effects an elliptic transfor¬ 
mation on the absolute. If the center is exterior, the axis meets the 
absolute in two real points, and the displacement effects a hyper¬ 
bolic transformation on the absolute. If the center is on the absolute, 
the axis is tangent, and the displacement effects a parabolic trans¬ 
formation on the absolute. 

In the first case, the points into which a displacement and its 
powers carry a point distinct from its center are, by definition, on a 
circle which is transformed into itself by the given rotation. 

In the second case, since the displacement is a product of two 
orthogonal line reflections whose axes pass through the center, it is 
obvious that the displacement leaves invariant any conic which 
touches the absolute in the two points in which it is met by the axis 
of the displacement. Sudi a conic is obtained from the absolute by 
a homology whose center and ftris are the center and axis of the 
displacement in question. From this it follows in an obvious way 
that is fflitirely interior or entirdy exterior to the absolute. We 
are interested in the case in which is interior. 
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Let the points of contact of C*" with the absolute K~ he F and Q 
respectively. Since the center of the displacement 0 and the line FQ 
are polar with respect to C~^ F and Q are the ends of two segments 
cr, T of points of C‘ which are (in the hyperbohc plane) on opposite 
sides of the line FQ. Any line through 0 and a point of the hyper¬ 
bohc plane is perpendicular to FQ and meets <r, FQ, and t in three 
points S, My T respectively. If S\ M\ are the points analogously 
determined by another line through Oy let M be the mid-point of 
the pair MM\ Then the displacement which is the product of the 
orthogonal line reflection with OM as q 

axis by that with OM! as axis carries - 

Sy My T to S\ M'y T' respectivcly. 

This result may be expressed by 
saying that <r is the locus of a point 
on a given side of FQ, such that 
if -If' is the foot of the perpendicular ^ 
from to FQ, S^M‘ is congruent to — 

SM. For this reason a- and t are /j 
called equidistantial curves ot FQ. / 

A point A can be carried into a 
point -R by a displacement leaving 
a given line 1, not on Ay invariant, 
if and only if the two points are on 

the same equidistantial curve of 1. The equidistantial curves have 
some of the properties of parallel lines in the Euclidean geometry. 

A displacement which effects a parabolic transformation on the 
absolute is a product of two orthogonal line reflections whose axes 
intersect in the center 0 of the displacement. EEence the displace¬ 
ment leaves invariant any conic which has contact of the third order 
(see § 47, VoL I) with the absolute at 0. An d by the same reasoning 
as employed in the second case, a point F can be transformed into a 
point -P' by a displacement which is parabolic on the absolute with 
a fixed point at 0 if and only if P and P' are on a conic having contact 
of the third order with the absolute at 0. 


Definition. A conic interior to the absolute and having contact 
of the third order with it is called a horocycle. 

The circles, equidistantial curves, and horocydes are allpa^A, cu/rves 
of one-parameter groups of rotationa 
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134. Interpretation of hyperbolic geometry in the inversion plane. 
Although, the theory of conics touching a fixed conic in paii*s of 
points has not been taken up explicitly in this book, ve have in 
the inversion geometry a body of theorems from which the part of 
it needed for our present purpose can be obtained by the principle 
of transference. • 

It has been seen in § 94, Theorem 16, that any transformation of 
the inversion group which carries a circle into itself effects a 
projective transformation of this circle into itself. Moreover, there 
is one and only one direct circular transformation which effects a 
given projectivity on Hence the group of direct circular trans- 
foTTiiaiioiis leaving a circle of the imersion plane invariant is simply 
isomorphic with the hyperbolic metric group, and the geometry of this 
siibgroup of the inversion group is the hyperbolic geometry. 

The circles orthogonal to have the property that there is one 
and only one such circle through each pair of distinct points interior 
to Since they also are transformed into themselves by the group 
which is here in question, it is to be expected that they correspond 
to the lines of the hyperbolic plane. This may be proved as follows: 

Let the inversion plane be represented by a sphere jS® in a Euclid¬ 
ean three-space. Let be the circle in which ^ is met by a plane tt 
through its center, and let us regard the points of tt interior to Ef 
as a hyperbolic plane. The circles of orthogonal to E^ are those 
in which is met by planes perpendicular to tt. Hence if we let 
each point P of >5^ on one side of Ef' correspond to the point F of tt 
such that the hne PP' is perpendicular to tt, a correspondence T is 
established between the hyperbolic plane and the points on one side 
of a circle E^ in the inversion plane in such a way that the lines 
of the hyperbolic plane correspond to the circles orthogonal to E^. 
Moreover, since the direct circular transformations of the inversion 
plane are effected by three-dimensional coUineations leaving in¬ 
variant, the direct circular transformations leaving E^ invariant cor¬ 
respond under T to displacements and symmetries of the hyperbolic 
plane. Thus we have 

Theoeem 6. There is a one-to-one reciprocal correspondence T be* 
tween the points of a hyperbolic plane as defined in § 131 and the 
points on one side of a circle E^ in an inv&rsion plans (or inside a 
circle of the Euclidean plane) in which sets of collinear points of the 
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hyperloly^ plane correspond to sets of points on circles orthogonal to 
K', and in which displacements and symmetries of the hyperholic plane 
correspond to direct ciTcular transformations leaving invariamt. 

Theorem 7. In the correspondence T the circles of the hyperbolic 
plane correspond to circles of the inversion plane which are entirely 
on one side ofK\ * 

Proof Let C'“ be any circle entirely on one side of and let 0 
and (f be the two points which are inverse with respect to both 
^ and ie. the hmiting points of the pencil of circles containing 

and (§§ 71, 96). In the Euclidean plane obtained by omitting 
(y from the inversion plane, 0 is the center of both and and 
hence the direct circular transformations leaving and invariant 
are the rotations about 0 and the orthogonal Hue reflections whose 
axes are on 0, These correspond under T to the displacements and 
symmetries of the hyperbolic plane which leave 0 invariant. Hence 
the points of correspond to a circle of the hyperbolic plane. 

Since any circle of the hyperbolic plane may be displaced into one 
whose center corresponds under T to 0, the argument just made 
shows that every circle of the hyperbohc plane may be obtained as 
the correspondent under F of a circle of the inversion plane which is 
interior to 

This theorem enables us to carry over a large body of theorems on 
circles from the Euclidean geometry to the hyperbolic. For example, 
we have at once the following corollaries: 

Corollary 1. Two circles in the hyperbolic plane can have at most 
two real points in common. 

Corollary 2. If the line joining the centers of two circles in the 
hyperbolic plane meets them in pairs of points which separate each 
other^ the circles meet in two points^ one on each side of the line. 

The first of these coroUariea, on comparison with Theorem 5, yields 
the following projective theorem: Two conics interior to a real conic 
and touching it in pairs of conjugate imaginary points can have 
at most two real points in common, and always have two conjugate 
imaginary points in common. 

Theorem 8. In the correspondence F equidistantial curves of the 
hyperbolic plane correspond to those portions of circles intersecting E}, 
not orthogonally, which are on ovs side of E}. Two equidistantial 
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cuT'ces which cltc parts of one conic in the hyperholic plane are pa.rtB 
of circles inmrse to each other with respect to K\ 

Proof. A circle of S* which intersects Pr in two points P, Q 
without being perpendicular to it is a section of S" by a plane not 
perpendicular to tt. The correspondence F transforms this circle into 
a conic section C* in tt which is the projection of Kl from the point 
at infinity of a line perpendicular to tt. The tangents to at P and 
Q ai'e transformed into tangents to Hence touches A- at P 
and Q, 

The portions of on the two sides of Er on correspond to the 
two segments of C7“ having P and Q as ends; but only one of these 
portions of A- is on the side of A^ which is in correspondence with 
the hyperbolic plane by means of F, The segment of which is 
not in correspondence with this portion of is evidently in corre¬ 
spondence with a portion of the circle into which A^ is transformed 
by the three-dimensional orthogonal refiection with tt as plane of 
fixed pomt-s. 

This proves that the part of any circle of the inversion plane 
which is on one side of A^ corresponds under F to an equidistantial 
curve and that that part of the circle inverse to Af with respect to 
A^ which is on the same side of A® corresponds to the equidistantial 
curve Aj which is part of the same conic with A^. That any equi- 
distantial curve is in correspondence with a portion of some circle of 
the inversion plane is easily proved by an argument like that used in 
the last theorem. 

CoaOLLASY 1. In the correspondence F a circle touching A® corrc- 
sponds to a horocycle of the hyperlolic plane. 

Since each equidistantial curve corresponds to a portion of a circle 
of the inversion plane, it follows that two equidistantial curves can 
have at most two real points in common. It must be noted that two 
conics containing each an equidistantial curve can have four real 
points in common, since each conic accounts for two equidistantial 
curves. 

In like manner two horocycles can have at most two real points 
in common, and, still more generally, 

CoKOLLAST 2. Two loci each of which is a circle, horocyde, or equi~ 
distantial curve can have at most two points in common. 



360 


NON-EUCLIDEAK GEOMETRIES 


[Chap. Vin 


EXERCISES 

1. Show that r may be extended so that the ultra-infinite lines of the hyper¬ 
bolic plane correspond to imaginary circles of the inversion plane which are 
orthogonal to iv 

2. Study the theory of pencils of circles, equidistantial curves, and horo- 
cycles in the hyperbolic plane by means of the correspondence T. (A list of the 
theorems will be found in an aj*ticle by E. Eicordi, Giomale di Matematiche, 
Vol. XVm (1880), p. 255, and in Chap. XI of Xon-Euclidean Geometry by 
J. L, Coolidge, Oxford, 1909.) 

3. Develop the theory of conics touching a fixed conic in pairs of points. 

135. Significance and history of non-Euclidean geometry. Txl 
proving the two corollaries of Theorem 7 we have completed the 
proof (§132) that the congruence assumptions of § 66 are satisfied 
in the hyperbolic plane. Combining this result with Theorems 1 
and 2, we have 

Theorem 9. In the real hyperholie plane geometry, Assumptions 
I-VI, VII, X-XVI of the assumptions for Euclidean plane geometry 
in §§ S9 and 66 are true, and Assumption IX is false. 

CoROLLAET. Assurtiption XVII of § W is true in the hyperbolic 
plane geometry. 

The existence of the hyperbolic geometry therefore furnishes a proof 
of the independence * of Assumption IX as an assumption of Euclidean 
geometry. This assumption is equivalent to, though not identical in 
form with, Euclid's parallel postulate.! And it is the interest in the 
parallel postulate which has been the chief historical reason for the 
development of the hyperbolic geometry. 

The question whether the postulate of Euclid was independent or 
not was raised very early. In fact, the arrangement of propositions in 
Euclid's Elements shows that he had worked on the question himself. 
The effort to prove the postulate as a theorem continued for centuries, 
and in the course of time a considerable number of theorems were 
shown to be independent of this assumption. Eventually the question 
arose, what sort of theorems could be proved by taking the contrary of 
Euclid's assumption as a new assumption. 

*Cf. § 2, Vol. I, and § 13, Vol. H. 

tCf. Vol. I, p. 202, of Heath, The Thirteen Books of Euclid's Elements, 
Cambridge, 1908. 
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§ 135 ] 

This question seems to have been taken up systematically for the 
first time by G. Saccheri,* who obtained a large body of theorems 
on this basiSj but seems to have been restrained from drawing, or at 
least publishing, more radical conclusions by the weight of religious 
disapprovaL The credit for having propounded the body of theorems 
based on a contradiction of the parallel postulate as a self-consistent 
mathematical science, ie. as a non-Euclidean geometry, belongs to 
J- Bolyai t (1832) and If. L Lobachevskit (1829), although many of 
the ideas involved seem to have been already in the possession of 
C. E. Gausa.§ It was not, however, until it had been shown by 
Beltrami II that the hyperbolic plane geometry could be regarded as 
the geometry of a pseudospherical surface in Euclidean space, that an 
independence proof (cf. Introduction, Vol. I) for the parallel assump¬ 
tion could be said to have been given. The work of Beltrami depends 
on the investigation by EiemannlT of the differential geometry ideEis 
at the basis of geometry (1854). Eiemann seems to deserve the 
credit for the discovery of the elliptic geometry (§§ 141-143 below), 
though it is not dear that he distinguished between the two types 
of eUiptic geometry.** 

The proof of the existence of a non-Euclidean geometry was made 
capable of a simpler form by the discovery of A. Cayley tt (1859) that 
a metric geometry can be built up, using a conic as absolute. The 
relation of Cayley's work to other branches of geometry and the pre¬ 
vious studies of non-Eudidean geometry was made plain by F. BTeintt 
in connection with his elucidation of the r61e of groups in geometry. 
The representation of the hyperbolic plane by means of the interior 

* Euclides ab omni naevo Tindicatus, Milan, 17S8. German trajuslation in “ Die 
Theorie der Farallellinien Ton EuMid bis aiif Gauss,^’ by F. Engel and P. Staeckel, 
Leipzig, 1896. 

t English translation by G. B. HaJsted, under the title “ The Science Absolute 
of Space,” 4th ed., Austin, Texas, 1896. 

t German translation by Engel, under the title “ Zwei geometrische Abhand- 
Inngen,” Leipzig, 1898. Cf. also a translation by Halsted of another T7or}E entitled 
“The Theory of Parallels,” Austin, Texas, 1892. 

§ Werke, Vol. VJLLl, pp. 157-268. 

II Saggio di interpretazione della geometria non-euclidea, Giomale di Matema- 
tiohe, Vol. VI (1868), p. 284. 

^ En glish translation by W. K. Clifford, in Ifature, -Vol. Vlil (1878), and in 
Clifford’s “Mathematical Papers” (London, 1882), p. 65. 

•* Cf. P. Klein, Autographierte Vorlesungen fiber nicht-euklidische Geometria, 
Vol. I (Gottingen, 1892), p. 287. 

tt Collected Works, Vol. n (Cambridge, 1889), p. 588. 

tt Mathematische Annalen, Vol, IV (1871), p. 578. 
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of a circle (§ 134), and the representation of the elliptic plane given 
in Ex. 12, § 141, are due to E. De Paohs* and H. Pomcar6.t 

For the history of non-Euclidean geometry and an exposition of 
parts of it, the reader is referred to E. Bonola, Xon-Euclidean 
Geometry, English translation by H. S, Carslaw, Chicago, 1912. 
Other texts in EngHsh are J. L. Coolidge, Non-Eudidean Geometij, 
Oxford, 1909; Manning, Xon-Euclidean Geometry, Boston, 1901; 
D. M T. Sommerville, The Elements of Non-EucUdean Geometry, 
London, 1914; H. S. Carslav', The Elements of l^on-Euclidean 
Plane Geometry and Trigonometry, London, 1916. Besides these we 
may mention D. IL Y. Sommerville's Bibliography of Non-Euclidean 
Geometry, London, 1911. 

There are numerous other geometries closely related to the non- 
Euclidean geometries touched on in this chapter. Of particular 
interest are the geometries associated with Hermitian forms in¬ 
vestigated by G. Fubini (Atti del Eeale Istituto Yeneto, VoL LXIII 
(1904), p. 501) and E. Study,! and the geometry of the Physical 
Theory of Eelativity.§ 

136- Angular measure. The meEisure of angles may be defined 
precisely as in the Euclidean geometry, and we carry over the defi¬ 
nitions and theorems of § 69 without modification. If we represent 
the absolute and an arbitrary point O by a Euclidean circle and 
its center, the Euclidean rotations about 0 are identical with the 
hyperbolic rotations about 0, and hence the two angular measures as 
determined by the method of § 69 are identical By § 72, if a and 6 
are two lines intersecting in 0, and 0 is the measure of the smallest 
angle A AOB for which A is a point of a and B a point of 6, 

(1) 5 = - ^ log B {ab, 

-where and are the minimal lines through 0. Since \ and i are 
the tangents to <7* through 0, it follows that (1) may be taken as 
the formula for the measure of any ordered pair of lines a, 6 in the 

♦Atti della R. Accademia dei Lincei, Ser. 8, Vol. n (1877-1878), p. 31. 

t Acta Mathe mat ica, Yol. I (1882), p. 8, and Bulletin de la Soci6t6 matb^matlque 
de France, Vol. XV (1887), p. 208. 

X Mathema^he Annalen, Vol. LX (1905), p. 321. 

§ Cf. F. Klein, JahresberichtderDentschen Mathematiker-Vereinlgung, Vol. XTX 
(1010), p. 281, and the article by Wilson and Lewis referred to in § 48 above. 
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hyperbolic plane if and are understood to be the tangents to the 
absolute through the point of intersection of a and ^ 

If the hyperbolic plane is represented as in § 134 by the interior 
of a circle G®, the angular measure of any two hyperbolic lines is 
identical with the Euclidean measure of the angle (§ 93) between the 
two circles orthogonal to which represent them. This has just 
been seen for the case where the two circles are lines through the 
center of G“. In the general case a point A of intersection of the two 
circles orthogonal to may be transformed to the center of by a 
direct circular transformation A. The transformation A as a direct 
circular transformation leaves Euclidean angular measure invariant 
(§ 93), and as a displacement of the hyperbolic plane leaves hyper¬ 
bolic angular measure invariant. Since the two measures are identical 
at the center of C\ they must also be identical at AL 

As an application of this result we may prove the following 
remarkable theorem: 

Theokem 10. The sum of the angles of a triangle is less than ir. 

Proof Let the triangle be ABC^ and let the absolute and the 
point A be represented by a Eudidean circle and its center. Then 
the hyperbolic lines AB djxi AO are represented by EucMean lines 
through the center of and the hyperbolic 
line BC is represented by a circle A® through 
B and C orthogonal to (fig. 79). 

The hyperboKe measures of the angles at A, 

B, and C respectively are equal to the Euclidean 
measures of ABAC and two angles formed by 
AB and G-with the tangents to A® at 5 and C 
respectively. The sum of these three angles is 
easily seen to be less than that of the angles of the Euclidean 
(rectilineal) triangle ABC. Hence it is less than tt. 

The theorem that the sum of the angles of a triangle is tt may 
be substituted for Assumption IX as an assumption of Euclidean 
geometry;* the proposition just proved can be taken as the corre¬ 
sponding assumption of hyperbolic geometry; and the proposition 
that the sum of the angles of a triangle is greater than tt can be 
taken as an assumption for dliptie geometry. 

* On the history of this theorem cf. Boncda, loc. cit., Chap. II. This reference 
will also he found useful in connection with the exercises. 
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EXERCISES 

*1. Prove ^om Asaiimptions I-TI, X-XYI that if the stun of the angles 
of one triangle is greater than, eqnal to, or leas than tt, the corresponding 
statement also holds for all other triangles. 

*2. Prove from Assumptions I-YI, X-XYI that the sum of the angles of 
a triangle is less than or equal to ?r. 


137. Distance. Since the conic section is a adf-dual figure, it is to 
be expected that the formula for the measure of poiut-pairs is analo¬ 
gous to (1). As a matter of fact, we shall only modify the factor 
— iy2. If A and B are two ordinary poiats, let A„, be the points 
in which tlie line AB meets the absolute, the notation being assigned 
so that the points are in the order {Aa,ABB^}. Then ^{AB.A^B:^) 
is positive (§ 24), and hence log B {AB, A^B^) has a real value. We 
define the distance between A and B by means of the equation 

(2) Dist(- 45)=7 log B {AB, A^B^), 

where 7 is an arbitrary constant and the real determination of the 
logarithm is taken 
It is seen at once that 


Di8t(-4jB) =: Dist(jB^), 

because B {AB, A^ BJ) = B {BA, B^ A^), 

and that if A, B, C are collinear points in the order {ABC}, 

Dist {AB) A- Dist (-50) = Dist {A C), 
because B(.45, A^B ^). R(^ 0 , B(-40, 

Moreover, it is evident from the properties of the collineations 
transforming a conic into itself that a necessary and sufidcient con¬ 
dition for the congruence of two point-pairs AB, CD is 


B(^,-4cj5.)=B(0A O.D,), 

where A*, B^ are chosen as above and C^,, D^ are chosen analogously. 
Hence a necessary and sufficient condition for the congruence of AB 
and CD is Dist(^ 5 )= Dist((7i)). 


Usncs tli 6 distancG function dcdncd above is fully analogous to tliat 
used in Euclidean geometry (§ 67). The constant 7 may be determined 
by choosing a fixed point-pair OF as the unit of distance. We then have 


(3) 


- = logs (OP. o.^). 
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138. Algebraic formulas for distance and angle. Let os consider 
the symmetric bilinear form 

/(X, X') = + an^o<4 + 

+ a„xX+ o-vi^K+ 

+ a^Xj a:'+ a^^x^x^ + aye^x^ 

and the covariant form 

F(u, m') = + ^01 Vi' + 

+ 

+ Jq^u^u'++ A^uX, 


where the s are defined as in § 85. With respect to homogeneous 
coordinates,/(Z, ^ = 0 is the equation of a point conic, and I'X u)=0 
of the line conic composed of the tangents to/(X, X)=0. Let us 
take this conic as the absolute and derive the formulas for the 
measure of distance and of angle. 

Let r=(yQ, and ^=(^ 0 * ^a) ^ distinct points. The 

points of the line joining them are 

xr + \y^ + 

and the points in which this line meets/(X, X)= 0 are determined 
by the values of X/fx satisfying the equation 
0 = /(Xr+ fiZ, XF+ fiZ)^ X^f{T, F) -h 2 X/^/(F, Z)+fiy{Z, F). 


These values are 

\ -f{Y,Z)+'yf(T,Z)-f(T,T)f{Z.z) 

f^r ^ 

X, -f(Y. g)-V/‘(r, z)-f(r, Y)f{z, ^ 

Let us denote tbe two points of the absolute corresponding to (X^, /*j) 
and (Xj, by and respectively. Then 

Dist {JZ) = 7 log B (JZ, J/,). 

Since (X, y) is (1, 0) for Xand (0, 1) for Z, we^iave (§ 66, VoLI) 


Hence 




, f(Y,Z)Jr^fiJ, Z)-f{Y, T)f{Z, Z) 

(4) 

, (/(r, Z)+'/f'(T,z)-f(T,r)fiz ,?))’ 

- m 2 ) 
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By precisely the same reasoning applied to the dual case we have 
for the measure of a pair of lines u = {u^, u^, w,)) ® 

i, F(u. v) -F{u, u)F(v, v) 

(5) m{u. ^)— v)--JF^{u; v)-F{u, u)F{v, v) 

i iF{u, v) + V-F^ (u, - Fju, u) F(v, !>)')“ 

— 2“g F{u,u)F{v,v) 


Denoting Dist(F, Z) by d, we obtain 

i /(F, Z)+^riT. Z)-fiY, T)f(Z,'z) 

( 6 ) = 

and hence 


V/(F, Y)f{Z, Z) 


( 7 ) 

and 

( 8 ) 


oosh^ = 


I. 


2y 


sinh:::^ = 


€^y — e 


2 <Jr 2 

In like manner, U 6 = m (iiv), 


I fIJ. Z) 

N/(f. f)/(f. 

=^l 


Z) 


f{ Y, Z)-f(Y, Y)m Z) 
f{Y, Y)f{Z, Z) 


< 9 ) 

( 10 ) 

( 11 ) 


_ F{u, v)+y/F^(u, v)-F(u, u)F{v, v) 
'Vf(u, u)F(v, v) 


cos5 = 


J^{u, x) 


\f{u, v)F{% v) 


^0 = t-yj 


I F‘(% v)—F(u,^^(v, v) 
F{u, u)F{Vj v) 

_ F{Uy u)F{Vj v) — F^{Uy v) 
F{u,u)F{v,v) 


For a further discussion of these formulas see Qebsch-Iindemann, 
Vorlesungen iiber Greometrie, YoL 11, Part III, Leipzig, 1891. 

*139. Differential of arc. The homogeneous coordinates of all 
points not on the a\)solute, 

(12) /(X,X) = 0, 
may be subjected to the relation 

(13) /(X,X) = a 


where C is a constant. Since /(-3r, JT) is quadratic, this determines 
two sets of coordinates for each point of the hyperbolic 
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plane instead of an infinity of sets as in unrestricted homogeneous 
coordinates.* 

Some definite determination of the values of each of the homogeneous 
coordinates is manifestly necessary in order to apply the processes of differen¬ 
tial calculus to formulas in homogeneous coordinates. The particular relation 
f(X, X^ — C has the advantage^ among others, of not being singular for any 
point not on the absolute. 


Suppose now that x^, x^) describes a locus determined by the 
condition that x^, are functions of a parameter t. Then, in the 
familiar notation,! 


ds _ Dist(Z;jr-hAX) 

dt A<=0 


= L 

A <«0 


2 7smh — 
2y 


I>ist(X,X+AX) 



by (8). Since/(r+r', Z)=f(Y, Z)+f{Y', Z), this reduces to 

/^Y= i ±yl 

\dtj &t=o (Ai)* 

+f(X.AX)Y-f(X,2[)(f(X,X)+2f(XAX)+f(AZ,AX)) 
f{X,Z) {f{X, Z) + 2f{Z, AX) +/(AX. AX)) 


= i 47® 

At=0 

= 47 ® 


A.=o ' /(X.X) (/(X, X) + 2/(X, AX) +/(AX, AX)) 
/®(X,X) 


* If (Xq, are Inteipreted as rectangular co5rdinates in a Euclidean space 

of three dimensionB, f(X, X) = C is the equation of a quadric surface, and we have 
a correspondence in whihh each point of the hyperbolic plane corresponds to a pair 
of points of the quadric surface. By properly choosing /(X, X), this correspond¬ 
ence can be reduced to that given in § 134 between the hyperbolic plane and the 
surface of a sphere. 

t We are applying theorems of calculus here on the same basis that we have 
employed algebraic theorems in other parts of the work. 
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in which represents 
dz 


In 

\dt dt dt) 


differential notation this 


formula is 

^14^ .. f\:^,dX)-f{X.X)f{dX, dX) 

' ’ ^ f\2:,x) 

By duality we have a corresponding formula for the differential of 
angle, 

du)—F{u, u)F(du, du) 

^ ^ F^{u,u) 

These formulas are independent of the particular determination of 
our coordinates by means of the relation (13). If we differentiate (13) 
we obtain /{X,dZ)=0, 

SO that for this particular determination of coordinates 


(16) 


f{X,X) ^ c 


Let us now choose the homogeneous coordinate system so that 


f{X,X)=^x^ + x^-^4.rfxl 

and choose (7=— 4 7 ® so that, for points not on the absolute, 

(17) rfx^ = - 4 r. 

If 7 is real and not zero, we are dealing with hyperbolic geometry, and 

(18) ds^^f{dX, dX) 

= dx^ + dx‘ — 4 ^dz^. 


If we substitute 


w = - 




1 +a;, 


in the value for d^ given in (18), we obtain 


(19) 



Regarding u and v as parameters of a surface in a Euclidean space, 
(19) gives the linear element of the surface (cl Eisenhart, Differential 
Geometry, § 30). This is a surface for which, in the usual notation of 
differential geometry,and = 0 . The curvature of this surface 
is constant and equal to —1/4 7 ^ (cl Glebsch-Iindemann, loc. cit., 
VoL II, p, 52o). From this it follows that the hyperbolic plane 
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geometry in the neighborhood of any point is equivalent to the 
geometry on a portion of a surface of constant negative curvature. 

If we substitute u = and v = in (18), we obtain 

/I " v^)du^+ 2 uvdudv + Y*— v?)di^ 

This is the form of linear element used by Beltrami in the paper 
cited above. This form is such that geodesics are given by linear 
equations in u and v. Hence geodesics of the surface correspond to 
lines of the hyperbolic plane. 

It is to be noted that the curvature of a surface, while often defined 
in terms of a EucHdean apace in which the surface is supposed to be 
situated, is a function of E, Fy and G and therefore an internal property 
of the surface, ie. a property stated in terms of curves (w = c and 
v — c)m the surface and entirely independent of its being situated 
in a space. 

Another remark which may save misimderstanding by a beginner 
is that the geometries corresponding to real values of 7 are identical 
The choice of 7 amounts to a determination of the unit of length, as 
was shown in § 137. 

EXERCISES 

1. Express the differential of angle in terms of (To, and their derivar 
tives (cf. Clebach-Lindemann, loc. cit., Yol. H, p. 477). 

*2. Develop the theory of areas in the hyperbolic plane. Por a treatment 
by differential geometry cf. Clebsch-Lindemann, loc. cit., p. 480. For a develop¬ 
ment by elementary geometry of a theory of areas of polygons which is equally 
available in hyperbolic, parabolic, and elliptic geometry, see A. Finzd, Mathe- 
matische Annalen, Yol. LXXH (1912), p. 262- 

140. Hyperbolic geometry of three dimensions. A hyperlolic space 
of three dimensions is the interior (cf. Ex. 2, § 129) of a nonruled 
quadric surface, called the absolute guadj^y and the hyperbolic geom¬ 
etry of three dimensions is the set of theorems stating properties of 
this space which are not disturbed by the projective coUmeations leav¬ 
ing the quadric invariant. The definitions of the terms displacement, 

“ congruent,” " perpendicular ” etc. are obtained by direct generaliza¬ 
tion of the definition in § 132 and the corresponding definitions in the 
chapters on Euclidean geometry. They will be taken for granted in 
what follows, without being formally wntten down. 
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The fundamental theorems on congruence may be obtained from 
the observations (1) that any displacement of space leaving a plane 
invariant effects in this plane a displacement or a symmetry in the 
sense of § 132, and (2) that no two displacements of space leaving a 
plane invariant effect the same displacement or symmetry in this 
plane. From this we infer, by reference to § 135, 

TliEOREil 11. 1% the real three-dimemional hyjperlolic geometry 
AssiLMptwns I-XVI of §§ 29 and 66 are all true except Assump- 
tion IX, ivhich is false. 

By § 100 there is a simple isomorphism between the displacements 
of a hyperbolic space and the direct circular tninsformations of the 
inversion plane. Hence the theorems of inversion geometry or of the 
theory of projectirities of complex one-dimensional forma can all be 
translated into theorems of hyperbolic geometry. The reader who 
carries this out in detaiL will find that many of the theorems of 
Chap. YI assume very interesting forms when carried over into the 
hyperbolic geometry. 

In particular, if an orthogonal line refection, or half turn, is defined 
as a line reflection (§ 101) whose directrices are polar with respect to 
the absolute, it follows at once that every displacement is a product 
of two orthogonal line reflections. With this basis the theory of dis¬ 
placements is very similar to the corresponding theory in Euclidean 
geometry, but many of the proofs are simpler. 

The formulas for distance and angle are identical with those of 
§ 138, and the differential formulas with those of § 139 ^f{X, X') 
be understood to be a bilinear form in {x^, oc^, x^, x^) and (x^, oc[, x^, 


EXERCISES 

1. The product of three half turns is a half turn if and only if their three 
ordinaiy directrices have a common intersecting perpendicular line. 

2. If a simple hexagon' be inscribed in the absolute, the common inter¬ 
secting perpendicular lines of pairs of opposite edges are met by a common 
intersecting perpendicular line (cf. § 108). 

3. Determine the projectively distinct types of di^lacements. 

*4. Defining a horosphere as a real quadric interior to the absolute and trans¬ 
formable into the absolute by means of an elation whose center is on the absolute 
and whose plane of fixed points is tangent to the absolute, prove that the hyper^ 
bohc geometry of a horosphere is equivalent to the Euclidean plane geometry. 
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•5. Classify the quadric surfaces from the point of Tiew of hyperbolic 
geometry. 

* 6. Given the existence of a hyperbolic space, define a set of ideal points 
such that the extended space is projective. Cf. R. Ronola, Giomale di Mate- 
matiche, Vol. XXXVni (1900), p. 105, and F. W. Owens, Transactions of the 
American Mathematical Sociely, YoL XI (1910), p. 140. 

♦ 7. Obtain theorems analogous to those in the exercisea of §§ 122,123 with 
regard to the hyperbolic displacements. 

*8. Study the theory of volumes in hyperbolic geometiy by methods of 
differential geometry. 

141. Elliptic plane geometry. Definition. The geometry corre¬ 
sponding to the group of projective coUineations in a real* projective 
plane tp which leave an imaginary ellipse invariant is called the 
tvjchdimeTisional elliptic geometry or elliptic plane geometry. The im¬ 
aginary conic is called the atsolute conic or the absolute. The 
projective plane tt is sometimes referred to as the elliptic plane. 

The order relations in this geometry are of course identical with 
those of the projective plane (Chap. II). The congruence relations 
are defined as in § 132, with suitable modifications corresponding to 
the fact that is imagiaary. Some of the theorems which run par¬ 
allel to the corresponding theorems of hyperbolic geometry are put 
down in the following hst of exercises. 

The formula for the measure of angle used in hyperbolic geometry 
may be taken over without change, Le. 

e=m ^ log R 

where \ and l^ are intersecting lines and i^ and \ are tangents to 
the absolute in the same flat pencil with and l^. The formula for 
distance may also he taken from hyperbolic geometry: 

£i = Diat(P^) = 7logB!(Pft HQm). 

In order that this shall give a real value for the distance between two 
real points, 7 must he a pure imaginary. So we write 



* This geometry can in laige part be developed on the hams of A s sum ptions A, 
E, S, P alone, the imaginary conic being replaced hy the corresponding elliptic 
polar system, the existence and properties of which are studied in § 89. As a 
matter of fact there is considerable interest attached to the elliptic geometry in a 
modular plane, but the point of view which we are taking in this chapter pats 
order relations in tke foreground. 
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and in order to have formulas in the simplest possible form, we may 
choose A = 1, so that 


d - 


")* 


The discussion in § 138 is applicable at once to elliptic geometry 
if /(X, X^) be taken to be a bilinear form in tlJree variables such 
that/(X, X) = 0 is the equation of the absolute of elliptic geometry. 
Thus we have 


(20) d=Dist(r^ = 


{f{7,Z) + Vf{Y.Z)-f(Y,Y)f{Z,Z)f 
2 ° f{Y,Y)f(Z.Z) 


(21) u)F(v, v))^ 

' ' ' ' 2 P(m, u) F(v, v) 


( 22 ) 

(23) 


cos 


H 

.-4 


f{Y, Z) 


f(Y. Y)f{Z,Z) 


v) 

F{u, u) F v) 


EXERCISES 

1. The principle of duality holds good in the elliptic geometry. 

2. The elliptic geometry is identical with the set of theorems about the 
geometry of the plane at infinitiy in three-dimensional Euclidean geometry. 

3. The pairs of perpendicular lines at any point are pairs of an elliptic 
involution. 

4. The lines perpendicular to a line I aU meet in the pole of I with respect 
to the absolute. Through any point except the pole of I there is one and but 
one line perpendicular to I, 

5. Defining a ray as a segment whose ends are conjugate with respect to 
the ahaolute, prove that Assumption X, § 66, holds in the single elliptic 
geometry if the restrictions be added that A and B are on the same ray. 

6. Assumptions XI and XHI of § 66 hold for single elliptic geometry. 

7. How may Assumptions XII, XIV, and XV be modified so as to be valid 
for single elliptic geometry? 

8. A circle is a conic touching the absolute in two conjugate imaginary 
points. 

9. A circle is the locus of a point at a fixed distance from a fixed Hne. 

10. 11 A, By C are three coUiuear points, 

Dist (Ay B) + Dist (BCT) + Dist (CA) = w. 

In other words, the total length of a line is tt. 

11. The sum of the angles of a triangle is less than w. 
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12. Let K” be a circle in a Euclidean plane, and let be the set of 
circles which meet in pairs of points on its diameters. An elliptic plane is 
determined by defining as ‘‘ elliptic points '* aU the Euclidean points interior 
to K“ and all the pairs of Euclidean points in which K" is met by its diameters, 
and defining as coUinear any set of elliptic points on a circle <7®. 


142. Elliptic geometry of three dimensions. The three-dimensional 

elliptic geometry is the set of theorems about a three-dimensional 

projective space which state properties undisturbed by the projective 

coUineations leaving invariant an arbitrary but fixed projective polar 

system, called the absolute polar system, in which no point is on its 

polar plane. It is a direct generalization of the elliptic geometry of 

the plane and may be based on a similar set of assumptions. 

In a real space this polar system is that of an imaginary quadric 

(called the absolute quadric) with respect to which each real point 

has a real polar plane, and the equation of the absolute quadric may 

be taken to be o « 

^0 + 0S-+ xl= 0 . 


A displacement is defined as a direct* projective coUiiieation 
(cf. § 32) which leaves the absolute polar system invariant; a sym¬ 
metry is defined as a nondirect projective coUineation leaving the 
absolute polar system invariant. The definitions of congruence, per¬ 
pendicularity, distance, etc. follow the pattern of the hyperbolic and 
parabolic geometries, and the same method may be used, as in those 
geometries, to extend the theorems on congruence from the plane 
to space. 

It can easily be proved by means of the theorems on the quadric in 
Chap. VI that any displacement is a product of two line reflections 
whose axes are polar with regard to the absolute. From this proposi¬ 
tion a series of theorems on displacements can be derived, just as in 
’the parabolic and hyperbolic geometries. 

Through a given point not on a given line I there is no line parallel 
to Z in the sense in which the term is used in parabolic or hyperbolic 
geometry. There is, however, a generalization of the Euclidean notion 
of parallelism to elliptio three-dimensional space which preserves 
many of the properties of Euclidean parallelism and is, if possible, 
more interesting. 

* Without appoaliug to order relatious, the direct coUineationfl may be charac¬ 
terized as those which do not interchange the reguli on the absolute quadric. 
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Any real line I meets the absolute in two conjugate imaginary points, 
and through these points there are two lines p^ of one regulus and 
two lines q^ of the other regulus. The lines p^j p^ are conjugate 
imaginary lines of the second kind (§ 109), and I is one line of an 
dliptic congruence of which p^, p^ are directrices. A similar remark 
applies to the conjugate imaginary lines q^, Ajxj line of the 
elliptic congruences having p^, p,^ or q^y q„ as directrices is called 
a Clifford parallel* of Z or a paratactic\ of Z. Thus there are two 
Clifford parallels to 1 through any point not on Z, and Z is a CliEford 
parallel to itself. 

The two Clifford parallels to any line through any point not on it 
may be distinguished as follows: Let and Eo be the two reguli on 
the absolute. Two real lines Z, m meeting two conjugate imaginary 
lines p^y p^ of Rf are right-handed Clifford parallels, or paratactics; and 
two real lines wJ meeting two conjugate imaginary lines q^, q^ of 
Rl are left-handed Clifford parallels, or paratactics. 

The distinction between right-handed and left-handed Clifford paral¬ 
lels may be drawn entirely in terms of real elements by means of 
the notion of sense-class (§ 32), and thus connected with the intui¬ 
tive distinction between right and left. This matter will be taken up 
again in the next chapter. In the meantime it may be remarked that 
the definition in terms of the two regidi on the absolute is inde¬ 
pendent of all question of order relations and is baaed on Assumptions 
A, E, P alone. 

From the definition it follows immediately that if Z is a right-handed 
Clifford parallel to m, m is a right-handed Clifford parallel to Z; that 
if m is also a right-handed Clifford parallel to ti, Z is a right-handed 
Clifford parallel to w. In general, two lines have one and only one 
common intersecting perpendicular; but if they are right-handed 
Clifford parallels, there is a regulus of common intersecting perpen- * 
diculars, and the latter are all left-handed Clifford parallels. 

The product of two orthogonal line reflections whose axes are 



perpendicular to the axes invariant, and is called a translation, A 


•Cf. Clifford, A Preliminary Sketch of Biquatemione, Mathematical Papers 
^London,1882), p.l81,and Klein, AutographierteVorlesnngenilberiiicht-eTiklldische 
Oeometrie, Vol. H (Gottingen, 1892), p. 245. 

t E. Study, Jahresberioht der Deutschen Mathematikervereinicunff. Vol. XI 
(1908), pl 819. ^ 
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translation is right-handed or left-handed according as the congruence 
of its invariant lines is right^-handed or left-handed. Any displace¬ 
ment can be expressed as a product of two ti’anslations. 

For a discussion of Clifford parallels and related questions see 
Appendix II of the book by Bonola referred to above, F. Klein, 
Mathematische Annalen, Vol. XXXVII (1890), p. 544, and the other 
references given above in this section. 

143. Double elliptic geometry. The geometry corresponding to 
the group of projective coUineations transforming a sphere in a 
Euclidean three-space into itself is called spherical or douhle elliptic 
plane georiietry. The sphere S is called the douUe elliptic plane. The 
circles in which is met by planes through its center are called lines, 
and two figures are said to be congruent if conjugate under the group 
of direct projective coUineations transforming the sphere into itself. 

The plane which is called elliptic in § 141 is sometimes caUed 
single elliptic to distinguish it from the double elliptic plane here 
described. Since the plane at infinity tt* of a Euclidean space is a 
single elliptic plane, and since each line through the center of 
meets 3^ in two points and tt® in one point, there is a correspondence 
between a single elliptic plane and a double elliptic plane, in which 
each point of the first corresponds to a pair of points of the latter. 
By means of this correspondence any result of either geometry can 
he carried over into the other geometry. 

These remarks can all be generalized to 7 i-dimensiona. For a set 
of assumptions for double elliptic geometry as a separate science, see 
J. E. Kline, Annals of Mathematics, 2d Ser., Vol. XIX (1916), p. 31. 

144. Euclidean geometry as a limiting case of non-EucHdean. In 
the two-dimensional case we have seen that the equation of the abso¬ 
lute may be taken as 

(24) 47X®=0, 


or in line coordinates, as 
(25) 


The formulas of hyperbolic geometiy arise if 7 is real and not zero, 
and of elliptic geometry if 7 is imaginary. If we set c = 0, 

(25) may be regarded as the equation of the circle at infinity of the 
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Euclidean geometiy in the form used in § 72. Moreover, if we set 
c = 0 in the formulas of §§ 138 and 141, we obtain 


v.+.-a 


and 


0 - ^ lo^ ~ 1 

2 ° «+ 7i„«. - i (Mj'Wj - 


which agree with the formulas of Euclidean geometry given in § 72. 
In like manner, if we set c = 0 in the formula for the differential of 
distance in § 139, we obtain ds- = du^+dv\ The generalization of 
these remarks to three or n dimensions is of course obvious. 

If c changes by continuous variation from a positive to a negative 
value, it must pass through zero. Since the corresponding geometry 
is elliptic while c is positive, parabolic when c is zero, and hyperbolic 
while c is negative, the parabohc geometry is often spoken of as a 
limiting case both of elliptic and of hyperbolic geometry. 

This point of view is reenforced by observing that the formula (10) 
makes the measure of a fixed angle a continuous function of c, so that 
for a small variation of c the value given by (10) for 6 suffers a 
correspondingly small variation. A like remark can be made about 
the distance between a fixed pair of points. 

This has the consequence that for a given figure F consisting of a 
finite number of points and lines, and for a given number e, a num¬ 
ber 8 can be found such that it c varies between — 8 and 8, the dis¬ 
tance of point-pairs and the angular measure of line-pairs of F do not 
vary more than €. Nevertheless, in this interval of variation of c the 
geometry according to which the distances and angles are measured 
changes from elliptic through parabolic to hyperbolic. 

For example, if F were a triangle, and the sum of the angles were 
found by physical measurement to be between tt -h e and tt — e, the 
geometry according to which the measurements were made might 
be either parabolic, hyperbolic, or elliptic. Further refinements of 
experimental methods might decrease c, but according to current 
physical doctrine could not reduce it to zero. Hence, while experi¬ 
ment might conceivably prove that the geometry at the bottom of 
the system of measurements was elliptic or hyperbolic, it could not 
prove it to be parabolic. 
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For the details of showing that the Euclidean formula for distance is 
a hnuting case of the non-EucUdean formula, see Clebsch-Lindemann, 
loc. cit., VoL II, p. 530. 

145. Parameter representation of elliptic displacements. Suppose 
the coordinate system so chosen that the equation of the absolute is 

+a?|=0. 

The projective coUineations which leave the lines of a regulus on 
the absolute invariant have been proved to have matrices of the form 
(50) or (51) in § 126. Let be the regulus on the absolute left in¬ 
variant by the transformations of type (oO), and El that left invariant 
by those of type (51). The transformations of type (50) are the 
translations leaving systems of right-handed Clifford parallels in¬ 
variant, and those of type (51) the translations leaving systems of 
left-handed difford parallels invariant. 

Since any transformation leaving the quadric invariant is a product 
of one leaving the lines of El invariant by one leaving the lines of 
El invariant, any displacement is a product of a transformation of 
type (50) by one of type (51). Denoting (50) by A and (51) by B, 
the matrix A of any displacement can be written 


(26) A = B.J= 


^0 


-^1 «0 -«8 


-/S. -A \-a. 


a — a 
0 1 


-M + ^8«1- ^0^2- - ^2®1- + ^0«.- 


^ 0 « 2 -^A + ^ 2^0 + ^.«1 + + 

-^.®2-^2®3-^I«8 + ^0«l -^.«, + ^2“'2+M + ^o“o' 


If A'=B^A^ is the matrix of a second displacement, and B^ and A^ 
are of the types (50) and (51) respectively, 

(27) A'. A = B^A'BA = B^B • A^A, 

because any displacement leaving all lines of El invariant is com¬ 
mutative with any displacement leaving all lines of El invariant. 
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Thus any displacement 

^0 ” ^00^0 ^03^2 ^03^8 > 

x[= -f 

X^ = ^n;p'o "f“ ^'21^1 "1” ^22^2 ^23^8* 

= ^8.3^0 -1- ^ai®l + ^Z2^2 + ^83^8 

is given paTametrically in terms of two seta of homogeneous parameters 
^i> ^8 ^8 DQeans of the formulas obtained 

by equating a^. to the corresponding element of the last matrix in 
Equation (26). 

The formulas for the parameters of the product of two displace¬ 
ments are determined by (27), for if A" = R''*4"=A'A, then 
and =A-A, and hence 




a'a,- a'a., 


' a3'=ao“^2-®X+“2“o+®8®i. 

< = «X + aX - “X + “sX. 
A"=X'A+A'/5.-^^^s+/Si4, 

/9^'=ySii83+y9i/5.+/9'^„-y9^/9„ 

^i'=^.')3.-/9iA+^'/9,+y3')8,. 

The formiilas for the a’a are, by § 127, the same aa for the multi¬ 
plication of quaternions, and the formulas for the /3’s are given by 
the following quaternion formula: 

' - fiii - 0'J - k) (^. - - /3J -0,k) = 13',' - /S»t - _ /S" A. 

Now let Xj and X^ be two symbols defined by the multiplication table 



\ \ 

(31) 

\ 0 

X 

0 X, 

and the conditions = \ 

«2 = 2X. 


If we write 


(32) [\«-1- a[i -I- a^j -f- a^k) +\(j8'- /3'i - jS'y - /B'k)] 

■ [\(«0+ “li + + a;,k)+K(/3,- - y8J- /3, A)] 

= <» + <y+ <A;)-|-A,(^''-/3"i-)8''y-/S,''A), 

the a"‘s and /S'^s are given in terms of the a’s, /3’s, a'\ and /8'’8 by 
the equations (29) and (30). 
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The number system whose element-s are \q^+ where and q 
are quaternions, is one of the systems of biquaternions referred to in 
the footnote of § 130. It is often given a form which may be derived 
as follows: 

( 33 ) ^ 2 

Then and obey the multiplication table 




«« I 


and we have 2 \q,)=(e^+ e^)q^+(e- 

” \K+ + V + -/3J 


Let us write 


2^ + (5^)<+(5+^)y+(2,^)i). 


7 .= 2 ^. 7 .=^. 7 ,= =^. 7 .-=^. 


2 


2 


S.-^. 8.= H^. S,= ^. S,.i!±&. 


The rule for multiplying biquatemions, 

K (7o + 7i'i + y'J + 7i*) + *2 (K + Sli + S'j + «,'*)] 

■ [«i (7„ + 7ii + 7j + 7,*) + c, (S„ + \i + ^J+ 8,A)] 

= «i(7j' + Hi + HJ + H^+ + 8^'+ 8i'y + S"&), 

gives the following equations: 

7 "= 7o7o- 7i'7i- 727a- 7i7a+ 8 ^ 80 “ SfSj - 3'S,- S'S,, 
H= 7»'7i+ 7 i' 76+ 7^7.- 7i7a+ S(S. + 5'S,- S'3,. 
7" = 7o7a - 7i78+ 7^70 + 7't7i + + ^a'^o + 

/ofix 7i'= 7i7t+ 7i7a- 7Wi+ 7i7a+ ^A+ ^'8, - S'Sj+ S'S^, 
S"= 7'8, - 7{3j- 7'3,- 7 ^ 8 ,+ S' 7 ,_ SA- S'y,- S'y,. 

= 7A + 7A + 7A- 7 A.+ Si7i+ Si7o + SjVa- SiVa, 
^2 = 7A - 7i'8, + 7A + 7A + Si7a “ ^17, + ^^7^+ ^i7v 
*"= 7A + 7A - 7A + 7A + ^o7*+ 8 i 7 j- 8 ' 7 i+ 8 ^ 7 ,. 
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The 7 ’a and S’s given by (36) may be regarded as a new set of 
parameters for the elliptic displacements. Since the and are 
separate sets of homogeneous variables, they may be subjected to 
the relation 

(37) a* + <++ «8 = ^0 + A *++^3 • 

By means of (35) the relation (37) becomes 
(3 8 ) 7o®o ® • 

The formulas for the coefficients of a displacement (28) in terms 
of the new parameters are found by substituting 

®o='yo+*o> ®1= 71+81, a,= 7,+ 8a, a,= 7*+ 8,, 

/9o=7o— 8j, y8i= —7 i+8i, ^j= —7j+8,, ^3= — 7a+8j 

in the formulas for in terms of the a;s and y9’s. In other words, the 
matrix of the displacement corresponding to ( 7 ^, 7 ^, 7 ^, 7 ^; 3^, S j is 



and the formulas for the composition of two displacements are (36). 

EXERCISE 

The elliptic displacements are orthogonal transformations in four homo¬ 
geneous variables. Work out the parameter representation determined by 
the formula JZ = (1 - 5) (1 + S)-i 

of § 125. 

146. Parameter representation of hyperbolic displacements. Let 

the equation of the absolute be taken in the form 
(39) + x^+ x^) = 0. 

If /I is real, the corresponding geometry is elliptic; and it /x is a 
pure imaginary, the corresponding geometry is hyperbolic. No gener¬ 
ality is lost by tak ing /i = 1 (as in the section above) for the elliptic 
case and =V —1 m the hyperbolic case. For the sake of the limit¬ 
ing process referred to at the end of the section, we shall, however, 
carry out the discussion for an arbitrary /a. 
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By precisely the reasoning used in § 126 it is seen that any coUine- 
ation leaving one regains on the absolute invariant has the matrix 



and any coUineation leaving the other regains invariant has the matrix 


I ^0 

■ 8 = 


Hence any displacement has a matriz BA. In other words, if 

«oo=^o«o- A“s. 

“oi=M 

ao8=M(^.a,-^x®3+^a«o+^.“i)- 

®M= + M + ^8®o). 

«u = -^i«i+^o®a+^a«.+^2®2> 

«ia= - ^i®a+^o“a “ ^a«i" ^s*o< 

«ai=-^2“i-^a«« + ^o«.-^A> 

®jj= — ^a“a + ^o®o+^i®x> 

®ai-^a«i+>^a««-^i®.-^o«>. 

^a®a ~ ^o®i» 

a„= -/8,®,+^a®a+^i®i+^a®o* 

the transformation (28) is a displacement. 
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As we have already seen in the elhptio case, if and £ are 
matrices analogous to A and £, 

B'A'-BA=B'B •A'a 


Hence the product of two displacements BA and B'A' is a displace¬ 
ment E" A" such that A"—A'A 

and B"=B'B. 

On multiplying out the two matrix products A'A and B'B, it 
is evident that the elements of A" and B" are given hy the 
formulas (29) and (30) found above for the eUiptio case. These 
formulas are associated with the hiquateimons determined by the 
table (31). 

The remark must now be made that if ft =V— 1, the parameter 
representation above does not give real values of for real values of 
the ft’s and (8’s. Suppose, however, that we transform the biquater¬ 
nions as follows: 

<j= Xj+ Xj, 

Then and e, obey the multiplication table 


^ 2m 


(41) 






«i 




A 


and we have 2 

= /‘(2l+2j)«!+(?!- 


or 

where 

(42) 


\K+ + ®,*) + 

= (7o + + 'ij + 7,*) + c, (So -f Sji -I- Sj + Sji), 

7o- 2 ^^ 2 2 2 

^ _ ^'(,■”^0 g _ t p _ Ofg-H ^3 

^"“ 2 m ~’ ^~~2ir’ »~~Yir' 
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The rule for multiplying biquatemions 

+ 7 ;'y+ im +s"i+ 5 "y+ s"*) 

= [«x(7i+7i'* +7i;’+78'*)+ €j(So' + + ^i*)] 

■ [«i(7o+7ii + 79?+7,*) + es(^o + V + V+ 
according to (41), gives the following equations: 

7o= 7o7o- 7i'7i- 7a78- 7i78+ Si'S(- S.'S,- S'S,), 

7"= 7o'7i+ 7^70+ 737a- 78 73+ S'S,- S^S,), 

'//= viVa-717 b+ 7a7o+ 7i7i+ ^1^8+ S'S„+ SJSi), 

,^g. 7^'= 7 o'78+ 7f72- 7a'7i+ 7a'7o+ /*“(^o'*a+ ^2^1+ 

^ ^ Si' = 7„'S„-7iSx-7^S3-7iS. + S.'7.-Sx'7x-S3'73-Sira. 

= 7 o'Si + 7/So + 73'S. - 78^3 + Si 7 i+ Si' 7 o+ Si 78 - Si 72 . 

S" = 7i83 - 7{S, + 7i8o + 7i81 + Sivj- 8(7,+ Si7„+ S'yj, 

Si' = 7iS8 + 7i83 -7iSi-+ 7iSo + Si7,+ 8{7a- 8i7i+ S'y^. 

For ja = 0 these equations reduce to (64) and (65) of § 130, and 
for /*“=! they reduce to (36). For / 4 ®=—1 they give the standard 
formulas for combining hyperbolic displacements. Thus there are 
three essentially distinct systems of biquatemions, determined respec¬ 
tively by the conditions /i^= 1 , — 1, /j>= 0, The first corresponds 

to the elliptic, the second to the hyperbolic, and the third to the 
parabolic geometry. The geometry in each cose is determined by an 
absolute whose equation in point coordinates is (39), and in plane 
coordinates, 

(44) + < + ^2 + < = 0' 

Since the same geometry corresponds to any two real values of /i, 
there must be a simple isomorphism between any two systems of 
biquatemions corresponding to positive values of /i^; and a like state¬ 
ment holds with regard to the systems of biquatemions corresponding 
to negative values of The biquatemions for which /i= 0 may 
be regarded as a limiting case between those for which is positive 
and those for which is negative, just as the parabolic geometry is 
regarded as a limiting case between the hyperbolic and elliptic (§ 144). 

In these remarks it is understood that the coefficients y^, y^, y^, 7 ,, 
Sq, 8 ^, 8 g are always real From the geometrical discussion above 
it is dew that if these coefficients were taken as complex, the 
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biquatemions for which ^'=1 w'ould be isomorphic with those for 
which /!“= —1, 

The multiplication table (41), in case /a* = ~ 1 , is satisfied if we take 
€^=1 and €g=V—1. Hence the biquatemions with real coefficients, 

®i('yo+ Vi'i + 'ij + 7,*)+ C;(So+ V + 
are equivalent, in case /a®= —1 , to the quaternions with ordinary 
complex coefficients, 

a„+^„Vri+(aj+;SjVi:i)i+(a,+^,V^)y + (a^+yS^vCT)*. 

The biquatemions for which /a = 0, when taken with complex 
coefficients, may be regarded as a number system of sixteen units 
with real coefficients. This is the number system (§ 130) which 
is needed to study the displacements in the complex Euclidean 
geometry, and it may be regarded as containing the other systems 
of real biquatemions. 



CHAPTER IX 

THEOREMS ON SENSE AND SEPARATION 

147. Plan of the chapter. The theorems and definitions of 
Chapter II are for the most part special cases of more general 
concepts of Analysis Situs. The present chapter develops these 
ideas further, so that the two chapters together lay the founda¬ 
tion for the class of theorems which are particularly of use in 
the application of geometry to analysis, and vice versa. 

In most of the chapter attention is confined to theorems which 
can be proved without the use of the continuity assumptions (C, R). 
Many of the theorems are proved on the basis of A, E, S alone and 
others on the basis of A, E, S, P. 

In the first sections (§§ 148-’153) of this chapter we prove some 
of the general theorems about convex regions. These are followed 
(§§ 154-157) by the definitions of some very general concepts, such 
as curve, region, continuous group, eta It will not be necessary (or 
possible in the remaining pages) to develop the corresponding gen¬ 
eral theory to any considerable extent. Nevertheless, these general 
notions underlie and give unity to the rest of the chapter, which 
may in fact he regarded as a study of certain continuous families of 
figures by special methods. 

In §§ 158-181 the theory of sense-classes is developed in consid¬ 
erable detaU. for the various cases considered m earlier chapters and 
for other cases, the principal idea involved being that of an ele¬ 
mentary transformation. Finally (§§ 182-199), we prove the funda¬ 
mental theorems on the regions determined in a plane by polygons 
and in space by polyhedra, 

148. Convex regions. Theorem 1. If li& a line coplanar with a 
triangulcLT region R and containing a foint of R, the points of ^ on I 
constitute a segment 

Proof A line coplanax with a triangle and not containing more 
than one vertex meets the sides of the triangle in at least two and 
at moat three points. These points, by § 22, are the ends of two or 

385 
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three segments. By Theorem 20, Chap. II, the points of any one 
of these segments are in the same one of the triangular regions deter¬ 
mined by the triangle, and two points in diJBferent segments are in 
different triangular regions. 

CoEOLLAET. The j^ohits common to a tetrahedral region and a line 
containing one of its joints constitute a linear segment. 

Proof. A hne not on one of the planes of a tetrahedron meets 
these planes in at least two and at most four points. The rest 
of the argument is the same as for the theorem above, replaciag 
Theorem 20, Cliap. II, by Theorem 21 of the same chapter. 

Convex regions on a line have been defined and studied in § 23. 

Defin’ITION. a set of points in a plane is said to be a tyjo-dimen^ 
sional (or jglanar) convex region it and only if it satisfies the follow¬ 
ing conditions; (1) Any two points of the set are joined by an 
interval consisting entirely of points of the set, (2) every point of the 
set is interior to a triangular region containing no point not in the set, 
and (3) there is at least one line coplanar with and not containing 
any point of the set 

A triangular region, a Euclidean plane, and the interior of a conic 
are examples of planax convex regions. 

Theorem 2. If I is a line coplanar with a tvjo-dimensional convex 
region R and containing a point of R, the points ofRonl constitute 
a linear convex region. 

Proof. The definition of a hnear convex region is given in § 23. 
That the points of R on Z satisfy (1) of that definition follows directly 
from (1) of the definition of a planar convex region. To prove (2) that 
any point P of R on Z is interior to a segment of points of R on Z, 
we observe that by (2) of the definition of a planar convex region 
P is interior to a triangular region consisting entirely of points of R 
and that by Theorem 1 the points common to Z and this triangular 
region are a linear segment. Condition (3) of the definition of a 
linear convex region is satisfied by the points of R on Z because Z 
contains one point of the line coplanar with R and not containing 
any point of R. 

Definition. A set of points in space is said to be a fli/ree-dirnen- 
sional (or spatial) convex region il and only if it satisfies the following 
conditions: (1) Any two points of the set are joined by an interval 
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consisting entirely of points of the set, (2) every point of the set is 
interior to a tetrahedral region cont aining no points not in the set, 
and (3) there is at least one plane containing no point of the set. 

A tetrahedral region, a Euclidean space, and a hyperbolic space are 
examples of three-dimensional convex regions. 

Theorem If a line I contains a jpoint of a three-diTaensional 
convex region R, the points of R on I constitute a linear convex region. 

The proof of this theorem follows the same lines as that of Theo¬ 
rem 2, the corollary of Theorem 1 being used instead of Theorem 1 
in showing that the points of f in R satisfy Condition (2) of the 
definition of linear convex region. 

In consequence of Theorems 2 and 3 the definitions (between, 
precede, ray, sense, etc.) and theorems of § 23 are applicable to col- 
hnear sets of points in two- and three-dimensional convex regions. 
In the rest of this chapter the segment AB where A and B are in a 
given convex region R always means the segment AB of points of R. 

Theorem 4. If ABC are three noncollinear points of a convex 
region R, B a point of R in the order {BCD}, and JS a point of R 
in the order {CEA), there exists a point F of R in the orders {AFB} 
and {DEF}. 

Proof Let F be defined as the point of intersection of the lines 
DE and AB (fig. 77, p. 351). By (3) of the definition of a two- or 
three-dimensional convex region there is a line L coplanar with A, B, 
and C and containing no point of R, Hence does not meet any of 
the segments AB, BC, CA. Hence (Theorem 19, Chap. II) the line 
DE which meets the segment CA and does not meet BC must meet 
AB. Hence {AFB}. 

The line does not meet any of the segments FB, BD, DF, and 
the line AC meets the segment BD and does not meet the segment 
BF. Hence AC meets the segment DF. Hence {DEF}. 

Theorem 5. A thret-dirnensional convex region R satisfies As- 
sv/mptions I^VIII of the sei given for a Euclidean space in 

Proof. Assumptions I, H, HI, V, Vill are dir^t consequences of 
Theorem 3 and the theorems of § 23. Assumptions Y1 and VH are 
consequences of Condition (2) of the definition of a three-dimensional 
convex regiom Assrpnptimi TV is a ^nsequencc-of Theorem .4. 
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The theory of order relations in convex r^ons can be baaed en¬ 
tirely on Theorem 5. This amounts to developing the consequences 
of Assumptions I-VIII of § 29. Since both the Euchdean and the 
hyperbolic spaces satisfy these assumptions, this method of treating 
convex regions is of considerable interest from the point of view of 
foundations of geometry (ct references in § 29). The methods required 
to prove the theorems on this basis are but Little different from those 
used in the next section. 

CoROLLAav. In a real projective space a convex region also satisfies 
Assumption XVII of § 29, 

EXERCISES 

1. The set of all pomta common to a set of convex regions which are all 
contained in a single convex region is, if existent, a convex region. (In other 
words, the logical product of a set of convex regions contained in a convex 
region is a convex region.) 

2. Prove on the basis of Assumptions I-VIH of § 29 that for any set of 
points Pi. Pa* • ■ ■* P** fiuite in number, there is a line I such that P^, Pj, • ■ P„ 
are all on the same side of L 

*3. A set of points in a projective space such that any two points of the 
set are joined by one and ordg one segment consisting entirely of points of the 
set and such that every point of the set is interior to at least one tetrahedral 
region consisting entirely of points of the set, is a convex region. 

*4. Study the set of assumptions for projective geometry consisting of 
A, E and the assumption that in the projective space there is a set of 
points satisfying the Assumptions I-VHl, XVII for a convex region. 

149. Further theorems on convex regions. Theorem 6. If A, B,C 
are three noncoUmear points of a convex region R, they are the 
vertices of one and only one triangular region consisting entirely of 
points of R. This triangular region consists of all points on the 
segments joining A to the points of the segment BC. 

Broof, By Theorem 4 a line joining P to a point of the segment 
CA meets a segment joining A to any point A^ of the segment BC] 
and by the same theorem any point of the segment AA^ is joined 
to P by a line meeting the segment CA, Hence the set of points 
[P] on the segments joining A to the points of the segment BC 
is identical with the set of points of intersection of lines joining A 
to points of the s^ment BC with lines joining P to points of the 
segment CA, By similaT reasoning [P] is the set of points of inter¬ 
section of lines joining A to points of the segment BC with lines 
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joining C to points of the segment AB, The points [P] form a 
triangular region because they are all the points not separated from 
a particular P by any pair of the three lines AB, BC, CA. 

The other three triangular regions having A, By C as vertices 
contain points of the line which by (3) of the definition of a convex 
region is coplanar with ABC and contains no point of R. Hence 
[P] is the only triangular region satisfying the conditions of the 
theorem. 

In the rest of this section the triangular region determined by 
three noncoUinear points Ay P, (7 of a convex region R according to 
Theorem 6 shall be called the triangular region ABC. It is also 
called the interior of the triangle ABC. 

Coeollahy. If ABCD are four noncojplanar points of a convex 
region R, they are the vertices of one and only one tetrahedral region 
consisting entirely of points of R. This tetrahedral region consists of 
the segments of points of R joining A to points of the triangular 
region BCD. 

Proof. Let \a\ be the set of segments jo inin g A to points of the 
triangular region BCD and [P] the set of all points on the segments 
[a]. Any P is also on a segment joining P to a point of the tri¬ 
angular region ACDy as is seen by applying the theorem above to 
the figure obtained by taking a section of the tetrahedron ABCD 
by the plane ABF. In like manner any P is on a segment joining 
C to a point of the triangular r^on DAB, and on a segment join¬ 
ing P to a point of the triangular region ABC. 

The same argument shows that any point of intersection of a 
Hne joining -4 to a poiut of the triangular region BCD with a Kne 
jo ining P to a point of the triangular region CAD is in the set 
[P] and that every P is a point of this descriptioiL Prom this it 
follows that [P] contains all points not separated from a particular 
P by the faces of the tetrahedron ABCD. Hence by Theorem 21, 
Chap, n, [P] is a tetrahedral r^on. 

An y tetrahedral region having ABCD as vertices and distinct 
from [P] contains points not in R, because it either contains points 
on the segments complementary to [a] or on the lines joining A 
to the points of the triangular regions different from BCD in the 
plane BCD. 
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Theorem 7. If a plane tt contains a point of a three-dimensional 
convex region R, the points of R on ir constitute a planar convex 
region, 

Froof The points of R on tt satisfy Conditions (1) and (3) of 
the definition of a planar convex region because R satisfies Con¬ 
ditions (1) and (3) of the definition of a three-dimensional convex 
region. To prove that the points of R on tt satisfy (2) of the defini¬ 
tion of a planar convex region, let -P be a point of R on tt and I a 
line on P and tt. By Theorem 3 there are two points A, of R 
on I such that the segment APA^ is composed entirely of points of R. 
Let a be a line on A^ and tt but distinct from L By the same 
reasoning as before there are two points .B, C of R on a such that 
the segment BAf) is composed entirely of points of R. By Theorem 6 
the triangular region having A, (7 as vertices and containing P 
contains no points not in R. Hence the points of R on tt satisfy 
Condition (2) of the definition of a planar convex region. 

Theorem If I is any line coplanar with and containing a 
point of a planar convex region R, the points of R not on I con¬ 
stitute two convex regions such that the segment joining any point 
of one to any point of the other meets the linear convex region which 
I has in common with R. 

Proof, By definition there is a line m coplanar with R md con¬ 
taining no point of R. By Theorem 18, Cor. 1, Chap. II, aU points 
of the plane not on Z or m fall into two classes [0] and [P] such 
that (1) two points 0, P of different classes are separated by I and 
m and (2) two points of the same class are not separated by I and 
m. The region R contains points of both of these classes. Eor let I 
be any point of R on Z. By Theorem 2 any line through I coplanar 
with R and distinct from I contains a segment of points of R of 
which I is one point. If A and B are two points of this segment 
in the order {AIB}, A and B are separated by I and m and also 
are points of R. Hence there exist two mutually exclusive classes 
[O'] and [P'], subsets of [0] and [P] respectively, which contain. 
aU points of R not on I, 

Since any €/ and any P' are separated by I and m and no 
s^ment O'P' contains a point of m, every segment O'P' contains 
a point of I, 
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Since two points of the same class ([(9'] or [P']) are not separated 
by I and ?/i, and since the segment joining them does not contain 
a point of rn, it does not contain a point of 1. 

It remains to show that any point of either of the classes, say 
[<9'], is interior to a triangular region consisting entirely of points 
of this class. Let p be any line on a point 0- and coplanar with R. 
Let 0[ and 0^ points of R on ^ in the order and 

such that the segment does not contain a point of I, Let q be 
any line distinct from p, coplanar 
with R and on Ol, and let Oj, (9^ 
be two points of R on in the 
order and such that the 

segment does not contain a 

point of I By Theorem 6 there 
is a unique triangular region with 
0[, Og, O' as vertices consisting 
only of points of R and containing 
all points of the segment O'O^. 

Since I does not meet any of the 
segments ^^0', O'Oj, O^Oi, it can¬ 
not meet any segments joining 
0{ to a point of the segment OgO^ (Theorem 4). Hence the 
triangular region O^OgO^ consists entirely of points of [O']. 

COEOLLAET 1. If TT is any iflane containing a point of a three- 
diTnensional conrex region R, the points of R not on tt constitute 
two three-dimensional convex regions such that the segmmt joining 
any point of one to any point of the other meets the planar convex 
region which tt has in common with R. 

Proof The proof is a strict generalization of that of the theorem 
above to space, using the corollary of Theorem 6 instead of 
Theorem 6. 

CoEOLLAaT 2. For a given line I {or plane tt) and a given conv^ 
region R, there is only one pair of regions of the sort described in 
Theor&rn 8 (or Cor. 1). 

Proof If 0 is any point of R not on I, the class containing 0 must 
include aU points joined to 0 by segments not meeting I Hence it 
must be identical with one of the classes given by the theorem, ^ 
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Defixitiox. The two convex regions determined according to 
Theorem 8 by a line in a planar convex region are called the sides 
of the line relative to the convex region. The two convex regions 
determined according to Cor. 1 by a plane in a convex region are 
called the two sides of the plane relative to the convex region. 

DefDvITIOX. Two sets of points [-P], [9] in a convex region or 
in a projective plane or space are said to be separated by a set [aS] if 
every segment of the convex region or of the projective plane or 
space which joins a P to a 0 contains an S. 

EXERCISE 

Given two lines containing points of a convex region but intersecting in a 
point P outside the region. Construct the line joining P to a point Q in the 
region by means of linear constructions involving only points and lines in the 
region. Cf. Ex. 4, § 20, Tol. I. 

150. Boimdaiy of a convex region. Defixitiox. A point P is a 
houndary point of a set of points [P] if every tetrahedral region 
containing B contains a point P and a point not in [P]. The set 
of all boundary points of [P] is called the boundary of [P]. 

Theohem 9. All boundary points of a set of points on a line 
I are on L All boundary points of a set of points on a plane 
TT are on tt. 

Proof. If 6 is a point not on a line Z, any tetrahedron one of whose 
faces contains I and none of whose faces contains Q wiU. determine 
a tetrahedral region (§ 26) which contains Q and does not contain 
any point of Z. Hence Q is not a boundary point of any set of points 
on Z. A like argument proves the second statement in the theorem. 

CoHOLLABY 1. A boundary point B of a set of points [P] on a 
line I is any point such that any segment of I containing B contains 
a P and a point not in [P]. 

Corollary 2. A boundary point B of a set of points [P] on a 
plane tt is any point such that any triangular region of tt contain¬ 
ing B contains a P and a point not in [P]. 

Theorem 10. Let tr be the convex region common to a line I and a 
planar comex region R aTid let and R„ be the con/vex regions 
formed by the points of R which are Tiot on a. The boundaries of R^ 
and of Rj contain <r and all boundary points of a. Each boundary 
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point of R is a loundary point of or of R^, and each 
’boundary point of R^ or of R^ wMdk is not on I is a boundary 
point of R, 

Proof. If Q is any point of o-, and m a line on Q coplanar with 
R^ and distinct from Z, any segment of m containing Q contains 
points both of R^ and of R,. Since any triangular region contain¬ 
ing Q contains a segment of m containing Q, it contains points 
both of Rj and of R,. Hence @ is a boundary point both of R^ 
and of R,. If E is a boundary point of a, any triangular region 
containing B contains a point Q of <r, and hence, by the argument 
just given, contains points both of R^ and of R^. Hence ^ is a 
boundary point both of R^ and of R^. 

Let ^ be a boundary point of R. Any triangular region T con- 
taming A contains at least one point not in R^ or Rg, namely, A 
itself. Since A is a boundary point of R, T contains at least one 
point of R, which may be in R^ or in R„ or in tr. In the latter 
case T contains points of R^ and R^ both, by the paragraph above. 
Hence in every case T contains points of R^ or R^. If every trian¬ 
gular region containing A contains points of R^ and of R^, -4 is a 
boundary point of both R^ and R^. If this does not happen, some 
triangular region containing A contains points of one of R^ and 
Rg (say R J and not of the other. Any triangular region T contain¬ 
ing A then contains points of R^ because by an easy construction 
we obtain a triangular region containing A and contained in 
both T and T^; and since contains A, it contains points of R, 
which because they are in must be points of R^. Hence A is a 
boundary point of R^. 

Let (7 be a boundary point of R^ which is not on h Any trian¬ 
gular region T containing G contains points of R, because it contains 
points of R^. It also contEiins points not in R^^. One of these points 
is not in R unless T consists entirely of points of R^, R^, and I, 
If the latter case should arise, since C is not on Z a triangular 
region could be constructed containing C, interior to and not 
containing any point of 1. then would contain points of both R^ 
and Rg and hence would contain a segment joining a point of R^ to 
a point of R^; which segment, by Theorem 8, would contain a point 
of Z, contrary to hypothesis. Hence T contains points not in R, and 
C' is a boimdary point of R. 
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COROLLASY. Let <r be the convex region common to a jplane tt and 
a three-dimensional convex region R, and let and R^ be the co7iveoi? 
regions formed, by the jpoints of R ichieh are not on tt. The boundaries 
of R^ and R^ contain cr and all boundary points of tr. Each boundo/ry 
point of R is a boundary point of or of R^, and each boundary point 
of Rj or of Rj ichich is not on tt is a boundary point of R. 

It is to be noted that we have not proved that a convex region 
always has a boundary". Cf. Ex. 7, below. 

EXERCISES 

1. If -1 and B are two points of the boundary of a convex region R, one of 
the segments joining them consists entirely of points of R or entirely of points 
of the boundary of R. 

2. A line has no points, one point, two points, or one interval in common 
with the boundary of a convex region. 

3. If a segment consists of boundary points of a given set, its ends are also 
boundary points. 

4. Using the notation of Theorem 10, no point of Z not in <7 or its bound¬ 
ary can be a boundary point of R. Hence if P is a point of a two- or three- 
dimensional convex region R, and B a boundary point of R, the points P and 
B are joined by a segment consisting entirely of points of R. 

5. Using the notation of the corollary of Theorem 10, no point of tt not in 
O' or its boundary can be a boundary point of R. 

6. Using the notation of Theorem 10, if R and its boundary are contained 
in another convex region R', then no point of the boundary of R^ not on o- or 
its boundary can be on the boundary of R^. 

7. Give an example of a space containing a convex region which has no 
boundary. 

8 . A ray whose origin is in the interior of a triangle meets the boundary 
of this triangular region in one and only one point. 

♦9. Let 0 be an arbitrary point of a Euclidean plane, and R.^ an arbitrary 
convex region containing 0 and having a boundary which is met in two 
points by every line which contains a point of Rq. Let any set of points iuto 
which the boundary of can be transformed by a homothetic transforma¬ 
tion (§ 47) be called a circle. Let the point to which 0 is transformed by the 
homothetic transformation which carries the boundary of Rq into any circle 
be called the center of this circle. Let two point-pairs AB and A'B' be said 
to be congruent if and only if there is a circle with A as center and passing 
through B which can be carried by a translation into one with A' as center 
and passing through S'. The geometry based on these definitions is analo¬ 
gous to the Euclidean plane geometry. Develop its main theorems. Cf. the 
memoir of H. Minkowski by D. Hilbert, Mathematische Annalen, Vol. T/X vni 
(1910), p. 446. 
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151. Triangular regions. The theorems of the last sections cen 
he used to complete the discussion of the regions determined by a 
triangle. We shall continue to use the notation of § 26 and shall 
denote the sides AB^ BC, CA by c, a, and i respectively. The points 
of the plane which are not on a form a convex region, of which a 
is the boundary. By Theorem 8 the points not on a or 5 fall into 
two convex regions, of each of which a and I together (by Theorem 10) 
constitute the boundary. The line c meets a and 6 in the points B 
and A respectively and hence has the segment 7 in common with 
one of the regions and 7 in common with the other. By Theorem 8 
the re^on containing 7 is separated into two convex regions, each 
having 7 on its boundary, and the other into two, each having 7 on 
its boundary. Thus the three lines a, &, c determine four planar 
convex regions which are identical with the four triangular regions 
of Theorem 20, Chap. II. Since the lines enter symmetrically, each 
of the segments or, ; 8 , 7 , ;9, 7 is on the boundary of two and only 

two of the triangular regions. 

The three vertices A, By 0 are on the boundaries of all four tri¬ 
angular regions, because every point of the plane can be joined to 
these three points by segments not meeting the lines a, h, c. No point 
not on ay J, or c can be a boundary point of any of the triangular 
regions, because such a point is an interior point of one of them. 

Since any line m which meets one of the four planar convex regions 
meets it in a segment the ends of which are the only points of m 
on the boundary, the three segments which bound one of the four 
triangular regions cannot be met by the same line. The boundaries 
of the four regions therefore consist respectively (cf. fig. 16) of the 
vertices of the triangle, together with 

a, ) 8 , 7 for Region I, 
a, 7 for Region 11, 

a, 13y 7 for Region m, 
a, ^y 7 for Region TV. 

In addition to what has already been stated in Theorem 2, the 
discussion above gives us the following information: 

Theoeem 11.-4 triaTigular region is bouTbded ly the three vertices 
of the triangle, together with three seginents joining them which caivnot 
all be met by a lirve. 
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If AOB and AFC are two noncoUinear segments they may be 
denoted by a and p. The two segments whose ends are B and C 
may be denoted by 7 and 7 , 7 being the one met by the line OP. 
As we have just seen, a, 13, and 7 , together with the vertices of the 
triangle, are the boundary of a convex region, and there is one and 
only one of the four convex regions of whose boundary a and 13 
form part. Hence 

Theorem 12. For any two rwncollinmr segments a, ^ having a 
common end there is a unique triangular region and a unique seg¬ 
ment 7 suck that cr, ^S, and 7 , together with the ends of a a'nd l3, form 
the houndary of the triangular region. 

Corollary 1. On any jpoint coplanar with hut not in a given 
triangular region T, there w at least one line composed entirely of 
points not in T. 

Corollary 2. The triangular region determined according to 
Theorem 1§ hy two Twncollinear segments CWa and CA'B consists 
of the points of intersection of tho lines joining B to the points of the 
first segment with the lines joining A to the points of the second segment. 

The complete set of relations among the points, segments, and tri¬ 
angular regions determined by three noncollinear parts A, B, C may 
be indicated by the following tables. 


H,: 


where in the first table a " 1 ” or a " 0 ” is placed in the ^th row and 
yth column according as the point whose name appears at the be^ 
ginning of the ^'th row is or is not an end of the segment whose 
name appears at the top of the jth column; and where in the second 
table a "1 or a " 0 ” is placed in the ^th row and^th column according 
as the segment whose n a m e appears at the beginning of the ith row 
is or is nob a part of the boundary of the triangular region whose 
name appears afr the top of the yth colmniL 
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EXERCISES 

1. The lines polar (§ 18, VoL I) with respect to a triangle ABC to the 
points of one of the four triangular regions determined by ABC constitute 
one of the four sets of lines determined by ABC, according to the dual of 
Theorem 20, Chap. IL The points on these lines constitute the set of all points 
coplanar with but not on the given triangular region or its boundary. 

2. Divide the lines of the plane of a complete quadrangle into classes 
according as the point pairs in which they meet the pairs of opposite sides 
separate one another or not. Apply the results to the problem : WTien can a 
real conic be drawn through four given points and tangent to a given line? 
Dualize. 

152, The tetrahedron. The discussion in § 151 generalizes at once 
to space. Let us use the notation of § 26. The points not on con¬ 
stitute a convex region of which is the boundary. By Theorem 8, 
Cor. 1, the points not on and constitute two convex regions, of 
each of which, by Theorem 10, and form the boundary. 

The plane has points in each of the three-dimensional convex 
regions boimded by and and hence by Theorem 7 has a planar 
convex region in common with each of them. By Theorem 8, Cor. 1, 
each of these planar convex regions separates the spatial convex re¬ 
gion in which it hes into two spatial convex regions, of each of which 
(Theorem 10, Cor.) it forma part of the boundary. Thus the points 
not on form four spatial convex regions. Since any plane 

not on meets cc^, and in a trisuigle, it meets each of these 
four spatial convex regions in a triangular region. Thus, since the 
planes enter symmetrically, we have 

Theorem 13. Deftnitiox. Three planes meet ly pairs 

in three lines, and each pair of these lines hounds two planar convex 
regions. The points not on and form four spatial convex 

regions {called trihedral regions) each hounded hy the three lines and 
three of the planar convex regions. The rdations among these regions 
are fvMy represented hy the matrices of § 151 if the three lines are 
denoted hy A, B, G, the planar convex regions hy a, 7 , a, fi, 7 , and 
the three-dimensional regions hy I, II, HI, IV. 

Each of the four spatial convex regions determined by 
is met by in a triangular region and separated by it into two 
convex regions each of which is partially bounded by the triangular 
region. Hence the points not on o:^ form eight convex 
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spatial regions which must he identical with the tetrahedral regions 
of Theorem 21, Chap. IL Since the planes enter sym¬ 

metrically, there are sixteen triangular regions each of which is on 
the boundary of two and only two three-dimensional regions; and, 
moreover, each tetrahedral region has one and only one triangular 
region from each of the four planes on its boundary. 

Since any point not on cc^ can be joined to any of the 

points A^, A^, Ajj, A^ by a segment not containing any point of 
«!, oTg, or the points A^, A^, A^, A^ are on the boundary of all 
eight tetrahedral regions; and by similar reasoning each segment 
which bounds a triangular region also bounds each of the tetrahedral 
r^ons bounded by the triangular region. 

THEOEEii 14. The boundary of a tetrahedral region co'fbsi^ts of its 
four vertice^y together vnth four triangular regions and the six seg¬ 
ments bounding ths four triangular regions and bounded by the four 
vertices. 

CoROLLAET. Three noneo'planar segments having a common end are 
on the boundary of one and only one of the tetrahedral regions having 
their ends as vertices. 

The complete set of relations among the points, segments, triangular 
regions, and tetrahedral regions determined by A^y Ag, A^ may be 
indicated by three matrices analogous to those employed in § 151. 
That the points A^ and Aj are ends of the segments and ov. is 
indicated in the first matrix, a "1” in the ith row and jth column 
signifying that the point whose name appears at the beginning of 
the 2 th row is an end of the segment whose name appears at the 
top of the jbh column, and a " 0 ” signifying that it is not. 
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The four triangular regions in the plane a,.(i = l, 2, 3, 4) 
determined by the hnes in which the other three planes meet 
may be denoted by t.^, Applying the results of 
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§151 to each plane we have the following matrix, in which a 
"1” or a "0” appears in the fth row and yth column according 
as the segment whose name is at the heginning of the fth row 
is or is not on the boundary of the triangular region whose 
name is at the top of the yth column. 
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Let us denote the eight tetrahedral regions by T^, • • •, and con¬ 
struct a TTiatrix analogous to the preceding ones, in which a "1” or 
a “ 0 ” appears in the ith row and yth column accordmg as the tri¬ 
angular region whose, name is at the be ginn i n g of the ith tow is or 
is not on the boundary of the tetrahedral region whose name is at 
the top of the y'th colunm. By definition there is a plane. ir which 
meets all the six segments (r^ and none of the segments a-y. There 
is one and only one tetrahedral region not met by w. Let us assign 
the notation so that this region is called T^. As ir cannot meet the 
segments and triangular regions on the boundaries of T^, these seg¬ 
ments must be the six segments and these triangular regions must 
be those bounded by The latter can be found by means of the 
matrix H. This determines the first column of the matrix to be 
constructed. The other columns are found by considering succes¬ 
sively the planes'of the seven other classes of planes described in 
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§ 26. Thus, for example^ is the region on ■whose boundary are the 
segments o-^^, 
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EXERCISE 

The i^anes polar (§ 18 , Yol. I) with respect to a tetrahedron ABCD to 
the points of one of the tetrahedral regions determined by ABCB consti¬ 
tute one of the four seta of planes determined by ABCD according to § 26 . 
The points on these planes constitute the set of aU points not on the given 
tetrahedral region or its boundary. 

*153. Generalization to n dimensions. The generalization to 
71 dimensions of the point pair, triangle, and tetrahedron is the 
{n -h lypoint in Tispace. This is any set of -|- 1 points no n of 
which are in the same (u — l)-space, together with the lines, 
planes, 3-spaces, etc. which they determine by pairs, triads, tetrads, 
etc. By a direct generalization of § 26 one proves that the points 
not on the n—1 spaces of an (n + l)-point fall into 2* mutually 
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exclusive sets R^, • • •, Ro* such that any two points of the same set 
are joined by a segment of points of the set and that any segment 
joining two points not in the same set contains at least one point 
on an {n — l)-space of the (71 -|- l)-point. Any one of the sets 
Rj, • ■ Ron is called a simplex or iirdimenswnal segment 

Thus the simplex is a generalization of the linear segment, trian¬ 
gular region, and tetrahedral region. By replacing triangular and 
tetrahedral regions by simplexes throughout §§ 148-152 we obtain 
immediately the theory of 71 -dimensional convex regions. A like proc¬ 
ess applied to §§ 154-157, below, gives the theory of 7i-dimensional 
connected sets, regions, continuous families of sets of points, cen- 
tinuous families of transformations, continuous groups, etc. We 
leave both series of generalizations to the reader. 

154. Curves. Definition. Let [T] be the set of all points on 
an interval of a line I A set of points [P] is called a con- 
tinuous mirce or, more simply, a curves if it is in such a correspond¬ 
ence r with [T] that 

(1) for every T there is one and only one F such that P = r(P); 

(2) for every P there is at least one T such that P = r(T); 

(3) for every P, say P', and for every tetrahedral region R con- 
tainiug r(P'), there is a segment <r of Z containing T' and such 
that for every Tin a, r(P) is in R. 

A curve is said to be closed if r(Pjj)= r(P^). It is said to be 
simple if T can be chosen so as to satisfy (1), (2), (3) and so that if 
P'=?^P", r(P')^ r(P'') unless the pair P'P" is identical with the 
pair T^T^. 

The point r(P) is said to describe the curve as P varies. The 
curve is said to join the points r(Pj^) and r(Pj). 

In view of the definition of the geometric number system in Chap. VI, Vol. I, 
and the theorems in Chap. I, Vol. II, this definition could also be stated in 
the following form: Let (^) be the set of numbers such that 0 = ^ = 1 . A set 
of points [P] is called a curve if it is in such a correspondence V with [t] that 
( 1 ) for every t there is one and only one P = T (t), ( 2 ) for every P there is at 
least one t such that P = V (<), and ( 3 ) for every t, say f, and for every tetra^ 
hedral region R containing T (i'^ there is a number 8 > 0. such that if 
8 < i < /'+ 8, V(f) is in R. 

In the Euclidean or non-Euclidean spaces ( 3 ) may be replaced by the con¬ 
dition : For every ^'*and every positive number c there is a positive number 8 
such that if^'-8<^<^'-^•^the distance between V p) and T (0 is leas lhan c. 




402 


THEOREMS ON SENSE AND SEPARATION [Chap.ix 


The most obvious examples of simple closed curves are the 
projective line and the point conic. The proof that these are simple 
closed curves wUl be given for the planar case, and may be extended 
at once to the three-dimensional case by substituting tetrahedral 
regions for triangular ones. 

Theohe^i 15. A projective Ime is a simple closed cnirve. 

Proof, Let [P] be the set of points on a projective line and let 

Pu E, be four particular values of [P] in the order 
Let Pj, Pg, P^ be five eoUinear points in the order 
and let [P] be the set of aU points of the interval If P 

is on the inter\^al Pj^iPa, let r(P) be the point to which P is 
carried by a projective correspondence* which takes the points 
P^, Pj, P^ into ij, JJ, P respectively; and if P is on the inter¬ 
val PjP^P^, let r(P) be the point to which P is carried by a 
projectivity which carries the points P,, P^, P^ into ij, JJ, ij 
respectively. 

The correspondence T is defined so that there is one and only 
one point P = r(P) for each P; and also so that r(P') = 7 ^r(P'-), 
unless P'= P" or P'= P^ and P'^= P^, or P'= P^ and P"= pj 
Thus [P] satisfies conditions (1) and (2) of the definition of a curve 
and the condition that a curve be simple. 

Int R be any triangular region containing a point P'= r(P'). 
By Theorem 1 there is a segment of the projective line [P] con¬ 
taining P^ and contained in R; let P"=r(P") and P'"=r(P'") 
be the ends of this segment. This segment is the image either of 
the points P between P" and P"' or of the points P not between 
T” and P'''. Hence if o- be any segment of the line con¬ 
taining P' and not containing P'' or P"', every point P on o- is such 
that r(P) is in R. Hence [P] satisfies Condition (3) of the defini¬ 
tion of a curve. 

Theorem 16. A point conic is a simple closed <MTve. 

Proof. The proof is precisely the same as that of Theorem 15 
except that [P] is the set of points on a conic, and the following 
lemma is used instead of Theorem 1 . 


*ThM^ does not use Assumption P, because It requires only the existence of a 
pro]ectivity, and thia may be aet up as a series of perspectiyities (cf. Chap. Ill, Vol. I). 
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Lemma- If a point I of a conic C" is in a triangular region R 
coplcinar vAth C", there is a segment cr of C’" 'which contains P and 
is contained in R. 

Proof, If C‘ is entirely in R the conclusion of the theorem is 
obvious. If not, let $ be a point of (7® not in R. By § 75 the points 
of the line PQ interior to constitute a segment having P and Q 
as ends. Let be a point 
of this segment which is 
also on the segment con¬ 
taining P (Theorem 1), 
which the line PQ has in 
common with R (fig, 81), 

Let T be the common 
point of the tangents at 
P and Q and let T' and 
be points of R in the 
order {TT'PT"}. Letts'' 
and be the points in 

which QT^ and QT^^ meet 
TR\ so that 
Let and be points 

interior to R, interior to and in the order 
(Theorem 1). The hues and QS^ meet TP in two points and 
T^ respectively in the order {TT'T^PT^T^^, Since these points are 
on the segment T'PT^' they are in R. Since 0 is on the conic 
the lines QT^ and QT^ meet in two points and respectively. 

Since is interior and T^ (a point of a tangent) exterior to C\ 
we have the order But and are in R and Q is not in R. 

Hence by Theorem 1, is in R. In like manner is in R. 

The segment conic is now easily seen to consist 

entirely of points of R, For if P is any point of this segment, and 
T and S the points in which QP meets PT and RT respectively, 

X PTT^Tj I USSiS^. 

Hence P is on the segment T^PT^ and is on the segment S^RS^. 
Hence T and S are interior to R, and S interior to 0\ Since T is 
exterior to C\ it follows that ^ and T separate P and Q, Therefor^ 
as @ is not in R, P is in R. 
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EXERCISE 

The boundary of a triangular region is a simple closed curve. 

155. Connected sets, regions, etc. A set of points is said to be 
connected if and only if any two points of the set are joined by a 
cur\’e consisting entirely of points of the set. A connected set is 
sometimes called a continuous family of ^points. In a space satis¬ 
fying Assumptions A, E, H, C (or A, E, K or A, E, J) a connected 
set is also called a continuum. A connected set in a plane such that 
every point of the set is in a triangular region containing no points 
not in the set is called a planar region. A connected set of points 
in space such that every point of the set is in a tetrahedral region 
containing no points not in the set is called a three-dimensional 
region. 

A one-to-one transformation T carrying a set of points [X] into a 
set of points [P] is said to be continuous if and only if for every X^ 
say A', and every tetrahedral region T containing r(X'), there is a 
tetrahedral region R containing X' and such that for every X in R, 
r(X) is in T. 

If a linear interval joining two points A, B is subjected to a con¬ 
tinuous one-to-one reciprocal transformation, it goes into a curve 
joining the transforms of A and B (§ 154). The set of points on the 
curve, excluding the transforms of A and R, is called a l-cell. 

If a triangular region and its boundary are subjected to a con¬ 
tinuous one-to-one reciprocal transformation, the set of points into 
which the triangular region goes is called a simply connected element 
of surface, or a 2-cell. 

If a tetrahedral region and its boundary are subjected to a con¬ 
tinuous one-to-one reciprocal transformation, the set of points into 
which the boundary goes is called a simply connected surface, or simple 
surface, and the set of points into which the tetrahedral region goes 
is called a simply connected threerdimensional region, or a 3-cell. 


EXERCISES 

1 . A region contains no point of its boundary. 


2 , If A and B are any two points of a planar region R, there exists a finite 
number of triangular regions such that U has a point in common 

with ti+i (t = 1 ,..., n - 1 ) and contains A and contains B. This property 
could be taken as the definition of a region in a plane. 
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3 . Given any set of regions all contained in a convex region. The set of 
all points in triangular regions whose vertices are in the given regions is a 
convex region. This region is contained in every convex region containing the 
given set of regions (J. AV. Alexander). 

4 . The set of all points on segments joining pairs of points of an arbitrary 
region R contained in a convex region constitutes a convex region The 
region R^ is contained in every convex region containing R. 

5 . The boundary (§ 150 ) of a region in a plane (space) separates (§ 149 ) 
the set of aU points in the region from the set of all points of the plane (space) 
not in the region. 

6 . A continuous one-toone reciprocal transformation of space transforms 
any region into a region. 

156. Continuous families of sets of points. The notion of con¬ 
tinuous curve has the following direct generali 2 ation: 

Definition. Let [T] be the set of all points on an interval 
of a line I, A set of sets of coplanar points [S] is called a con- 
tinuoiis OTL&^parameter family of sets of points if it is in such a 
correspondence V with T that 

(1) for every T there is one and only one set S such that S=r(T); 

(2) for every set S there is at least one T such that S = r(T); 

(3) for every say and for every triangular region R includ¬ 
ing a point of the set r(T'), there is a segment cr of Z containing T' 
and such that if T is in cr at least one point of the set r(T) is in R. 

The definition of a continuous one-parameter family of sets of 
points in space is obtained by replacing the triangular region R in 
the statements above by a tetrahedral region. 

If the sets S are tahen to be lines, planes, conics, quadrics, etc., 
this gives the definition of one-parameter continuous families of 
lines, planes, conics, quadrics, etc., respectively. Cf. Exs. 1“5, below. 

Definition. A conTiected set of sets of points or a continuous 
family of sets of points is a set of sets of points [S] such that any 
two sets S^, are members of a continuous one-parameter family 
of sets of [S]. 

For example, the discussions given below in terms of elementary 
transformations establish in each case that a sense-class is a con¬ 
nected set of sets of points. Cf. also Exs. 6-7, below. 

The definition of a continuous family may be extended in an obvious way 
BO as to include sets whose elements are points, sets of points, sets of sets of 
points, etc. 
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EXERCISES 

1 . Defining an envelope of lines as the plane dual of a ciiX7e, prove that an 
envelope is a continuous one-jjarameter family of lines. 

2 . The space dual of a curve is a continuous one-parameter family of planes. 

3 . Pencils of lines and planes are continuous one-parameter families. 

4. A line conic or a regulus is a continuous one-parameter family of lines. 

5 . A pencil of point conics is a continuous one-parameter family of curves. 

6 . The set of all lines in a plane or space or in a linear congruence or a 
linear complex is a connected set of sets of points. 

7 . The set of all planes in space or of all planes tangent to a quadric is a 
connected set of sets of points. 

157. Continuous families of transformations. Let [T] be the set 
of aU points on an inten^al of a line 1. Let [Ily] be a set of 
transformations of a set of points [P]. If (1) to every T there cor¬ 
responds one and only one transformation and (2) for every 
point P the set of points [IIj.(P)] is a curve for which the de finin g 
correspondence F (in the notation of § 154) may be taken to be 
the correspondence between T and nj.(P), then [H J is said to be a 
continuoits one-joarameter family of trajisforinations. The curves 
[nj(P)] are called the path airves of [IIJ. 

The term "continuous one-paramet-er family of transformations” 
may also be applied to a set of transformations [HJ of a set S of 
points P and of sets of points S (e.g. S may be a set of figures as 
defined in § 13, VoL I). In this ease (1) and (2) must be satisfied, 
and also the following condition: (3) For every set of points S, 
[11^(5)] is a one-parameter continuous family of sets of points for 
which the defining correspondence F (in the notation of § 156) may 
be taken to be the correspondence between T and ny(S). 

If the set of correspondences [H J is both a group and a continuous 
oue-parameter family of transformations, it is called a one-parameter 
continuous group, 

A set of transformations [II] of a set of points and of seta of points, 
such that any two transformations of [H] are members of a con¬ 
tinuous one-parameter family of transformations of [H], is called a 
continuous family of transformations. If [H] is also a group, it is 
called a continuous group. 

If [IIp] is a continuous one-parameter family of one-to-one recip¬ 
rocal transformations of a figure P, and if II^ is the identitv, then F 
la said to be moved, or deformed, to the figure UrfF) through the set 
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of intermediate positions [11^(7^)]. Any one of the transformations 
Hj. is called a deformation ; if 7^ is a set of points and all the 
transformations of the family [ITJ are continuous, the deformation 
is said to he a continuous deformation. 

158. Affine theorems on sense. Let us recapitulate some of the 
main propositions about sense-classes in Euclidean spaces by 
enumerating the one-dimensional propositions of which they are 
generalizations. 

The group of all projectivities x^^ax-\-'b on a Euclidean line 
has a subgroup of direct projectivities for which a > 0. This sub¬ 
group is self-conjugate, because if a transformation of the group be 
denoted by 2, and any other transformation a/ == ax + ^ by T, then 
T2T-^ ia / n R\ \ 

«'=«(a{j.-£) + j) + A 

a transformation in which the coefficient of a: is positive. From 
the fact that the subgroup is self-conjugate, it follows as in § 18 
that the same subgroup is defined by the condition a > 0, no 
matter how the scale is chosen, so long as P* is the point at 
infinity. These statements are generalized to the plane in § 30 and 
to spaces of any dimensionality in § 31. The generalization consists 
in replacing a by the determinant 


a a 

^11 la 


for the two-dimensional case, and by the corresponding 7i-rowed 
determinant in the ^dimensional case. 

A sense-class S{AJB) is the set of all ordered pairs of points 
into which a pair of distinct points can be carried by direct pro¬ 
jectivities (§ 23). This proposition is generalized to the plane in 
§- 30 and to Twapace in § 31. 

A particular arbitrarily chosen sense-class shall be called positive 
and the other sense-class shall be called negative. This statement 
reads the same for any number of dimensions. In the three-dimen¬ 
sional case the positive sense-class is also called rightAianded and 
the negative sense-class left-handed (see the fine print in § 162). 

In the one-dimensional case a nonhomogeneous coordinate sys¬ 
tem is called positive if ^(TJTJ) is positive. In the two-dimensional 
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case a. nonhomogeneous coordinate system is called positive if 
S{OXT) is positive ■when O = {0, 0), X={1, 0), and 1'"= (0, 1). In 
the three-dimensional case a nonhomogeneous coordinate system 
is called positive or right-handed if S(pXYZ) is positive when 
0 = (0, 0, 0), X= (1, 0, 0), Y= (0, 1, 0), and (0, 0, 1). 

On the Euclidean line two ordered pairs of points AB and A'B' 
are in the same sense-class if and only if 


1 a 
1 h 


and 


1 a' 
1 I' 


have the ngma sign , a,l,a',V being the nonhomogeneous coordinates 
of A, B, A!, R' respectively. Hence, if the coordinate system is posi¬ 
tive, S{AB) is positive or negative according as (6 — a) is positive or 
negative. Similar criteria for the plane and space are given in 
§§ 30, 31. It follows imm ediately that if the coordinate system 
in the plane is positive, S{ABC) is positive or negative according 
as the determinant , i „ „ , 


is positive or negative, where A = (a^, a^, B = C= (Cj, c^). 

If the coordinate system in space is positive, S{ABCD) is positive 
or negative according as the determinant 


\ a cb a 

J. M/g 

1 I I I 

t'l 

1 

1 d. 


is positive or negative, where A = (a^, a^, a^, B = 6^), (7 = 

In the one-dimensional case -5 is on one or the other of the rays 
having A as origin according as S{AB) is positive or negative. 
In a Euclidean plane (7 is on one side of the line AB or the other 
according as S (ABC) is positive or negative (§ 30). In a Euclidean 
space -D is on one side or the other of the plane ABC according as 
S {ABCD) is positive or negative. 

The projectivities sd—ax-\-l) of the Euclidean line are in one-to- 
one reciprocal correspondence with the points (a, V) of the Euclidean 
plane. The direct projectivities correspond to the points on one 
side of the line a = 0 and the opposite ones to those on the 
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other side. From this it readily follows that the set of ah direct 
projectivities forms a continuous group, whereas the set of aU projeo 
tivities is a group which is not continuous. 

In like manner the transformations 

*'= Oiia: + + Oi,, 

can he set in correspondence Trith the points of a siz-dunensional Euclidean 
space^ the direct and opposite collineationB respectively corresponding to 
points of two regions separated by the locus 

%1®23 ” ®I2^21 “ 

S imil arly, the direct and opposite coDineations in a Euclidean space of three 
dimensions may be represented by points of two regions in a space of twelve 
dimensions. In all three cases the set of all direct coUineations forms a con¬ 
tinuous group, but the set of all coUineations does not. 

Another way of coming at the same result is this: Let the ordered pairs 
of points AB of a Euclidean line be represented by the points (a, h) of a Euclid¬ 
ean plane, a being the nonhomogeneous coordinate of A, and h that of B. Under 
this convention the points representing pairs of the positive sense-class are 
on one side of the line J — a = 0 and those representmg pairs of the negative 
sense-class on the other aide of this line. The one-dimenaional affine projec¬ 
tivities are in one-to-one reciprocal correspondence with the ordered point 
pairs to which they carry a fixed ordered point pair PQ,. The direct projec¬ 
tivities thus correspond to point pairs represented by points on one side of 
the line & — a = 0 and the opposite projectivities to point pairs represented 
by points on the other side. 

159. Elementary transfonnatloiis on a Euclidean line. DEFixiTioy. 
Given an ordered pair of points AB of a Euclidean line, the oper¬ 
ation of replacing one of the points by a second point not separated 
•from it by the other point is called an demmtary transfomiatioTi 
of the pair AB.* 

Thus AB may be transformed into AB' if {ABBf} or {ABB}. In 
other words (cf. § 23) J? can be transformed to any point such 
that S(AB) = S(AB'), and into no other. Hence it follows that if 
AB is transformable to AB^ by any sequence of dementary trans¬ 
formations, S{AB) = S(AB^). 

Conversely, if S(AB) = S{AB^), it is easy to see, as follows, that 
by a sequence of elementary transformations AB can he transformed 

♦The transformations which we have considered heretofore have usu^y been 
transformatioiis of the line, plane, or space as a whole. Here we are consideiing a 
transformation of a single pair of points. 
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to A'B\ From the theorems on linear order in Chap. II it follows 
that there are two points A*^ and B * satisfying the order relations 

{ABA^^B^^} and {A^B’A^^ff^}. 

By elementary transformations AB goes to AB'^i AB' to A B^^\ A 
to A'R"; and A'B" to A'B^. Henco we have 

Theorem 17. Or a Euclideayi line the set of all ordered pairs 
of points into which an ordered pair of distinct points AB can ie 
transformed hy elementary transformations is the sense-class S{AB). 

An elementary transformation may be regarded as a special type of con- 
/muDujt deformation (§ 157 ). If AB is carried by an elementary transformation 
to AB\ the point B may be thought of as moved (§ 157 ) along the segment 
BB from B to S', and since this segment does not contain A, the motion is 
such that the pair of distinct points never degenerates into a coincident pair. 
Thus we may sav that a sense-class consists of all pairs obtainable from a 
fixed ptair by deformations in which no pair ever degenerates. 

MTien the ordered point pairs are represented by points in a Euclidean 
plane, as explained at the end of the last section, an elementary transforma¬ 
tion corresponds to moving a point (a, h) parallel to the a-axis or the 5 -axis 
in such a way as not to intersect the line a = 5 . 

Defixitiox. An elementary transformation of a pair of points 
AB is said to be restricted vnih respect to a set of points [P] if and 
only if it carries one of the pair, say P, mto a poiat P' such that 
the s^ment Bff does not contain any one of the pomts P. (Any 
one of these poiats may, however, be an end of the segment PP'.) 

It is evident that any elementery transformation can be effected 
as a resultant of a sequence of elementary transformations which 
are restricted with respect to an arbitrary finite set of points. Hence, 
Theorem 17 has the followiag corollary: 

Corollary. Let P^, P„ • • •, P^ he any finite set of points on a 
line 1. Two ordered pairs of points are in the same sense-class if and 
oidy if one can he carried into the other hy a sequence of elementary 
transformations restricted with respect to P^, P^, • • •, P„. 

The concept of a restricted elementary transformation is intimately con¬ 
nected with the idea of a " small motion.” In the metric geometry the points 
7 ^1, P» can be chosen so as to be in the order {Pj, Pj, • • P^l ^^^d so 

that the segments PiPi+i are arbitrarily small. Any elementary transforma^ 
taon of a pair of points on the interval P,Pi^.j will be efEected by a small 
motion of one of the points in the pair. 
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160. Elementary transformations in the Euclidean plane and space. 
Definition. Given an ordered set of three noncollinear points in 
a Euclidean plane, an denneniary transformation is the operation 
of replacing one of them by a point which is joined to it by a 
segment not meeting the line on the other two. 

As in the one-dimensional case, an elementaiy transformation may be 
regarded as effected by a continuous deformation of a point triad. A path is 
specified along which a point may be moved without allowing the triad to 
degenerate into a collinear one. 

Let -4, By C be three noncollinear points and let C' and be 
points of the segments AB and CA respectively. Then by elemen¬ 
tary transformations (cf. fig. 84, p. 423) ABC goes to C^BC\ and 
this to C'BB^] and this to C^CB-; and this to BCB'\ and this to 
BCA. In like manner it can be shown that ABC can be carried 
to CAB by a sequence of elementary transformations. Hence any 
even permutation of three noncollinear points can be effected by 
elementary transformations. 

By Theorem 27, § 30, an elementary transformation leaves the 
sense of an ordered triad invariant. Hence, by Theorem 26, § 30, 
no odd permutation can be effected by elementary transformations. 

If A\ B\ C^ are any three noncollinear points, ABC can be 
carried into some permutation of A'B'C^ by elementary transforma¬ 
tions. For since at most one side of the triangle A'B'C' is parallel 
to the line AB, this line meets two of the sides in points which we 
may denote by A^^ and By one-dimensional elementary trans¬ 
formations on the line AB, the ordered pair AB can be carried 
either to A”B^' or to B”A^\ These one-dimensional elementaiy 
transformations determine a sequence of two- dim ensional elemen¬ 
tary transformations leaving C invariant and carrying ABC to 
A'^B'^C or to ffL4."C. The point C can be carried by an obvious 
elementary transformation to a point C"' such that is not 

parallel to any side of A^B'C^, and then can be carried to 

two of the points, say in which the line meets the 

sides of the triangle A!B^C\ The points A^^^B^^C'-^ are on the 
sides of the triangle A'B^C', and the one-dimensional elementary 
transformations on the sides which carry them into the vertices 
determine two-dimensional elementary transformations wliich carry 
^ some permutation of AlB^0, 
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Since ABC cannot be carried into A'B’C' if S{ABC)^ S(A^B^C'), 
and since all even permutations of A^B'C can be effected by elemen¬ 
tary transformations, it follows that ABC can be carried into A'B^C^ 
by a sequence of elementary transformations if S(JBC) = S(A^B-C'). 
Hence we have 


Theorem IS. In, a EucHdean plane S{ABC) •= S{A^B^C^) if aTid 
only if there exists a finite set of elementary transformations carrying 
the noneollinear points A, B, C into the points A\ B\ C respectively. 
Definition. Given an ordered set of four noncoplanar points, an 
elementary transformation is the operation of replacing one of them 
by another point which is joined to it by a segment containing no 
point of the plane on the other three. 

Let AB CD be four noncoplanar points. Holding D fixed, AB C may 
be subjeeted to precisely the sequence of elementary transformations 
given above in the planar case for carrying ABC into BCA, This 
effects the permutation / 4, B C D\ 

\B C A D)' 


the symbol for each point being written above that for the point into 
which it is transformed. In like manner we obtain the permutations 

(ABC D\ (ABC D\ (A B C D\ 

\B D C Al \G B D A) \A C D Bf 

and it is easily verifiable that any even permutation of ABCD is a 
product of these permutations. Hence any even permutation of a 
set of four points may be effected by elementary transformations. 

By Theorem 23, § 27, an elementary transformation of four points 
(®if (Sj, (c^, c^, cj, leaves the sign of 


a, a^ 1 

K K h 1 

d, 4 1 


invariant, and hence leaves their sense-class invariant. Hence (§ 31) 
no odd permutations of four noncoplanar points can be effected by 
elementiuy transformationa. 

An ordered tetrad ABCD of noncoplanar points can be carried 
into some permutation of an ordered tetrad of noncoplanar 

painta For the line AB is not parallel to more than two planes of 
the tetrahedron, and hence by the one-dimensional case AB can be 
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c^irried into two points the planes of the tetrahedron 

By repeating this argument it is easily proved that C and I> can also 
he carried to points on these planes. By the two-dimensional 

case it foUows that the ordered tetrad of points on the 

planes of the tetrahedron '(7'D' can he carried into some permu¬ 

tation of its vertices. Since ABCD cannot he carried into A!B^C^I)\ 
if S{ABCD) =r^ S(A^B^C^I)) it follows hy the last paragraph but one 
that it can he carried into A'B'C'B^ if S{ABCD) = S(A^B'G'I)^), 
Thus we have 

Theorem 19. hi a Euclidean space S{ABCD)=S{A^B^G-I>^ if and 
only if there exists a finite set of elementary transformations carrying 
the noncoplanar points A, Bj C,D into the points A^,B\ C\jy respectively. 

The theorems and definitions of the last two sections can be re¬ 
garded as based on any one of the sets of assumptions A, E, H, C, R 
or A, Ej E or A, E, P, S. Assumption P is used wherever coordinates 
are employed, but it is possible to make the argument without the aid 
of coordinates and thus to base it on A, E, S alone (cf. Ex. 2, § 161). 

161. Sense in a convex region. Definition. Given a set of three 
noncoUinear points of a planar convex region R, the operation of 
replacing any one of them by any other point of R on the same 
side of the line joining the other two is called an elmi&ntary 
traTisformation. The set of all ordered triads obtainable by finite 
sequences of elementary transformations from one noncolHnear 
ordered triad of points ABC is called a sense-class and is denoted 
by S{ABC). 

This definition is in agreement with the propositions about sense 
given for the special case of a Euchdean plane. Moreover, if R is any 
convex region, and L is any line coplanar with R but containing no 
point of R, two triads of points of R are in the same sense with 
respect to R if and only if they are in the same sense with respect 
to the Euclidean plane containing R and having L as singular line. 
Hence the theorems of § 160 may be taken over at once to convex 
regions in general This result may be stated as foUows: 

Theorem 20. /?i a planar convex region tb^e are two and only 
two senses. Sense is preserved hy even and altered hy odd permw- 
tations of three noncoUinear points. Two points C and D are on 
opposite sides of a line AB if and only if S{ABC)^ S{ABD). 
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Definitio::^. Given a set of four noncoplanar points of a tliree- 
dimensional convex region R, the operation of replacing any one of 
them by any point of R on the same side of the plane of the other 
three is called an elementary transformation. The set of all ordered 
tetrads obtainable by finite sequences of elementary transformations 
from one noncoplanar ordered tetrad of points A3 CD is called a 
sense-class and is denoted by S{ABCD), 

The theories of sense in a three-dimensional convex region and in 
a three-dimensional Euclidean space are related in just the same 
way as the corresponding planar theories. Hence we have 

Theorem 21. In a three-dwicTisional convex region there are two 
and only two senses. Sense is preserved hy even and altered hy odd 
permutations of four points. Two points D and E are on opposite 
sides of a plane ABC if and only if S{ABCD) S{ABCE), 

EZSECISES 

1 . The whole theory of order relations can be developed by defining sense- 
class on a line by means of elementary transformations instead of as in Chap. II. 

* 2 . Develop the theory of order in two- and three-dimensional convex re¬ 
gions, defining sense-class in terms of elementary transformations and using 
Assumptions A, E, S or Assumptions I-Vlil of § 20 (cf. Theorem 5 , § 148 ) 
as basis. 

3 . An elementary transformation of a triad of points ABC is said to 

be restricted with respect to a set of points if it carries a point 

of the triad, say C, into a point C' such that the segment CC' does not 
contain any point coilinear with two of the points Pi, Two 

ordered triads of points are in the same sense-class if and only if there is a 
sequence of restricted elementary transformations carrying the one triad 
into the other. 

4 . Generalize the notion of restricted elementary transformation to space. 

162* Eudidean theorems on sense. The involutions which leave 
the point at infinity of a Euclidean line invariant may be called- 
point reflections. The product of two point reflections is a paraboUc 
projectivity leaving the point at in fini ty invariant, and may be called 
a translation. A point reflection has an equation of the form 

(1) ai=—x + l), 

and a ta^adation has one of the fonn 

(2) a/ = x + l. 
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§ 162 ] 

The point reflections interchange the two sense-classes of the Euclid¬ 
ean Une, and the translations leave them mvariant. 

In generalizing these propositions to the plane, the point reflec¬ 
tions may be replaced by the orthogonal line reflections (Chap. 
or, indeed, by the set of aU symmetries, and the one-dimensional 
translations by the set of all displacements in the plane. Since an 
orthogonal line reflection in the plane interchanges the two sense- 
classes, any symmetry interchanges them, but any displacement 
leaves each of them invariant. The generalization to three-dimensions 
is similar. 

The equations of a displacement in two or three (or any number 
of) dimensions are a direct generalization of the one-dimensional 
equations, namely, 

n 

(3) = 2) “v-®/ (i = 1, 2 ,..Ji) 

where the matrix (a^) is orthogonal and the determinant \a^\ is -f 1 . 
The equations of a symmetry satisfy the same condition except that 
the determinant |a^.| is — 1 instead of + 1 . 

It is worthy of comment that the distinction between displace¬ 
ments and symmetries holds in the complex space just as well as 
in the real, whereas the distinction between direct and opposite 
coUineations holds only in the real space. Algebraically, this is 
because the distinction of sense depends merely on the sign of the 
determinant whereas the distinction between displacements and 
symmetries is between coUineations satisfying the condition |a^.j=r-|-l 
and 1. In the representative spaces of six and twelve dimen¬ 

sions referred to in § 158, |a^.| = l and |^u‘|=‘“l ^ equations 
of nonintersecting locL 

Prom the point of view of Euclidean geometry, as has been said above, 
the two sense-classes are indistmguishable.* In the applications of geometry, 
however, a number of extra-geometrical elements enter which make the two 

• This does not contradict the existence of a geometry in which one sense-class 
is specified absolutely in the assumptions. The group of such a geometry is unlike 
the Euclidean group in that it does not inclnde symmetries though it does include 
displacements. Its relation to the Euclidean geometry is frimilar to that of the 
geometries mentioned in the fine print in § 116 . Those geometries, however, corre¬ 
spond to groups which are not self-conjugate under the Euclidean group, whereas 
this one corresponds to a self-conjugate subgroup. On the foundations of geometry 
in terms of sense-relations taken either absolutely or relatively, see the article by 
Schweitzer referred to in § 15 . 
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sense-classos j>lay essentially different roles. Thus any normal human being 
who identifies the abstract Euclidean space with the space in which he views 
himself and other material objects may 
single out one of the sense-clasees as 
follows; Let him hold his right hand 
in such a way that the index finger is 
in line with his ami, his middle finger 
at right angles to his index finger, and 
his thumb at right angles to the two 
fingers (fig. 82 }. Let a point in his palm 
be denoted by 0, and the tip.s of his 
thumb, index finger, and middle finger 
by Xt F, X respectively. The sense-class 
S (OXVZ) shall t*e called right-handed 
or positive^ and the other lefi-handed or 
negative. This designation is unique be¬ 
cause of the mechanical structure of 
the body. 

A nonhomogeneoiis coordinate system 
is called righidianded or positive if and 
only if S {OXYZ') is* positive when 
t? = (a, 0 , 0 ),A' = ( 1 , 0 , 0), F=( 0 , 1 , 0 ). 
and Z = (0, 0 , 1). The reader will find it convenient whenever an arbitrary 
sense-class is called positive to identify it with the intuitively right-handed 
sense-class.* 

163. Positive and negative displacements. On a Euclidean line, 
if a translation carries one point A to a point B such, that S{AB) 
is positive, it carries any point A to s, point B such, that S{AB) is 
positive. Such a translation is called positive. Any other translation 
is called negative and has the property that if it carries (7 to -D, 
S{CD) is n^ative. Any translation carries positive tr^lations into 
positive translations; La if is a positive translation and T any 
translation, is a positive translation. A translation a/ = a? + & 

is positive or negative according as 5 is positive or negative, provided 
that- the scale is such that is positive The inverse of a 

positive translation is negative. 

The distinction between positive and negative translations is quite distinct 
from that between direct and opposite projectivities, for all translations 
are direct. 

* An interesting account of the way in which this choice is made in various 
hranches of mathematics and other sciences is to be found in an article by E. Study, 
Archiv der Mathematik und Phyak, 3 d series, Vol. XSJ ( 1018 ), p. 193 . 
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A Like subdivision of the Euclidean displacements of a plane 
which are neither translations nor point reflections nor the identity 
may be made as follows: A rotation lea\Tng^a point 0 fixed and 
carrying a point A to a point B not collinear witli 0 and A is said to 
be jpositive if S(OAB) is positive and to be negative if S(OAB) is 
negative. It is easUy proved that if S(OAB) is positive for one 
value of A it is positive for all values of A. The inverse of a positive 
rotation is negativa Any displacement transforms a positive rotation 
into a positive rotation. 

A rotation is a product of two orthogonal line reflections {ZX«} 
and {mJfa} such that the lines I and m intersect in 0. Hence the 
ordered pairs of lines which intersect and are not perpendicular fall 
into two classes, which we shall call positive and negative respec¬ 
tively, according as the rotations which they determine are positive 
or negative. 

In a three-dimensional Euclidean space let A be a point not on 
the axis of a given twist which is not a half-twist, let 0 be the 
foot of a perpendicular from A on the axis of the twist, and let A' and 
0 be the points to which A and 0 respectively are carried by the twist. 
The twist is said to be positive or 'tight-handed, if /S(OAO'A')is posi¬ 
tive or right-handed and to be negative or left-handed if S{OA0A^ 
is negative. 

It is easily seen that S{OAO’A^) is the same for all choices of A, so 
that the deflnition just made is independent of the choice of A. The 
inverse of the twist carrying 0 and A to O' and A' carries O' and A' 
to 0 and A, and thus is positive if and only iE ^(O'A'OA) is positive. 
Since S(0'A^OA) = S(OAO'A)j the inverse of a positive twist is posi¬ 
tive. Any direct similarity transformation carries a positive twist 
into a positive twist. 

With the choice of the right-handed sense-class described in the fine print 
in § 162 , the definition here given is such that a right-handed twist is the 
displacement suffered by a commercial right-handed screw driven a short 
distance into a piece of wood. 

Since a twist is a product of two orthogona'. line reflections, 
{ZL} • {mm,}, it follows that the pairs of ordinary lines Im which 
are not parallel, intersecting, or perpendicular fall into two classes, 
according as the twist {mm*} • {lU} is positive or negative. We 
shall call the line pairs of these two classes positive and 'right-handed 
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or ncfjufirc aii.l hft-lianded i-espectively. Since the inverse of a 
positive twist is jiositive, the ordered pair ml is positive if Im is posi¬ 
tive. Hence a pair of* lines is right-handed or left-handed without 
regard to the order of its members. Any direct similarity transfor¬ 
mation carries a right-handed pair of lines into a right-handed pair 
and a left-handed pair into a left-handed pair. 

EXERCISES 

1. The collineations which are commutative with a positive displacement 
(or \vith a nesjative displacement) are aU direct. 

2. By tlie dehnition in § 69, 0<2iA0B<ir or according as 

S{OAB) is jiositive or negative, provided that the poiats 0, P^, are so 
chosen that S{OP^Px) is positive. 

3. By the definition in § 72, 0<m or ^<?« Qih) according as the 

ordered line pair is positive or negative. 

4. Let us define an elementary transformation of an ordered line pair in 
a plane as being either the operation of replacmg or by a line parallel to 
itself, or the operation of replacmg or l„, say L^, by a line through the point 
/j/g which is not separated from /j by Z, and the line through perpendicu¬ 
lar to Zj. Two ordered pairs of nonparallel and nonperpendicular lines are 
equivalent under elementary transformations if and only if they are both in 
the posi^ve or both in the negative class. 

5. Let us define an elementary transformation of a pair of nonparallel and 
nonperpendicular lines Z^Zj in space as the operation of replacing one of the 
lines, say Zj, by a line intersecting Z^ and not separated from by the plane 
through the point of intersection perpendicular to Z^ and the plane through 
this point and U, The pair If^ can be transformed into a pair of lines 

by a sequence of elementary transformations if and only if both pairs are 
rightrhanded or both pairs are left-handed. 

164. Sense-dasses in projective spaces. It has been seen in 
Chap. II (ct §§18 and 32) that the distinction between direct and 
opposite coUineations can be drawn in any projective space of an 
odd number of dimensions which is real or, more generally, which 
satisfies A, E, S. This depends (§ 32) on the fact that the sign of 
a determinant |aj,.j (i,y= 0, 1, •.n) cannot he changed by multi¬ 
plying every element by the same factor if » is odd, and can be 
changed by multiplying every element by —1 if ra is even. 

^ a real projective space of odd dimensionality the direct collin- 
eations form a self-conjugate subgroup of the projective group and 
thus give rise to the definitions of sense-class in §§ 19 and 32. 
The same remarks are made about the independence of this dfifim'tinp 
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of the frame of reference as in the Euclidean cases, and the criteria 
for sense in terms of products of determinants are given in §§24 
and 32. If one forms the analogous determinant products for the 
projective spaces of even dimensionality, it is found that the sign of 
the product may be changed by multipljdng the coordinates of one 
point by — 1, which verifies in a second way that there is only one 
sense-class in a projective space of an even number of dimensions. 

The projectivity ^ 

a a; -h a 
“ 22 

may be represented by means of a point in a pro¬ 

jective space of three dimensions. The points representing direct 
projectivities are on one side of the ruled quadric 


and those representing opposite projectivities on the other side. 
This representation of projectivities by points is in fact identical 
with that considered in § 129. It can be generalized to any num¬ 
ber of dimensions just as are the analogous representations in § 158. 

It readily follows that the group of all projective collineations in 
a real space of n dimensions is continuous if is even, and not 
continuous if ti is odd If is odd the group of direct collineations 
is continuous. 

In the foIlowLQg sections (§§ 165-167) we shall discuss the 
sense-classes of projective spaces by means of elementary transfor¬ 
mations, the latter term being used as before to designate a particular 
type of continuous deformation. After this (§§ 169-181) similar 
considerations will be applied to other figures. 

165. Elementary transformations on a projective line. Dehnition. 
Given a set of three coUinear points A, B, (7, an elerfieTitary transform 
mation is the operation of replacing any one of them, say A, by another 
point A' such that there is a segment AA' not containing B or C. 

Theorem 22. Two ordered triads of ^points on a real projective 
line have the same sense if and ordy if one is transformohle into 
the other hy a fmite number of elementary tramfoimaiions. 

Proof Comparing the definitions of elementary transformation 
and of segment (§ 22), it is dear that a single elementary trans¬ 
formation cannot change the sense of a triad of points. Hence two 
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triads of points have the same sense if one can be transformed into 
the other by a finite number of elementary transformations. The 
converse statement, namely, that a triad A, By C can be transformed 
by elementary transformations into any other triad A!B 0 in the 
same sense-class, follows at once if we establish (1) that ABC can 
be transformed by elementary transformations into BCA and CAB 
and (2) that any ordered triad of points Ay By G can be transformed 
by elementary transformations into one of the six ordered triads 
formed by any three points A\ B\ Cf . 

(1) Let D be a point in the order {ABCD}, Then by elementary 
transformations we can change ABC into ABB, then into ACI), 
then into BCDy and then into BCA. By repeating these steps once 
more ABC can be transformed into CAB. 

(2) If does not coincide with one of the points Ay B, (7, it is 
on one of the three mutually exclusive segments (§ 22) of which 
they are the ends; and by (1) the points ABC may be transformed 
so that the ends of this segment are B and C. Hence we have 
{ABA'C}y and by elementary transformations ABC goes successively 
into AA^C, BA'Gy BA'Ay BA'C. If A' does coincide with one of the 
points Ay By Gy the triad ABC may be transformed according to 
(1) so that A'=A In like manner the three points A'BC can be 
transformed into A'y B'y G in some order, and then A'B'C into A'B'C' 
in some order. 

The proof given, for this theorem holds good without change on the basis 
of Assumptions A, E, S. Cf. § 16. 

« 

Definition. An elementary transformation of a triad of points 
ABC of a line I is said to be restricted with respect to a set of 
points if it carries one point of the triad, say (7, into 

a point 0 such that C and 0 are not separated by any pair of the 
points {C ox 0 may coincide with any of the points 

It is obvious that any elementary transformation whatever is the 
resultant of a finite number of restricted elementary transformations. 
Hence Theorem 22 has the following immediate corollary: 

CoROLLAEY. Let J?, any finite set of points on a line 1. 

Two ordered triads of p^nts of I have the same sense if and only if 
one is transformaMe into the other iy a finite number of elementary 
transformations restricted with respect JJ, ij, •.ij. 
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The concept of " restricted elementary transformation ” connects Tvith the 
intuitive idea of "small motions.” Let a line be set into ^^rojective corre¬ 
spondence with a conic, say a circle. For any n there is a set of points 
Pi, Po,-'-, Pn oJi the circle such that the intervals PiPo, etc. are equal. 
By increasing n these intervals can be made arbitrarily small, and thus 
the elementary transformations restricted with respect to Pg, • • P^ can 
be made arbitrarily small. 

166. Elementary transformations in a projective plane. Defesttiox. 
Given a set of four points in a projective plane, no three being col- 
linear, an elementary tramformation is the operation of replacing one 
of them by a point of the same plane joined to the point replaced 
by a segment not meeting any side of the triangle of the other 
three points. 

Theorem 23. If AB CD and AB^C'D' are any tvjo complete quad- 
Tangles in the same •projective plane, there exists a finite set of elemen¬ 
tary transformations changing the points A, B, C, D into A\ B\ C\ lA 
respectively. 

Proof It can be shown by means of the result for the one-dimen¬ 
sional case, just as in the proof of Theorem 18, first that the ordered 
tetrad ABCD can be carried by elementary transformations into an 
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ordered tetrad of points on the sides of the quadrangle 

AB^C^D' and then that A^^B'^C'^D^^ can be carried by elementary 
transformations into some permutation of AB'C^D'. 
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To complete the proof it is necessaiy to show that any permuta¬ 
tion of the vertices of a complete quadrangle can he effected by 
elementary transformations. 

Given a complete quadrangle let be the point of 

intersection of the lines A^^ and A^A^, and let and I)^ be two 
points in the order {A^B^C^B^AJ. Let A^ be the point of intersec¬ 
tion of with A^D^ and let J)^, B^, B^ be the points 

defined by the following perspectirities (fig. 83): 

•4s 4 

A A 

By Theorem 7, Chap. II, it follows that no two of the pairs of points 
A^A^, A^A^, A^A^, A^A^, and A^A^ are separated by the lines joining 
the other three of the points A^, A^, A^, A^, A^. Hence there exist 
elementary transformations changing each of the following seta of 
four points into the one written below it: 


Hence the permutation 


A A A A 
A A A A 
A A A A 
A A A A 
A A A A 
AAAA 



can be effected by elementary transformations, 
notation in 11^ it is dear that 


By changing the 



can be effected by elementary transformations. Hence tbe product 
n,n* (L& the reMtant of applied twice and followed by 11^^. 



can also be effected by elementary transformations. Hence any 
two vertices of the quadrangle can be interchanged by a sequence 
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of elementary transformations, and hence any permutation of the 
vertices can be effected by means of elementary transformations. 

167. Elementary transformations in a projective space. Definition. 
Given a set of five points in a projective space, no four of the points 
being coplanar, an elementary tramsformatwn is the operation of 
replacing any one of them by a point joined to it by a segment not 
meeting any plane on three of the other four. 

It follows from § 27 that the determinant product (25) of § 32 is 
unaltered in sign by any sequence of elementary transformations of 
the points whose coordinates are the columns of (21) in § 32. Hence 
a sequence of elementary transformations cannot carry an ordered 
pentad of points from one sense-class into the other. 

Hence the odd permutations of the vertices of a complete five- 
point cannot be effected by elementary transformations. That the 
even permutations can be thus effected 
may be seen as follows: Let the 
vertices be denoted by A, B, <7, D, E 
and let the lineD-^ meet the plane 
ABC in a point-P. This point is not 
on a side of the triangle ABC, Let 
A^ be the point of intersection of the 
lines FA and BCy E' that of FB and 
CA^ and C' that of FC and AB. Let 
be a point in the order {BA^A^C} 

(fig. 84) andHj the point in which the line FA^ meets AC, so that 
{AB^B^C}, Let B^ be a point in the order {AB^B^B^C}, 

We now can transform ABCDE by elementary transforma¬ 
tions successively into AA^CBE, AA^B^BE, BA^BJDE, BCB^BE, 
BCADE, Thus the even permutation 



can be effected by elementary transformations. It is easily verifiable 
that any even permutation is a product of even permutations of 
this type. 

It can be proved by the same methods as in Theorems 18 and 19 
that any five points no four of which are coplanar can be carried 
into some permutation of any other such set of five points. The 


B 
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details of this proof are left as an exercise to the reader. When this 
is combined with the paragraph above, we obtain 

Theorem 24. In a 7 'ealprojective space, S{ABCDE)^S{A^B^C’D-E^) 
if and only if there exists a sequence of elementary transformations 
carrying the points A, B, C, D, E into A!, B\ C^, E' respectively. 

The proof just outlined for this theorem holds good on the basis 
of Assumptions A, E, S, P. Assumption P comes in because of the 
use of a coordinate system. This, however, can be avoided; and the 
construction of a proof on the basis of A, E, S alone is recommended 
to the reader as an interesting exercise. 

*168. Sense in overlapping convex regions. The discussion of 
sense in convex regions by means of elementary transformations 
(as made in §§159-161) is essentially the same for any number of 
dimensions. Now if two regions of the same dimensionality have a 
point in common, they have at least one convex region of that dimen¬ 
sionality in common. Assigning a positive sense in tlus region deter¬ 
mines a positive sense in each of the given regiona Thus if we have 
a set of convex regions including aU points of a space, we should 
have, on assigning a positive sense to a tetrad of points in one region, 
a positive sense determined for any tetrad of points in any of the 
regions. Since, however, it is in general possible to pass from one 
region to another by means of different sets of intermediate regions, 
the possibility arises that this determination of sense may not be 
unique. In other words, it is logically possible that a given tetrad 
in a given r^on might, according to this definition, have both posi¬ 
tive and negative senses. 

The determination of sense.by this method is unique in projective 
spaces of odd dimensionality and is not unique in projective spaces 
of even dimensionality. We shall prove this for the two- and three- 
dimensional cases, but since it reduces merely to a question of even 
and odd permutations the generalization is obvious. 

Theorem 25. There exists a unique determination of sense for 
dll Biree-diinensiondl convex regioTis in a real projective three-space, 
hut not for all two-dimensional con/vex regions in a real projective 
plane. 

Proof. Consider first the plane and in it a triangle ABC decom¬ 
posing it into four triangular regions, which we shaU denote by the 



§§ 168, 169] 


o\t:rlapping convex eegions 


426 


notation of § 26, Chap. II. Any one of these regions, say Eegion I, 
is contained in a convex region, say I' (e.g., a Euclidean plane with 
line at infinity not meetmg Eegion I), which contains the boundary 
of the triangular region. So the determination of sense for Eegion I 
extends to aU the points of its boundary and also to a portion of 
Eegion II. 

Let the sense of ABC with respect to Eegion I be positiva The 
segment 7, one of th6 segments AB (fig. 16), is common to the bound¬ 
aries of I and II and hence is contained in Eegion I'. If (7' is any 
point common to F and II, G and (7' are on opposite sides of the line 
AB in Eegion F. Hence, according to §29, S{BAC^) is positive 
in Eegion IL Hence S{BAC) is positive with respect to Eegion IL 

Eegions II and TV have in common a segment BC, and thus by 
a repetition of this argument S{CAB) is positive with respect to 
Eegion TV. The latter region has a segment AC in common with 
Eegion I, and hence S(ACB) is positive with respect to Eegion L 
But by hypothesis S{ABC) is positive with respect to Eegion L 
Hence there is not a unique determination of sense in a real 
projective plane. 

To show that there is a unique determination of sense for a real 
projective three-space, let a given sense-class S{ABCJ)E) (cf. §164) 
be designated as right-handed, and in any convex region let a sense- 
class S{AB^C^D-) be right-handed if S{OAB^G^I>^) is positive, where 
0 is interior to the tetrahedron AB^G^BK This convention satisfies 
the requirements laid down above for overlapping convex regions 
and, by §167, is unique for the projective threenapace. 

Any two-dimensional region whatever is, by definition (§156), the 
set of all points in an infinite set of triangular regions, Le. in an 
infinite set of convex regions. In like manner, any three-dimensional 
region is the set of all points in a set of three-dimensional regions. 
The method given above may be applied to determine the positive 
sense-class in all convex regions in a given region R, and R may be 
said to be two-sided or one-sided according as this determination is 
or is not uniqua Another, slightly different, method of treating this 
question is given in § 173. 

*169. Oriented points in a plane. By the principles of duality 
the lines of a flat pencil or the planes of an axial pencil satisfy 
the same theorems on order as the points of a projective line, 
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This proposition is valid whether the pencils are considered in a 
projective or in a Euclidean space.* 

Defixitiox. In a plane any point associated with one of the sense- 
classes among the lines on this point is called an oriented point, and 
a line associated with one of the sense-classes among its points is 
called an oriented line. Two oriented points are said to be similarly 
oriented with respect to a line I if their sense-classes are perspective 
with the same sense-class in the points of I, By Ex. 1, § 26, if two 
oriented points are similarly oriented with respect to a line Z, they are 
similarly oriented with respect to a line m if and only if I and m do 
not separate the two points. 

By § 30 a direct coUineation of a Euclidean plane transforms any 
oriented point into one which is similarly oriented with respect to 
the line at infinity. Hence the oriented points fall into two classes 
such that any two oriented points of the same class are equivalent 
under direct cohineations and that the two classes are interchanged 
by any nondirect coUineation. 

No such statement as this can be made about the oriented Lines 
in a Euclidean plane, because any oriented line can be carried by a 
direct coUineation to any other oriented line. This is obvious be¬ 
cause ( 1 ) an affine coUineation exists carrying an arbitrary line to 
any other line and ( 2 ) the two sense-classes on any line are inter¬ 
changed by a harmonic homology whose center is the point at infinity 
of the line. 

It is a coroUaiy of the last paragraph that any oriented line of a 
projective plane can be carried into any other oriented line of the 
projective plane by a direct coUineation. By duality the same propo¬ 
sition holds for oriented points in a projective plane. 

The oriented points determined by associating the points of a seg¬ 
ment with sense-classes in the flat pencils of which they are centers 
faU into two sets, aU points of either set being similarly oriented 
with respect to any line not meeting 7 . These two sets shaU be 
caUed segments of oriented points and may be denoted by 7 ^"^^ and 
^ B are the ends of 7 , the two oriented points deter¬ 

mined by A and B and oriented si milar ly to 7 ^'''^ with respect to a 


gfner^, the geometry of a Euclidean space or, indeed, of any space of 
njlmenmons ^cdvea the study of the projective geometry of n -1 dimensions, in 
order to describe the relatione among the lines, jdanes, etc. on a fixed point. 
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line I not meeting 7 or either of it-s ends are called the ends of 7 ^‘''^ 
and may be denoted by and The other two oriented points 
determined by A and B are the ends of 7 ^“^ and may be denoted by 
A^~^ and B^‘~\ 

in terms of these definitions it is dear that each of the two classes 
of similarly oriented points determined by a Euclidean plane satisfies 
a set of order relations such that it may be regarded as a Euclidean 
plane. 

The situation in the projective plane is entirely different. Let us 
first consider a projective line, and let 7 and S be two complementary 
segments whose ends are A and R. Let B^'^\ -4^"^ 7 ^"^^ 7 ^"'^ 

be defined as above, and let 
and be the two segments 
of oriented points determined 
by S and oriented similarly to 
A^'^^ andj4^“^ respectively with 
respect to a line m not meeting 
S or either of its ends. Since A^"^^ 
andR^"*"^ are similarly oriented 
with respect to Z, and A and R 
are separated by I and 
andR^“^ are similarly oriented 
with respect to m (cf. Ex. 1 , § 26, and fig. 85). Hence the ends of 
are A^^^ and R^”^ and the ends of are -4^“^ and B^^\ Hence 
the oriented points and segments are arranged as follows: 

A^^\ 7W R(+^ A^-\ 7^"^ 

the symbols for segments and their ends being written adjacent. 

Let A^, R^, A^, B^ be four points in the order {A^B^A^B^ on a pro¬ 
jective line or on a conic. They separate the line (§ 21) into four 
mutually exclusive segments 7 ^, 8 ^, 7 ^ arranged as follows: 

A> 'I'l* %» ^2^ *1^ 

the symbols for segments and their ends being written adjacent. 
Letting A^ correspond to 7 ^ to 7 ^"^^, etCw, it is obvious that there 
is a one-to-one reciprocal correspondence preserving order between 
the points of a real projective line or conic and the oriented points 
of a real projective line. 
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Thus, if an oriented point be moved along a projective line in such 
a way that all oriented points of any segment described are similarly 
oriented with respect to a line not meeting the segment, the oriented point 
must describe the line twice before returning to Its first position. A motion 
of this sort will obriously carry- any oriented point of the projective plane 
into any other oriented point. Thus the oriented points either of a pro¬ 
jective line or of a projective plane constitute a continuous family in the 
sense of § 156. 

Let TT denote the projective plane under consideration here and 
let us suppose it contained in a projective space S, and let S' be a 
Euclidean space obtained by removing from S a plane different from 
TT which contains the line AB. Let be a sphere of S' tangent to tt 
at a point let O be the center of S^, and let be the other point 
in which the line OP^ meets the sphere. Let P^-^^ and P^-> be the 
two oriented points of tt determined by P^. 

A correspondence T between the points of the sphere and the 
oriented points of the projective plane tt may now be set up by the 
following rule: Let P^ correspond to P^+\ and P^ to P<-^; if X is 
any point of tt not on the line at infinity, denote by and X the 
points in which the line OX meets the sphere, assigning the notation 
so tliat each of the angles 4P,(9X^ and dP^OX^ is less than a right 
angle (Le. so that the points X^ are all on the same side as P^ of the 
plane through 0 parallel to tt, and the points X^ are on the other 
side of this plane); and denote by X^'^^ the oriented point of tt deter¬ 
mined by X and joined to P^+> by a segment of oriented points com 
taining no point of the line at infinity AB, and by the other 
oriented point detennined by X Let X^ correspond to and X^ 
to X^\ If Y is any point of the line at infinity AB, and 
one of the oriented points determined by it, an end of a 

segment of points X+J whose other end is P<-J and of a seg¬ 
ment </'> of points whose other end is P^-\ The line 0 X meete 
the sphere in two points one of which, is an end both of a seg¬ 
ment of points Xj corresponding to and of a segment of points 
X^ corresponding to Let T. correspond to This construc¬ 
tion evidently makes the oriented point other than Y^^^ which is 
determined by Y correspond to the point other than Y^ in which OX 
meets the sphere. 

Ilie correspondence T is one-to-one and reciprocal and mnlrAH each 
B^ment of oriented points of tt correapond to a segment of points 
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on S\ In view of the correspondence between the sphere and the 
inversion plane, this result may be stated in the following form: 

Theorem 26. There is a one-to-one reciprocal correspondence pre¬ 
serving order-relations hetween the oriented points of a real projective 
plane and the points of a read inversion plane. 

The treatment of oriented points in this section does not generalize directly 
to three dimensions, becanse there is only one sense-class in a projective plane 
and, therefore, also only one in a bundle of lines. The discussion of sense in 
terms of the set of all lines through a point is therefore possible along these 
lines only in spaces of an even number of dimensions. 

A discussion which is uniform for spaces of any number of dimensions can, 
however, be made in terms of rays. An outline of the theory of pencils and 
bundles of rays which may be used for this purpose is given in the next three 
sections, and an outiine of one way of generalizing the contents of the present 
section is given in § 173. 

Another type of generalization of the theory of oriented points in the plane 
is the theory of doubly oriented lines in three dimensions which is given in 
§ 180, below. 

*170. Pencils of rays. The term "ray*** is defined in § 23 for 
a Lmear convex region and extended to any convex region in § 148. 
The definition of angle in § 28 will he carried over to any convex 
region. 

Definitioh. The set of all rays with a common origin in a 
planar convex region is called a pencil of rays. The common origin 
is called the center of the pencil 

The order relations in a pencil of rays are essentially the same 
as those among the points of a projective line. This can be shown 
by setting up a correspondence between the rays through the center 
of a circle and the points in which they meet the circle, as in § 69. 
It can also be done on the basis of Assumptions A, E, P alone by 
proving Theorems 27-33, below. The proofs of the theorems are not 
given, because they are not very different from those of other theo¬ 
rems in this chapter. A third way of deriving these relations is 
indicated in Theorems 34, 35, and a fourth in Theorems 37-41. 

Theorem 27. If a, b, c are three rags of a pencil, and if any seg¬ 
ment joining a point of a to a point of e contains a point of b, then every 
segment joining a point of a to a point of c contains a point of b, 

* In some books the term ** ray ” is used as synonymous with "projective line,” 
and "pencil of rays” with "pencil of lines." 
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DefdvITIOX. If a, J, c are three rays of a pencil, 6 is said to be 
hcticem a and c if and only if (1) a and c are not coUinear and (2) 
any segment joining a point of a to a point of c contains a point of 

Theorem 28. Ifhis any ray hetween two rays a and c, any other 
ray hetwccTi a and c is either between a and b or betvjeen b and c. 
Xo ray is both between a and b and between b and c. Any ray 
between a and b is between a and c. 

Theorem 29. There is a one-to-one redjprocal corresjpondmce prer 
serviny all order relations between the points of a segment of a line 
and the rays between two rays of a pencil. 

Theorem 30. If three rays a, b, c of a pencil are such that no 
two of them are collinear and no one of them is between the other 
two, then any other ray of this pencil is between a and b or betwe&n 
h and c or between c and a. 

Defixitiox. Given a set of three distinct rays a, 6, c of a pencil, 
by an elernentary transformation is meant the operation of replac¬ 
ing one of them, say c, by a ray d not coUinear with c and such 
that neither a nor J is between c and c'. The daas consisting of aU 
ordered triads into which abc is transformable by finite sequences 
of elementary transformations is called a sense-class and is denoted 
by S{dbc). 

An elementary transformation of abc into abd is said to be restricted 
with respect to a set of rays a^, a^, .. a^ of the pencil if none of 
the rays a^, • • •, is between c and d. 

Theoebm 31. Zet a^, arbitrary set of rays of a 

pencil. Two ordered triads of rays of the pencil are in the same 
sense-class if and only if one can be transformed into the other by a 
sequence of elementary transformations which are restricted with 
respect to a^, a^, .. a^. 

Theorem 32. Zet a^, a^, a^ be three distinct rays of a pencil such 
that no one of the three is between the other two. There exists a one- 
to-one reciprocal correspondence T between the rays of the pencil and 
the points of a projective li^ie such that to each elementary trans¬ 
formation of the rays which is restricted with respect to a^, a^, a^ 
there corresponds an dernemtary transformation on the projective 
line which is restricted with respect to the points corresponding 
to ttj, a^. 
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The correspondence F required in this theorem may be set up as 
follows: Let three arbitrary coUinear points A^, A^ be the corre¬ 
spondents of respectively; let F^ be a projectivity which 

carries the lines which contain the rays between and to the 
points of the segment complementary to A^A^A^ and carries the 
line containing to A^; for the rays between and let F be 
the correspondence in which each ray between and corresponds 
to the point to which the line containing it is carried by F^; let 
Fg be the projectivity which carries the lines which contain the rays 
between and to the points of the segment complementary to 
A^A^Aj^ and carries the line containing to A^; for the rays between 
and let F be the correspondence in which each ray corre¬ 

sponds to the point to which the line containing it is carried by 
Fgj let Fjj be a projectivity which carries the lines which contain 
the rays between and to the points of the segment complemen¬ 
tary to AgA^Aj^ and carries the line containing to A^; for the rays 
between and let F be the correspondence in which each ray 
corresponds to the point to which the line containing it is carried 

ty r,. 

CoHOiiLABT. There is a one-to-one reciprocal correspondence hetvjeen 
the points of a projective line and the rays of a pencil such that two 
ordered triads of rays of the pencil are in the same sense-class if 
and only if the corresponding triads of points are in the same sense- 
class on the line. 

Theorem 33. If ay hiC are three rays of a pencil and a^, Vy d are 
the respectively opposite raysy S{dbc)^ S{a^Vd). 

Definition. If a and 6 are any two noncoUinear rays of a 
pencil, by an elementary transformation of the ordered pair al) is 
meant the operation of replacing one of them, say J, by another 
ray, V, of the pencil, such that no ray of the line containing a is 
between 5 and V or coincident with S'. The set of all ordered pairs 
(i.e. angles) into which an ordered pair of rays ah can be carried 
by sequences of elementary transformations is called a sense-class 
and is denoted by S {ah). 

Theorem 34 If 0 is the center of a pencil of rays and 
Ay By Qy I) arc points of rays ay 6, c, d respectively of the pencUy 
then S {ah)^ S(cd) if and only if S (OAB) = S {OCD). 
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Theorem 35. If a and h are any two oimcollinear rays of a 
2 )€ncil S{ab)^S{ba), Every ordered pair of nomollinear rays in 
the pencil is either in S {ah) or in S (ha). If a^ is the royy opposite to 
a, S(ab) =F S (al). 

Theorem 36. If o.^h and a\ V are two ordered pairs of rays of 
a pencil and c and d are the rays opposite to a and d respectively, 
then S(ah)^S(a'V) if and only if S (ahc)^ S (dVdy The same 
conclusion holds if c is any ray between a a/nd b and d oyny ray 
between a' and V. 

Theorem 37. DEFixmox. The points not on the sides or vertex 
of an angle /iabfall into two classes having the sides and vertex as 
boundary and such that any segment joining a point of one class to 
a point of the other contains a point of the sides or the vertex. If the 
angle is a straight angle, both of these classes of points are convex 
regions. If not, one and only one of them is convex and is called^ the 
inwrior of the angle; the other is called the exterior of the angle. 

Theorem 38. If is any point of the sidx OA of an angle 
A A OB, and is any point of the sids OB, then S (OAB) = ^ ( OA'B^). 
If Cis any point interior to the angle, S (OAB) = S(OA G)== S (0 CB), 
and any point 0 satisfying thsse conditions is interior to the o/ngle. 

Theorem 39. Any ray having the vertex of an angle as origin, and 
not itself a side of the angle, is entirely in one or the other of the two 
clcLsses of points described in Theorem 37. If it is in the interwr 
it contains one and only one point on each segment joining a point 
of one side of the angle to a point on the other side. 

DEmiTiON. Two rays a, 6 of a pencil are said to be separated 
by two other rays h, k of the same pencil (or by the angle A hh) 
if and only if a is in one and b in the other of the classes of 
points determined according to Theorem 37 by 4 A set of 

rays having a common origin are said to be in the order {a^a^a^a^ 

- • * a,} if no two of the rays are separated by any of the angles 
A 44 4 

Theorem 40. A set of rays in the order {a^ap,^ • • - are 

also in the orders {%a^ • • • a^ajj and {a^a^_.^ - • • ajijj. 

Corollary. Any two rays a, b having a common origin are in 
the orders {ab} and {ba}. Any three rays a, b, c having a common 
origin are in the orders {bca}, {cab}, {acb}, ^ac}, {cba}. 
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Theorem 41. To any finite nv/niber n ^ 2 of rays having a com¬ 
mon origin may he assigned a notation so that they are in the order 
{a^a^a^ • • • «J- 

*171. Pencils of segments and directions. The notion of a ray 
belongs essentially with that of a convex region, but the theorems 
of the last section may easily be put into a form which is not 
limited to convex regions. The proofs are all omitted for the same 
reasons as in the section above. 

Defixitiox. a set of all segments having a common end and 
lying in the same plane is called a jpeTicfil of segmeyits. The common 
end is called the centeo' of the pendL Two segments or intervals 
having a common end A are said to be similarly directed at AM either 
of them is entirely contained in the other. The set of all segments 
similarly directed at a given point with a given segment is called a 
direction-class or, more simply, a direction. The set of all directions 
of the segments of a pencil at its center is called a jpendl of direc¬ 
tions, The directions of two collinear segments having a common 
end A and not similarly directed are said to be ojpjpositej and the 
two segments are said to be o;ppositely directed at Jl 

Thus if ABCD are four collinear points in the order {ABGD} the 
segments ABC and ABB are stmilarly directed, while ABC and ADC 
are oppositely directed. At a given point on a given line there are 
ob\riously two and only two directions, and these are opposite to 
each other. Two noncollinear segments with a common end are con¬ 
tained in one and only one pencil, namely, the one having the common 
end as center and lying in the plane of the two segments. 

Definition. A segment a- is said to be hetween two noncollinear 
segments if the three segments are in the same pencil and 

<r is similarly directed with a segment which is in the pencil and 
contained entirely in the triangular region determined by <r^ and 
(Theorem 12). A direction d is said to be hetween two noncollinear 
directions d^ if there exist three segments in the direc¬ 

tions d, d^y d^ respectively such that <r is between <r^ and 

This extension of the notion of betweenness to directions is 
justified by the following theorem. 

Theorem 42. If cc and P are two noncollinear segments with a 
common end 0, and a' and /3^ are similarly directed with a and 0 
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respectively at 0, the segments hetween a and are similarly directed 
with the segments heticeen a' and 

Definition. Let <r,, a-^ be three segments of a pencil no two 
of them being similarly directed. By an elementary transformation 
is meant the operation of replacing one of them, say by a seg¬ 
ment (T^, which is in the pencil and such that neither nor <r is 
hetween and tr^ or similarly directed with <r^. A class consisting 
of aU ordered tri^ into which is transformable by finite 

sequences of elementary transformations is called a smse-cdass and 
is denoted by S{(r^ffjrf If d^, d^ d^ are three directions of a pencil, 
and o-j, <rj, o-j three segments in the directions d^, d^, d^ respec¬ 
tively, the sense^lass S{d^^^ is the class of all triads of directions 
which are the directions of triads of segments in the sense-class 

Theobem 43. If a^ ffj, o-j are three segments of a pencil, no two 
of them being similarly directed, and is similarly directed with 

Theorem 44. There is a one-to-one reciprocal correspondence be¬ 
tween the direetisns of a pencil and the points of a line such that 
two triads of directions are in the same sense if and only if the 
corresponding triads of points have the same sense. 

We now take from §§ 21-23 of Chap. D the definitions of sepa¬ 
ration, order, etc., and on account of Theorem 44 we have at once 
COBOLLART 1. The Theorems of §§ 21-23 remain valid when 
applied to the directions of a pencd instead of to the ooints of 
a line. *' 

COROLLABT 2. Two pairs of opposite directions separate each other. 
Definition. Let <r^ and a-^ be two noncoUinear segments of a 
pencil; by an elementary transformation is meant the operation of 
replacing one of thein, say by any segment <r, of the pencil such 
t^ no s^ent coUinear with is between and a-,. The set of 
all ordered pairs of segments into which is transformable by 
sequences of elementary transformations is called a sense-class and 
13 denoted by N(o-^trJ. 

Theorem 45. If a pair of segments <r^ is transformalle ly 
transformations ^nto a pair then a[a' is transform- 
able by elementary transformations into a a 

1 a* 
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Theorem 46. If a segment cr^ is similarly directed loiih a segment 
cr' and not collinear with a segment which has the same origin 
as a-^, = 

Theorem 47. If are segments of a ^pencil and is 

not collinear with cr^, nor with er^, then either S{crj:T^ or 

S{(T^a^ = S{a-^a^. S{tT^(r^^S{(TjT^, If cr[ is opposite to ar^, and o-' to 
ffj, S{<T^<r^)=S{cr^a-^) if and only if S((r[ff^a-^= S{a-'^a-^a-^. 

Definition. Let d^ and d^ be two directions of a pencil and let 
<r^ and <r^ be two segments in the directions d^ and d^ respectively. 
By the sense-class S{d^d^ is meant the class of all ordered pairs of 
directions which are the directions of ordered pairs of segments 
in the sense-class Sia^a-^. 

It is evident that the last two theorems may be restated, without 
material change, in terms of directions instead of segments. 

*172. Bundles of rays, segments, and directions. Definition. The 
set of all rays in a three-dimensional convex region which have a 
conunon origin 0 is called a lundle of rays. The point 0 is called 
the center of the bundle. 

Let a, &, c be three noncoplanar rays of a bundle. By an element 
tary transformation is meant the operation of replacing one of the 
rays, say a, by a ray a^ such that no ray of the plane containing I 
and c is between a and a'. The set of aU ordered triads of rays 
into which ahe can be carried by sequences of elementary trans- 
formatioiis is called a sense-class and is denoted by S(adc), 

Theorem 48. If ale and a^Vd are two ordered triads of non^ 
coplanar rays having a common origin 0, and Aj C, A', B\ are 
points of the rays a, I, c, a\ V, d respectively, then S (ale) = S (aVd) 
if and only if S(OABC) = S{OA'B'C^. 

Theorem 49. If a, I, c are three noncoplanar rays of a lundle, 
S(alc) = S(bca) S{acl), If a\ V, d are any other three noncoplanar 
rays of the hindle, either S (a'Vd) = S(alc) or S{a*Vd) = S (acl). 

Theorem 50. If a, I, c are three noncoplanar rays of a Iwndle 
and a^ is the ray opposite to a, S{ahc) ^ JS(a^bc). 

Theorem 51. If ale are three noncoplanar rays of a bundle, the 
set [x] of rays of the bundle which satisfy the relation S(xal)=^ 
S (xlc) ^ S (xca) are in such a one-to-one reciprocal correspondence 
r wilh the points of a triangular region that if rays x^, x^, 
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. 7 ;^, A*g, correspond to points X„, X^, A’, X^ respectively, 

= S{.t-x^x^ if and only if S{X^XfS:^ = S{X^X.X^, If 
A, B, C are points of the rays a, h, c respectively, and the triangula/r 
region is the interior of the triangle ABC, F rnay he tahen as the 
correspondence in which each x corresponds to the point in which it 
meets the triangular region. 

Theorem 52. If a, h, c, d are four rays of a bundle such that any 
plane containing two of them contains a ray between the other tvjo, 
any other ray of the bundle is between two rays of the set a, b, c, d or 
in one of four sets [x], [y], [z], [w] such that [oj] satisfies the condition 
S{xhc)=S{xcd) = S{xdb), [y] satisfies S{yac)=^S{ycd)= S{yda), [z] sat¬ 
isfies S(zab) = S{zbd) = S(zda), satisfies S{wab)=^ S{wbc) —S(wca), 

CoROLLARy. Under the conditions of the theorem if A, B, C, D 
are points of the rays a, b, c, d respectively, the center of the bundle 
is interior to the tetrahedron ABCD, 

Defixitiok. A set of all segments having a common end is called 
a bundle of segments. The set of all directions of the segments of a 
bundle is called a buiuBe of directions. 

Definition. Let <r^, a-^, a-^ be three segments of the same bundle, 
but not in the same pencil; the operation of replacing anj one of 
them, say by a segment o-^ of the bundle such that no segment 
of the pencU containing ir^ and tr^ is between and er^ or coincident 
with <r^ is called an elementary transformation, A class consisting 
of all ordered triads of segments into which can be carried by 

finite sequences of elementary transformations is called a sense-class 
and is denoted by 

The generalization of Theorems 48-52 to the corresponding 
theorems for a bundle of segments presents no difficulty. 

*173. One- and two-sided regions. A discussion of the order rela¬ 
tions in projective spaces which is closely analogous both to § 168 
and to § 169 may be made according to the following outline. The 
details are left as an exercise for the reader. 

Let O be any point of a planar region R. Let A, B, C be the 
vertices of a triangular region T containing 0 and contained in R, 
and let o:, y be the segments in R joining 0 to A, B, C respec¬ 
tively. Then S{ap) = S{Pi) = S{^a). 

If 0^ is any other point of T, and of, y8' the segments of R joining 
to A and B respectively, S{aP) is said to be like and 
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if S(a/3) is like and like S{a'^/3"), then S(a:^) ia said 

to be like A region for which a given sense-class at one 

point is like the other sense-class at that point is said to he one¬ 
sided, Any other region is said to be tVKhsided. 

A convex region is two-sided. A projective plane is a one-sided 
region. 

Let 0 be any point of a three-dimensional region R. Let A, B, 
Cy D be the vertices of a tetrahedral region T containing 0 and 
contained in R, and let a, /S, y, S be the segments in R joining 0 
to Ay By Cy D respectivcly. Then S{a^y) = S{^ah) = S{Syfi) = B(ySa), 

If O' is any other point of T, and a', 7 ' are the segments of 

R joining O' to A, By C respectively, S(afiy) is said to be like 
S{(A^'y')\ iE S{a^y) is like S{a'^'y')y and S{a'^'y') is like S{a"^''y% 
then S{a^y) is said to be like S{a”^''y'-). 

One- and two-sided regions are defined as in the two-dimensional 
case. 

Any region in a three-dimensional projective space is two-sided. 

174. Sense-classes on a sphere. The theorems in § 172 can be 
regarded as defining the order relations among the points of a sphere 
if carried over to the sphere by letting each point of the sphere 
correspond to the ray joining it to the center of the sphere. Another 
way of treating the order relations on a sphere and one which 
connects directly with § 97 is as follows: 

Definition. Let A, By C, D be four points of a sphere not all 
on the same circle. By an elementary transformation is meant the 
operation of replacing one of them, say A, by a point A' on the 
same side of the circle BCD, The set of all ordered tetrads into 
which ABCD is transformable by sequences of elementary transfor¬ 
mations is called a sense-class and is denoted by S{ABCD). 

Theorem 53. There are two and ordy two sense-classes on a sphere, 
S(ABCD)i^S{ABDC), 

Theorem 54. S{ABCD)^S(A'B'C^D') if and only if IV >0, 
where B{AB, CD) = a + hV^, C'I>')= a' + h'V^, and 

a, a', b, V are real. 

175. Order relations on complex lines. In -view of the isomor¬ 
phism between the geometry of the real sphere and the complex 
projective line (cf. §§ 91, 96, and 100) the theoieme of the section 
above and of § 97 determine the order relations on any complex line. 
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One very important difference between the situation as to order 
in the real and the complex spaces is the following: In a real plane 
or space one sense-class on a line is carried by projectivities of a 
continuous group into both sense-classes on any other line. So that 
fixing a particular sense-class on one Rne as positive does not deter¬ 
mine a positive sense-class on aU other lines. On a complex line, 
however, an ordered set of four points ABCI> is in one sense-class 
or the other according as 5 is positive or negative, where a + J 
vCT=e>(xb, CB) and a and 6 are real (Theorem 54). In conse¬ 
quence of the invariance of cross ratios under projection, a given 
sense-class on one line goes by projectivities into one and only one 
sense-class on any other line. Hence if one sense-class is called 
positive on one line, the positive sense-class can be determined on 
every other line as being that sense-class which is projective with 
the positive sense-class on the initial line. 

This connects very closely with the convention for purposes of 
analytic geometry that by Vc is meant that one of the square roots 
of c which takes the form a -j- & VI^i, where a and I are real and 
& > 0, or if & = 0, a > 0. The symbol V— 1 is taken to represent 
that one of the square roots of —1 for which ^(oo 0 lV=I) is 
positive. 

176, Direct and opposite coUineations in space, From the algebraic 
definition of direct coUineation in terms of the sign of a determinant, 
we obtain at once 

Theoeem 55. Any colliriea/tion of a real tlvree-dimeTisional 
jective space which leaves a Euclidean space invariant is direct if and 
only if the coUineation which it effects in the Euclideam, space is directs 

In a Euclidean space a point D is on the same side of a plane 
ABCB with a point E if and only if S{ABCB) = S{ABCE), Hence 
a homolcgy whose center is at infinity is direct or opposite according 
as a point not on its plane of fixed points is transformed to a point 
on the same or the opposite side of this plane. Extending this result 
to the projective space by the aid of the theorem above we have 

Theobem 56. A lumology which carries a point A to a point A\ 
distinct from A, is opposite or direct according as A and A' are 
separated or not separated hy the center of the homology and the 
point in which its plane of fixed points is met by the line AA\ 
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Corollary 1. A liarmonic homology is opposite. 

Corollary 2. The imxtTse of cl direct hoviiology is dirccU 

Since any collineation is expressible as a product of homologies 
(§ 29, VoL I), it follows that 

Corollary 3. The inverse of a direct collinmtion is direct 

Since an elation is a product of two harmonic homologies having 
the same plane of fixed points it follows from Cor. 1 that 

Corollary 4. An elation is direct 

Since a line reflection (§ 101) is a product of two hstrinonic 
homologies, 

Corollary 5. A line reflection is direct 

Theorem 57. A collineation leaving three shew lines invariant 
is direct 

Proof, Denote the Hnes by l^ and the collineation by F. 
The projectivity on l^ which is ^ected by F is a product of two or 
three hyperbolic involutions (§ 74), Each involution on l^ is effected 
by a line reflection whose directrices are the hnes which pass through 
the double points of the involution and meet and l^. The product, 
n of these line reflections leaves l^, invariant and effects the same 
transformation on \ as F. Hence II'^F leaves Z^ and all points 
on \ invariant. It also leaves invariant any hue meeting Z^, Z^, and 
Zg, and hence leaves all points on Z^ and Z^ invariant. Hence n“^F 
is the identity, and hence F= H. Since the line reflections are all 
direct, F is direct. 

Corollary 1. Any collineation leaving all points of two sTc&io 
lines invariant is direct 

JProof, Such a collineation leaves invariant three skew lines 
meeting the given pair of invariant lines. 

Corollary 2. Any collineation trcmsforwAng a regulus into itself 
is direct 

Proof. Such a collineation is a product of a collineation leaving 
all lines of the given regulus invariant by one leaving all lines of 
the conjugate regulus invariant. Hence it is direct, by the theorem. 

Corollary 2 is also a direct consequence of Cor. 5, above, and 
Theorem 34, Chap. VI 
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CoROLLAEY 3. Aliy colliiieation carrying a regiihis into its con¬ 
jugate regiilus is opposite. 

Proof. The two reguli are interchanged by a harmonic homology 
whose center and axis are pole and polar with regard to the regulus. 
This harmonic homology is opposite by Cor. 1, Theorem 66 , and 
since its product by any coUineation T interchanging the two reguli 
leaves them both invariant and hence is direct by Cor. 2, it follows 
that r is opposite. 

Definition. By a doubly oriented line is meant a line I associated 
with one sense-class among the points on I and one sense-class 
among the planes on 1. The doubly oriented line is said to be on 
any point, Une, or plane on L 

A doubly oriented line may be denoted by the symbol {ABC, 

if .4, B, C denote coUinear points and a, 7 planes on the line AB. 

For this symbol determines the line AB and the sense-classes S{ABC) 

and S{a^y) uni(iuely. Since there are two sense-classes S(ABC) 

and S(ACB) among the points on a hne AB and two sense-classes 

S{a0r^) and S{a'Yfi) among the planes on AB, there are four 

doubly oriented lines, / ^ o ^ 

^ (ABC, a/ 37 ), 

(ACB, 0 : 7 ^), 

(ABC, 0 : 7 / 9 ), 

(ACB, a/ 87 ), 

into which AB enters. 

Theorem 58. The collinmtions which transform a doubly oriented 
line into itself are all direct 

Proof Let (ABC, afiy) be a doubly oriented line, T a coUineation 
leaving it invariant, I any line not meeting AB, and Z'= r(/). The 
line V cannot meet AB, because AB is transformed into itself bv F* 
If V does not intersect I, let m be the line harmonicaUy separated 
from AB by I and V in the regulus containing AB, I, and V. If V 
meets Z let m be the line harmonically separated by I and V from 
the point in which the plane IV is met by AB. Li either case AB 
does not intersect m, and if A is the Une reflection whose directrices 
are AB and m, A(V) = I Hence AF leaves both AB and m invariant. 
Since A and F preserve sense both in the pencil of points AB and 
in the pencil of planes aff, AF preserves sense both on AB and 
on m. Hence by § 74, AF effects a projectivity on AB which is a 
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product of two hyperbolic involutions, • {PjPJ-j aud it effects 

a projectivity on m which is a product of two hyperbolic involutions, 
{Q^Qi • iQM- h> h> h fcbe lines P,<2,. F^Q^. P^Q^, P^Q^ 

respectively. The product 

{yj.{VJ-A.r 

leaves all points on AB and on m invariant and is therefore direct 
by Cor. 1, Theorem 57. All the cx)llmeations in this product except 
r are direct by Cor, 5, Theorem 56. Hence F is direct. 

CoKOLLAUY 1. Any collineation which reverses loth sense-classes 
of a doubly oriented line is direct 

Proof, Let F be a collineation reversii^ both sense-classes of a 
doubly oriented line {ABC, a^y). Let a and I be t\vo lines meeting 
AB but not intersecting each other. The line reflection {a6} reverses 
both sense-classes of {ABC, and is direct. Hence {ah} • F leaves 
them both invariant and is direct by the theorem. Hence F ia direct. 

Corollary 2. Any collineation which transforms each of two skew 
lines into itself and effects a dArect projectiuity on each is direct. 

Corollary 3. Any collineation which transforms each of tvjo 
skev) lines into itself and effects an opposite projectivity on each is 
di/rect 

177. Right- and left-handed figures. The theorems of the last 
section can be used in showing that other figures than the ordered 
pentads of points may be classified as right-handed and left-handei 
For this purpose the following theorem is fundamental 

Theorem 59. If the collineations carrying a figure into itself 
are all direct, the figures equivalent to under the group of all 
collineations fall into two classes such that any collineation carrying 
a figure of one class into a figure of the same class is direct and any 
collineation carrying it into a figure of the other class is opposite. 

Proof Let [F] be the set of aU figures into which F^ can be 
carried by direct collineations. There ia no opposite collineation 
carrying F^ into an F; for suppose F were such an opposite coUm- 
eation, let P be one of the direct collineationa which by definition 
of [F] carry F into F; then P'"F would be an opposite collineation 
carrying i?;.into itself. In like manner it foUowa that any collinea¬ 
tion carrying any F into itself or any other F is direct. 
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Let [jF'] be tbe set of all figures into which. is carried by oppo¬ 
site coUineations. An argument like that above shows (1) that any 
coUineation carrying into an is opposite and ( 2 ) that any 
coUineation carrying an F^ into itself or another F^ is direct. It 
follows at once that any coUineation carrying an F into an F^ or 
an F^ into an is opposite. 

Since the direct coUineations form a continuous fa m i l y of trans¬ 
formations, we have 

Corollary. The figures conjugate to F^ under the group of direct 
coUineations form a continuous family. 

The propositions about the sense-classes of ordered tetrads of non- 
collinear points are corollaries of this theorem because the only 
coUineation carrying an ordered pentad of noncoUinear points into 
itself is the identity. 

By Theorems 57 and 69 aU triads of noncoUinear lines fall into two 
classes such that any coUineation canying a triad of one class into 
a triad of the same class is direct and any coUineation carrying a 
triad of one class into a triad of the other class is opposite. It is to 
be noted particularly that the triads of lines here considered need not 
be ordered triads, since by Cor. 2 , Theorem 57, the coUineation 
effecting any permutation of a set of three noncoUinear lines is direct. 

Similar propositions hold with regard to doubly oriented lines, 
reguU, congruences, and complexes (cf. § 178). 

Let us now suppose that a particular sense-class S{ABCD) in 
a EucUdean space has been designated as right-handed (cf. § 162). 
Any ordered tetrad of points in this sense-class is also caUed right- 
handed and any ordered tetrad in the other sense-class is called 
left-handed. 

Let P be a point interior to the triangular region BCD, Q the 
point at infinity of the Une AP, /S the plane ABB, 7 the plane AFC, 
and S the plane APP. AU doubly oriented lines into which {AFQ, 
^ 78 ) is carried by direct coUineations shaU be caUed right-handed 
and aU others shaU be caUed left-handed. 

The set of points ABCDQ and the sense-class S{ABCDQ) in the 
projective space ABCD shaU be caUed right-handed and aU other 
ordered pentads of noncoUinear points and the othei; sense^class 
shaU be caUed left-handed. 
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These conventions give the same determination of right-handed 
doubly oriented lines and ordered pentads of pointe no matter what 
point of the triangular region BCD is taken as P, because any col- 
lineation leaving A, B, C, D invariant and carrying one such P into 
another is direct. In like manner these conventions are independent 
of the choice of ABCD, so long as S{ABCD) is direct. 

A triad of skew lines Z^ shah be said to be ri^ht-handed or 
left-handed according as the doubly oriented line {ABC, afii) is 
right-handed or left-handed, provided that m is a line meeting Z^, 
Zjj, Zg, and A, B, C are the points ml^ respectively, and a, 

7 are the planes mZg respectively. 

This convention is independent of the choice of m, by Theorems 
57 and 68 . By the same theorems any ‘coUineation carrying a 
right-handed triad of noncoUinear lines into a rightrhanded triad 
of lines is direct, and any colbneation carrying a right-handed 
triad of lines into a left-handed triad is opposite 

The reader should verify that a pair of skew lines Zw in a Euclid¬ 
ean apace is right-handed or left-handed in the sense of § 163 
according as ZmZ^ is right-handed or left-handed, Z^ being the line 
at infinity which is the absolute polar of the point at infinity of Z. 
If is the absolute polar of the point at infinity of w, iTn/m^ ia 
right-handed if and only if Iml^ is right-handed. 

Let A be a point of the ftTna of a twist F in a Euclidean space, 
let B = r(A), and let C be the point at i nfim ty of the line AB \ let 
a be any plane on the line AB, /8 = r(a), and 7 the plane on AB 
perpendicular to a. Then F is right-handed in the sense of § 163 
if and only if the doubly oriented line {ABC, afif) is right-handed. 
This is easily verified 

178. Right- and left-handed regtiH, congruences, and complexes. 
By Cor. 2, Theorem 57, every triad of lines in a regulus is right- 
handed or every triad is left-handed. In the first case the regulus 
shall be said to be right-handed and in the second case to be 
left-handed. 

Theorem 60. The collineatioTis which lea/ce an elliptic linear con¬ 
gruence invariant are all direct. 

Proof, An elliptic congruence has a pair of conjugate imaginary 
lines as its directrices (§ 109), and there is one real line of the 
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congruencse through each point of a directrix. Any coUineation F 
which carries each directrix of the congruence into itself effects a 
projectmty on that directrix. This projectivity is a product of two 
involutions (§ 78, VoL I). Each involution may be effected by a 
line reflection whose lines of fixed points are the (real) lines of the 
congruence through the ( imag inary) double points of the involution; 
since such a line reflection leaves both directrices invariant, it leaves 
the congruence invariant. Hence there exist two line reflections 
Aj, Ag, each transforming the congruence into itself, such that 
WT leaves aE points on a directrix invariant. Hence 
transforms each line of the congruence into itself. By Theorem 57, 
Wr is direct, and by Theorem 56, Cor. 5, A^ and A^ are direct. 
Hence F is direct. 

If Z is any real line not in the congruence, the lines of the con¬ 
gruence meeting Z form a regulus, and the directrices are double 
Lines of an involution in the hnes of the conjugate regulus. If V 
is the line conjugate to Z in this involution, the line reflection {ZZ'} 
must interchange the two directrices. Hence if F' is any coHtne- 
ation interchanging the directrices, {ZZ'} • F' is a coUineation which 
leaves each of them invariant. Hence by the paragraph above 
{ZZ'} ‘ F' is direct. Hence F' is direct. Hence any real coUineation 
leaving an elliptic linear congruence invariant is direct. 

Corollary 1. The triads of Imes of an elliptic linear congruence 
are all right-handed or all left-handed. 

For any triad can be carried into any other triad by a direct 
coUineation. 

Corollary 2. If four linearly independent lines are such that 
all sets of three of them are right-handed or such that all sets of 
three of them are left-handed^ the linear congruence which contains 
them is elliptic. 

An elliptic congruence shaU be said to be right-handed if every triad 
of lines in it is right-handed; otherwise it is said to be left-handed. 

A pair of conjugate imaginary lines of the second kind (§109) 
is said to be right-handed or left-handed according as it is deter¬ 
mined by a light-handed or a left-handed congruence. 

A pair of Clifford paraUels (§ 142) is said to be right-handed or 
left-hand^ according as the congruence of GUfiford paraUels to which 
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they belong is right-handed or left-handed. This distinction is in 
agreement with that introduced in § 142, because according to both 
definitions a coUineation carrying a system of right-handed Clifford 
pajaUels into a system of right-handed ones is direct, and a collinea- 
tion carrying a system of right-handed Clifford parallels into a 
system of left-handed ones is opposite. 

Theorem 61. The collineations which leave a nondegenerate linear 
complex invariant are all direct. 

Proof. Let F be a colhneation leaving a complex C invariant, 
and let I be any line of C and V= V (1). Let Z" be any line of C not 
meeting I or V. The lines of G which meet I and Z" constitute a 
regulns, and three lines of this regulus together with Z and con¬ 
stitute a set of five linearly independent lines (§106, VoL I) upon 
which, therefore, all the lines of 0 are linearly dependent. Hence 
a coUineation F' which leaves this regulus invariant and inter¬ 
changes Z and I” leaves C invariant. Let F^^ be a coUineation, simi¬ 
larly obtained, which interchanges and V and leaves C invariant. 
The product FT-'F leaves G and I invariant, and F' and F" are 
direct. 

Any coUineation leaving G and I invariant leaves invariant the 
projectivity 11 between the points on Z and the planes corresponding 
to them in the nuU system determined by C. The projectivity 11 
transforms an arbitrary sense-class among the points on Z into an 
arbitrary sense-class among the planes on Z, These two sense-classes 
determine a doubly oriented Une, Z. The other sense-class of the 
points on Z is carried by II into the other sense-class of planea on 
Z, and these two sense-classes determine a doubly oriented line i. 
Since any coUineation leaving G and Z invariant leaves H invariant, 
it either transforms this doubly oriented line into itself or into the 
one obtained by reversing both its sense-classes. Hence any such 
coUineation is direct by Theorem 58 and its first coroUary. In 
particular FT'T is direct, and since F^ and F" are direct, it foUows 

that F is direct. t v v 

By Theorem 61 aU the doubly oriented lines analogous to Z which 

are determined by C are all right-handed or aH left-handei In the 
first case C shall be caUed right^Ttded, and in the second case C 
shaU be caUed left-handed. 
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The aJgehraic criteria ia the exercises below are taken from the 
article by E. Study referred to in § 162. See also F. Elein, Auto- 
graphierte Vorlesungen iiber nicht-Eudidische Geometric, VoL II, 
Chap. I, Gottingen, 1890. 

EXSHCISES 

1. Classify parabolic congruences (§107,Vol. I) as right-handed and left- 
handed. 

2. For two lines 7? and^' let 

(T^j 7^ ) = 7*12-^34 7^18^43 7^847^13 P^^Pi^, 7^2a7^14» 

where are the Plticker coordinates (§109, Vol. I) of and p'^ those of p\ 
Three lines p^ p% p" are right-handed or left-handed according as 

(7^»7>')‘Cf'» 7^")- 

is positive or negative. 

2. A pair of conjugate imaginary lines of the second kind whose Plucker 
coordinates are p^ and respectively are right-handed or left-handed ac- 

^ 7^13 7^19 *1“ 7^18 Pu 7^147^14 "b 7^84^84 7^42 Pi 2 P^^Pu 

is positive or negative. 

4. The linear line complex whose equation in Packer coordinates is 
(§ no, Vol. I) 

®19Pl9 + ^laPia + ^4Pl4 + ®84P84 + ^43.7^43 + ®23P98 ” 9 
is right-handed or left-handed according as 

^12^84 4 %8®43 ®14®a8 

is positive or negative. 

5. A twist given by the parameters of § 130 is right-handed if > 0 
and the coordinate system is light-handed. 

6. The linear complex C determined by a twist according to Ex. 7, § 122, 
is right-handed or left-handed according as the twist is right-handed or left- 
handed. 

•179. Elementary transformations of triads'of lines. Let ifj, be a 
figure such that all the coUineations which transform it into itself 
are direct, and let [J*] be the set of all figures equivalent to F under 
direct transformations. From the fact that the group of aU direct 
coUineations is continuous, it can be proved that [F"] is a continuous 
family of figures. 

This can also he put into evidence by generalising the notion of 
elementary transformation to other figures. This is essentially what 
has been done in §§ 169 and 173. For triads of skew lines the 
following theorem is fundamental 
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Theorem 62. If are three slceio linesy and a line 

cojplanar with and such that the 'points in which and meet the 
plane are not separated ly the lines l^ and then can he 
carried to by a direct collineation. 

Proof, Let a be a line meeting Z^, Z^, and Z^ (fig. 86) in points 
^ij -Aji respectively, whicb are all distinct. Let a be the plane con¬ 
taining l^ and the point B of intersection of Z^ and Z^. If is in a:, 
an elation with as center, a 
as plane of fixed points, and 
carrying A^ to A^ will carry Z^, 

Zjj, Zg into \y Z^, Z^ respectively. 

By Theorem 66, Cor. 4, this 
elation is direct 

If A^ is not in a:, the points 
A^ and A^ are not separated by 

and the point A in which .a 
meets a ; for by hypothesis A^ 
and the point in which Z^ meets the line BA are not separated by the 
lines Zg and Z^. Hence the homology with A^ as center and a as plane 
of fixed points which carries to Z^ is direct (Theorem 56). This 
homology carries Z^, Z^, Z^ into Z^, Z^, Z^ respectively. 

An elementary transformation of a triad of skew lines may 
be defined as the operation of replacing one of them, say Z^, by a 
line Z^ which is coplanar with Z^ and such that Zj and Z^ do not sepa¬ 
rate the points in which their plane is met by Z^ smd Z^. 

By Theorem 62 an elementary transformation may be effected 
by a direct coUineation. A sequence of elementary transformations 
therefore carries a right-handed triad into a right-handed triad and 
a left-handed triad into a left-handed triad. 

Conversely, it can be proved that any right-handed triad can he 
carried into any right-handed triad by a sequence of elementary 
transformations and that the two classes of hues determined hy a 
pair of skew lines ah according to Ex. 2, § 26, are the lines such 
that ahx. is right-handed and the lines [y] such that ahy is left-handed. 
These propositions are left to the reader. 

*180. Doubly oriented lines. The theory of sense-classes in three 
dimensions could be based entirely on that of doubly oriented lines 
(§ 176). We shall prove the earliest theorems of such a theory in 
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this section. The proofs are based on Assumptions A, E, S and do 
not make use of the preceding discussions of order in three-space. 

Defdtitiox. Two doubly oriented lines are said to be doubly 
jpersjpective if they can be given the notation {ABC, oc^y) and 
{A!B^C\ a') 8 V) respectively in such a way that A, B, C, a, yS, 7 are 
on /S', 7 ', A', J5', (7' respectively. Two doubly oriented lilies 
and I are said to be similoMy oriented if and only if there exists a 
sequence of doubly oriented lines such that is doubly 

perspective with with Zg, • • •, Z„_i with Z„, and Z„ with Z. Two 
doubly oriented lines which are not similarly oriented are said to 
be oppositely oriented. 

From the form of this definition it follows immediately that 

Theorem 63. If cl doubly oriented line l^ is similarly oriented 
with a doubly oriented line Z^, and, l^ with a doubly oriented line Z^, 
Z^ is similarly oriented with l^ 

Theorem 64. If three doubly oriented lines m^, no tvjo of 

which are coplanar, are such that m^ is doubly perspective with 
and, vjith then is dovMy perspective either with or vAth 
the doubly oiAented line obtained by changing both sense-classes on rn^. 

Proof. Let ABO be an ordered set of points of the sense-class of 


points of and let Z^, Z^, Z^ be the three lines on A, B, C respectively 
which meet and The 
sense-dass of planes of 
contains either the ordered 
triad of planes Z^m^, Ipn^, l^m^ 
or the ordered triad Ijn , 

Z,OT,, Ijn^. In the first case 
(fig. 87) let l^m^= a, 

= 7 . In the second case 
(fig. 88 ) let =a, 

= In both eases let 
^ points 

/jm,, respectively, a^, /S^, 

7 j the planes Tio. 87 



respectively, . 4 ^, B^, the points respectively, and 

73 tte planes respectively. 

In the first case (ABC, a^y) is doubly perspective vdth (ABC, 
aArx) and this Tvith (A^B^C^, Since m^ = (ABC, a^), md 


§ 180 ] 


DOUBLY OEIENTED LINES 


449 


is doubly perspective with ; and since 

is doubly perspective with m,. m={Anc„ aBr^X But 
by construction (ABC - - 2 * a - 

" ' 2 3 2 * 

doubly perspec¬ 
tive with {ABC, a/ 87 ), 

Le. is doubly perspec¬ 
tive with m„. 

In the second case 
{AB C, a^y) is doubly per¬ 
spective with (A^C^B^, 

“A'yi) this with 
(A^B^C^, Since 

rii^ = (ABCy a^ 7 ), and 
is doubly perspective 
with m^y m^ = (A^C^B^, 

^A7i); and since is doubly perspective with m,, m^^{A^B^C^y 
construction (A^B^C^y ^ doubly perspective 

with (ACBy ; Le. m, is doubly perspective with the doubly 
oriented line obtained by changmg both sense-classes of 

Theoeem 65. A. douily 0Tie!ut6d Ivais (ABCy is siirtilurly 
oriented with (ACBy ay^ and ojppodtely oriented to (ABCy ccy0) and 
(ACBy a0yy 



Fio. 88 


Proof. Let Z^, Z^, Z^ be three lines distinct from AB and such that 
Zq is on .^4 and ay on B and 7 , Z, on C and Let and rn^ be 
two lines distinct from ABy each of which meets Z^, Z^, and Let 
A^y B^y be the points l^m^y l^n^y Ijn^ respectively and a^y y^ 
the planes Z^m^, l^n^y respectively; let A^y B^y C^ be the points 
l^m^y l^rn^y Ijrn^ respectively and a^y ^^y 7 ^ the planes Z^m^, \m^y 
respectively. Then by construction (fig. 88 ) and definition the 
oriented line (ABC, a^y) is doubly perspective with (AfJ^B^y a^fi^y^y 
and this with (A^BJJ^, a^y^^^y and this with (ACBy ay/3). Hence 
(ABCy a^y) is similarly oriented with (ACBy ayp). By a change of 
notation it is evident that (ABCy ay^ is similarly oriented with 
(ACBy a^y). It remains, therefore, to prove that (ABCy a^y) is not 
similarly oriented with (ACBy a^y). 

If these two oriented lines were similarly oriented, there would 
be a sequence of doubly oriented lines m^y m^y • • •, such that 
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and m^—{ACB, a^^), and such that each oriented 
line of the sequence would be doubly perspective with the next one 
in the sequence. Let m be a doubly oriented hne not coplanar with 
any of and doubly perspective with let m be 

the doubly oriented line obtained by changing both sense-classes 
on m. By Theorem 64 is doubly perspective with m or m. By 
a second application of this theorem is doubly perspective with 
m or m, and by repeating this process n times we find that is 
doubly perspective with m or m. But this means that is {ABC, 
0 ^) 87 ) or {ACB, 0 : 7 / 8 ). 

Theorem 66. There are two and only two classes of douUy oriented 
lines such that any two daubly oriented lines of the same class are simi¬ 
larly oriented and any two of different classes are ojppositely oriented. 

Proof Let {ABC, 0 :^ 7 ) be an arbitrary fixed doubly oriented Rne 
and let K be the class of doubly oriented lines similarly oriented to 
it. This class contains (Theorem 65) {ACB, 0 : 7 / 8 ) but not {ACB, 
or {ABC, 0 : 7 ) 8 ). If Z is any line and m any line not meeting I or 
AB, {ABC, is doubly perspective with one of the doubly oriented 
lines determined by m and this with one of those'determined by I, 
Hence K contains two of the four doubly oriented lines determined 
by any line of space. Let AT' be the class of doubly oriented lines 
s imila rly oriented with {ACB, afiy). It also contains two of the four 
doubly oriented lines determined by any line of space. K and 
cannot have a doubly oriented line in common, because tbiR would 
imply that {ABC, a$r>/) and {ACB, were similarly oriented. 
Hence every doubly oriented line is either in Z" or in Z'. 

There can be no oth^r pair of classes of similarly oriented doubly 
oriented lines including all doubly oriented lines of space, because 
one dass of such a pair would contain elements both of Zand of Z', 
and this would imply, by Theorem 63, that {ABC, a^i) was simi¬ 
larly oriented with {ACB, 0 :^ 87 ). 

From the construction which determines whether two doubly 
oriented lines are similarly oriented or not, it is evident that any col- 
lineation carries any two doubly oriented lines which are similarly 
oriented into two which are similarly oriented Hence, if a coUinea- 
tion carries one doubly oriented line into a similarly oriented one, it 
carries every doubly oriented line into a sinularly oriented one; and 
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if it carries one into an oppositely oriented one, it carries every doubly 
oriented line into an oppositely oriented one. 

Any collineation which carries a doubly oriented line into a simi¬ 
larly oriented one is said to be direct, and any collineation which 
carries a doubly oriented line into an oppositely oriented one is said 
to be opposite. This definition of direct and opposite coUineationa is 
easily seen to be equivalent to that in § 32. 

*181. More general theory of sense. The theory of sense-classes 
in the preceding pages can be extended to analytic transformations 
by means of simple limiting considerations. For example, consider 
a transformation of a part of a Euclidean plane 

y =^(a^)= ^00+ K‘‘ + \iy+ • • '• 

where both series are convergent for all points in a region including 
the point (0, 0). If the determinant 

g/(0, 0) 8/(0. 0) 

a CL _ __ T 

C C ^ gg(0>0) gg(O.O) " 

ox dy 

is not zero, it can be shown that there is a region including (0, 0) 
which is transformed into a region including {a^ in such a way 
that all ordered point triads of a sense-class in the first region go into 
ordered point triads of one sense-class in the second region; and if 
(a/, y) is in the same plane as {x, y), the two sense-classes will be the 
gfliTifl if and only if / > 0. 

By a piTTiilnT liTTiiting process the notions of right- and left-handed¬ 
ness can be extended to curves, ruled surfaces, and other figures 
having analytic eq[uations. i. discussion of some of the cases which 
arise will be found in the article by Study referred to in § 162. 

This sort of theory of sense relations belongs essentially to 
dififerential geometry, although the domain to which it applies may 
be extended by methods of the type used in §§ 168 md 173, 

The theory of sense may, however, be extended in a different 
way so as to apply to the geometry of all continuous transforma¬ 
tions instead of merely to the projective geometry or to the geometry 
of analytic transformations. The main theorems are as follows: 
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Any one-to-one reciprocal continuous transformation of a curve 
into itself transforms each sense-class on the curve either into itself 
or into the other sense-class. A transformation of the first kind is 
called direct and one of the second kind opposite, A direct trans¬ 
formation is a deformation (§ 157), and an opposite transformation 
is not a deformation. 

Any simple closed curve consisting of points in or on the 
boundary of a 2-cell R (§ 155) is the boundary of a unique 2-ceLl 
which consists entirely of points of R. 

A 2-cell can be deformed into itself in such a way as to trans¬ 
form an arbitrary simple closed curve of the cell into an arbitrary 
simple closed cur\-e of the ceU. Any one-to-one reciprocal contin¬ 
uous transformation of a 2-ceR and its boundary into themselves 
is a deformation if and only if it effects a deformation on the 
boundary; ie. if and only if it transforms a sense-class on the 
boundary into itseLE. 

If the sense-classes on one curve of a 2-ceIL and its boundary 
are designated as positive and negative respectively, any sense-class 
on any other curve is called positive or negative according as it 
is the transform of the positive or of the negative sense-class on 
by a deformation of into j through intermediate positions which 
ore all simple closed curves on the 2-cell and its boundary. By the 
theorems above, this gives a unique determination of the positive 
and n^ative sense-classes on any curve of the given convex region. 
A curve associated with its positive sense-class is called a positively 
oriented curve, and a curve associated with its negative sense-class 
is called a negatively oriented curve. 

Any transformation of a 2-cell which is one-to-one, reciprocal, 
and continuous either transforms all positively oriented curves into 
positively oriented curves or transforms all positively oriented 
curves into negatively oriented curves. In the first case the trans¬ 
formation is said to be direct and in the second case to be opposite. 
The transformation is a deformation if and only if it is direct. 
A 2-ceU associated with its positively oriented curves or with its 
negatively oriented curves is called an oriented i-cell. 

The oriented 2-cells of a simple surface fall into two classes such 
that any oriented 2-cell of one class can be carried by a continuous 
deformation of the surface into any other oriented 2-cell of the 
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same class, but not into any oriented 2-cell of the other class. The 
two oriented 2-cells determined by a given 2-cell aie in different 
classes. A simple surface associated with one of these classes of 
oriented 2-cells is said to be OTieTited, 

A similar theorem does not hold for the oriented 2-cells of a 
projective plane. Instead we have the theorem that every contin¬ 
uous one-to-one reciprocal transformation of a projective plane is a 
deformation. Consecjuently any oriented 2-ceIl can be carried into 
any other oriented 2-cell by a deformation. 

The oriented simple surfaces in a 3-ceIl and its boundary fall 
into two classes such that any member of either class can be 
deformed into any other member of the same class through a set 
of intermediate positions which are aU oriented simple surfaces, but 
cannot be deformed in this way into any member of the other clasa 
A continuous one-to-one reciprocal correspondence which carries a 
3-cell and its boundary into themselves either interchanges the two 
classes of oriented simple surfaces or leaves them invariant. In the 
second case the transformation is a deformation and in the first 
case it is not. A 3-cell associated with one of its classes of oriented 
surfaces is called an oriented 3~cell. 

The oriented 3-cells of a projective space fall into two classes 
such that any member of one class can be carried by a continuous 
deformation of the projective space into any member of the same 
class but not into any member of the other class. A continuous 
one-to-one reciprocal transformation of the projective space either 
transforms each class of oriented 3-ceUs into itself or into the other 
class. In the first case it is a deformation and in the second it is not. 
A projective space associated with one of its classes of oriented 
3-cells is called an oriented projective space. 

The one-dimensional theorems outliued above are easily proved 
on the basis of the discussion of the sense-classes on a line in §§ 159 
and 165. The two-dimensional ones, though more difficult, are conse¬ 
quences of known theorems of analysis situs. They involve, however, 
such theorems as that of Jordan, that a simple closed curve separates 
a convex region into two regions; and the theorems of this class do 
not belong (§§ 34, 39, 110) to projective geometry. Tbe Jordan 
theorem in the special case of a simple closed polygon does, however, 
belong to projective geometry and is proved below (§ 187). 
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The tliree-dimensioiial propositions outlined here have not all 
been proved as yet, but are (in form) direct generalizations of the 
one- and two-dimensional ones. 

Let us note that an ordered triad of points as treated in § 160 may be 
regarded as determining an oriented 2-cell. For the triangular region having 
the points as vertices is a 2-ceIl, and a sense-class is determined on its boundary 
by the order of the vertices. This sense-class determines a sense-class on every 
curve of the 2-ceU and thus determines an oriented 2-cell. 

In like manner an ordered tetrad of points as treated in § 180 determines 
an oriented 3-ceIl. For the tetrahedral region having points ABCD as ver¬ 
tices is a 3-cell. The triangular region BCD is a 2-cell which does not contain 
A, and is oriented in view of the order of the points on its boundary. This 
oriented 2-cell determines an orientation of the boundary of the 3-cell, and 
thus of the 3-cell. 

Likewise an ordered tetrad ABCD of a projective plane determines a 
2-celI, i.e. that one of the triangular regions BCD which contains A\ and 
this 2-cell is oriented by the order of the points BCD, Similarly, an ordered 
pentad ABCDE of points in a projective space determines an oriented 3-ceU, i.e. 
that one of the tetrahedral regions BCDE which contains A, oriented accord¬ 
ing to the order of the points BCDE. 

18!J. Brokea lines and polygons. DEFDfmoN. A set of n points 
, A,, togettier -witli a set of n segments jo ining to A^, A^ 
to Aj, • • •, A„_j^ to A^, is called a broken lirie jo inin g A^ to A„. The 
points A^, • - A„ are called the vertices and the segments joining 
them the ^yes of the broken line. If the vertices are ^11 distinct 
and no edge contains a vertex or a point on another edge, the broken 
line is said to be simpk If A^=A^ the broken line is said to he 
dosed, other-wise it is said to be open. The set of all points on a 
closed broken line is called a polygon. If the vertices of a polygon 
are aU. distinct and no edge contains a vertex or a point on another 
edge, the polygon is said to he simple. 

A broken line whose vertices are A^, A,,..., A,^ and whose edges 
are the segments joining A^ to A,, A^ to A„ • •., A„_j to A,^ is caUed 
the broken line AjA, ■ • • A„, and its edges are denoted by A^A^, A^A^, 

■ ■ *> respectively. If Aj^=A„ the corresponding polygon is 

denoted by A^A^ • •. the vertex A^ is sometimes denoted by 

4i> i>y etc. 

The following theorem is an obvious consequence of the 

Theorem 67. 27te polygon A^A, • • • A^A^ is the same as A,A^. ■ • 
‘^nd AjA, ... AjAj. If P is any point of the edge A^A, of 
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a simple polygon • • • A^A^, this polygon is the same as a poly¬ 
gon A^FA^ ■ • • A^A^ in loMth. the edge A^Py the vertex F, and the 
edge FA^ constitute the same set of points a.s the edge A^^A^. If a 
simple polygon A^A^A ^... A^A^ is such that A^A^A^ are collinear 
and A^=t= A^y this polygon is the same as the polygon A^A^ - • * A^^ 
in vjhich all the edges hnt A^A^ are the same as before and A^A^ is 
the segment A^A^A^^. 

Definition. If A, C are any three points on a simple polygon, 
an elementary transformation is the operation of replacing an}* one 
of these points, say C, by a point O' such that 0 and C are joined 
by a segment consisting of points of the polygon and not containing 
either of the other two points. A class consisting of all ordered triads 
each of which is transformable by a finite number of elementary 
transformations into a fixed triad ABG\^ called the senserclass ABC 
and is denoted by B(ABO), 

Theorem. 68. There exists a one-to-one and reciprocal correspond¬ 
ence between the points of any simple polygon and the points of any 
line such that two triads of points on the polygon are in the same 
sense-class vjith respect to the polygon if and only if the correspond¬ 
ing triads of points on the line are in the same sense-dass. 

Proof Let the vertices of the polygon be denoted by A^y A^,> • 
A^^^ and let A^ be also denoted by A^. Let B^y B^y • • be n 

arbitrary points of a line I in the order {B^y and let 

also denote B^, Let denote that segment B^B^^^y which con¬ 
tains none of the other points B. Let the edge joining A^ to A^^^ 
correspond projectively to the segment in such a way that A^ and 
are homologous with B^ and B^^^ respectively. (In general the 
projectivities by which two sides of the polygon correspond to two 
segments on the line will be different.) If we also let A^ correspond 
to Bi\i =ly •. 71 - 1 ), there is evidently determined a one-to-one 
and reciprocEil correspondence F between the polygon and the line 
which is such that each side of the polygon with its two ends 
corresponds with preservation of order relations to a segment of the 
line and its two ends. 

IjQt ij, F^y ij, denote points of the polygon and X^, Xg, X^ 
the points of I to which they respectively correspond under T. The 
correspondence F is so defined that if F^T^T^ goes into hy an 
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elementary transformation with, respect to the polygon, then 
goes into by an elementary transformation restricted with 

respect to • • •, -5„(cf. § 165), and conversely. Hence the 

theorem follows at once from the corollary of Theorem 22. 

COHOLLABY 1. The theorem above remavus true if the words 
^'hroksn line with distinct ends'*'" he substituted for polygon, and 

interval ” for line. 

The definitions of separation and order given in §21 for the 
points on a liae may now be applied word for word to the points 
on a simple polygon, and in view of the correspondence established 
in Theorem 68, the theorems about order relations on a line may be 
applied without change to polygons. 

By comparison with the proof of Theorem 15 we obtain immediately 

CoEOLLABY 2. A simple polygon is a simple closed curve. 

CoEOLLAEY 3. A simple broken line joining two distinct points 
is a simple curve joining A^ and A^. 

The order relations on a broken line which is not simple may be 
studied by the method given above with the aid of a simple device. 
Suppose we associate an integer with each point of a broken line 
A^A^ • • • A as follows: With A^ and every point of the segment 
joining to A^ the number 1; with A^ and every point of the seg¬ 
ment joining A^ to A^ the number 2; and so on, and, finally, with A^ 
the number n. 

Definition. The object formed by a point of the broken line and 
the number associated with it by the above process shall be called 
a numbered point j and the numbered point is said to be on any seg¬ 
ment, line, plane, etc. which the point is on. "ii A, B, C are any three 
numbered points on a polygon, an elementary transformation is the 
operation of replacing any one of these numbered points, say C, by 
a point C? such that 0 and are joined by a segment of numbered 
points all having the same number. A class consisting of all ordered 
triads of numbered points each of which is transformable by a finite 
seq[uence of elementary transformations into a fixed triad ABC is 
called the senserclass ABC and is denoted by S{ABG). 

By the proof given for Theorem 68 we now have 

Theorem 69. There exists a one-to-one and reciprocal correspond- 
ence between the numbered points of any broken line and the points 
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of any interval such that tvjo triads of numbered jyoints are in the 
same senserclass if and only if the corresponding triads of points 
on the interval are in the same sense-class. 

We are therefore justified in applying the theorems and defini¬ 
tions about order relations on an interval to the numbered points 
of a broken line. 

EXERCISE 

♦Any two points of a region can be joined by a broken line consisting 
entirely of points of the region. 

183. A theorem on simple polygons. In the last section a poly¬ 
gon was defined as the set of points contained in a sequence of 
points and linear segments. This is the most usual definition and 
doubtless the most naturaL W^ith a view to generalizing so as to 
obtain the theory of polyhedra in spaces of three and more dimen¬ 
sions, however, we shall find it more convenient to use the property 
of a simple polygon stated in the following theorem.* 

Theorem 70. A set of points [P] is a simple polygon if and only 
if the follovnng conditions are sodisfied: (1) [P] consists of a set of 
distinct points^ called vertices^ and of distinct segments^ called, edges, 
such that the ends of each edge are vertices and each vertex is an end 
of an even number of edges; (2) if any points of [P] are omitted^ 
the remaining subset of [P] does not have tho property (1). 

Proof It is obvious that a simple polygon, as defined in § 182, 
satisfies Conditions (1) and (2), because no edge has a point in com¬ 
mon with any other edge or vertex and each vertex is an end of 
exactly two edges. 

Let us now consider a set of points [P] satisfying (1) and (2). If 
two or more edges have a point in common, this point divides each 
edge into two segments. Hence the point may be regarded as a 
vertex at which an even number of edges meet. In like manner, 
if an edge contains a vertex the two segments into which the edge 
is divided by the vertex may be regarded as edges. Since there are 
originally given only a finite number of vertices and edges, this 
process determines a finite number of vertices and edges such that 
no edge contains a vertex or any point of another edge. 

♦This form of the definition of a polygon and a coixeaponding definition of 
a polyhedron are due to N. J. Xiennes, American Journal of Mathematics, 
Vol. xxxni (1911), p. 37. 
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Now let be any edge and one of its ends. Since there are 
an even mirnber of segments having ij as an end, there exists an¬ 
other distinct from e^; let this he denoted by e^. Let be its other 
end, and let e, be a second segment having as an end, and so on. 
By frbiH process we obtain a sequence of points and segments 

® 1 > 

Since the number of vertices is finite, this process must lead by a 
finite number of steps to a point F^ wliich coincides with one of the 
prei-ious points, say i?. The set of points included in the points 
and segments 

^t> ®1+1> -^+l> ■ " ^-V 

satisfies the definition of a simple polygon and has the property that 
Pflp.h = ^-I-1 • • • Ji_i) is an end of two and only two e’s. 

Hence it satisfies Condition (1). By Condition (2) it must include 
all points of the set [P]. 

CoROLLAEY. A set of points satisfying Condition {1) of Theorem 
70 consists of a finite nmnber of simple polygons no two of which 
have any point in common wMcJi is not a vertex. 

Troof In the proof of the second part of the theorem above, 
Condition (2) is not used before the last sentence. If Condition (2) 
be not satisfied, the set of points remaining when the segments 
e.+i, e, (aad those of the points !?,•••, i^.i which are not 
ends of the remaining segments) are removed continues to satisfy 
Condition (1). For on removing two segments from an even num¬ 
ber, an even number remains. Hence the process by which the 
simple polygon -?_i> «« obtained may be repeated and 

another simple polygon removed. Since the total number of edges 
is finite, t^ step can be repeated only a finite number of times. 

184, Polygons in a plane. In the next three sections we shall 
prove that the polygons in a projective plane are of two kinds, a 
polygon of the first kind being such that all points not on it con¬ 
stitute two regions, and a polygon of the second kind being such 
that all points not on it constitute a single region. The boundary of 
a triangular region is a polygon of the first kind, and a projective 
line a polygon of the second kind. In proving that the points not on 
a polygon constitute one or two regions, we shah need the fohowing: 
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Theorem 71. Any point coplanar with tut not on a polygon p 
in a plane a is in a triangular region of a containing no poivi of p. 

Proof. Let the polygon be denoted by A.^A^ • • ■ A„Aj^ and the 
point by P. By an obvious construction (the details of vFhich are 
left to the reader; cf. § 149) a triangular region may be found 
containing P and not contaioing A^ or A^ or any point of the edge 
A A ■ In like manner a triangular region may be constructed 
which contains P, is contained in T^, and does not contain A^ or any 
point of the edge A^A^. By repeating this construction we obtain a 
sequence of triangular regions T^, T^, each contained in aU 

the preceding ones, containing P, and such that Pj, does not con¬ 
tain any point of the broken line A.^A^ • • • A,^^.^. Thus P, contains 
P and contains no point of the polygon A^A^ • - • AA- 


COROLLAET. Any point of space not on a polygon p is in a Utra^ 
hedral region containing no point of p. 

Let the set of lines containing the edges of a simple polygon in a 
plflTifl be denoted by 1^, l^, • • •, l^- Since more than one edge may 
be on the same line, n is leas than or equal to the number of edges. 
According to Theorem 67 we can first suppose that the notation is so 
assigned that no two edges having a common end are coUinear except 
in the case of a polygon of two sides (which is a projective line), for 
two coUinear edges and their common end can be regarded as a single 
edge. In the second place, according to the same theorem, we can 
introduce as a vertex any point in which an edge is met by one of 
the lines •••,?. which does not contain it. , . ^ 

Under tlie^e conventions the polygon may he denoted by 
A A where each point A{i= 1, 2,.... ot) is a point of intersection 
of" two of the lines l„ l„ --‘.L each edge is a se^ent join¬ 
ing two vertices and containing points of only one of the lines 


Uke manner, when two or more simple polygons are under con¬ 
sideration. let us denote the set of lines containing aU their edges 
hv I I ••• We may first arrange that no two edges of the 
same’poiygon 4ich have an end in common are coUinear. and then 
introdL new vertices at every point in which im edge “ ^ ^ 

one of the lines which is not on it. Thus m to ^e 

also the polygons may be taken to have aU their vertices at points 
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of intersection of the n lines Z^ and to have no edge 

which contams such a point of intersection. 

We are thus led to study the points of intersection of a set of n 
coplanar Lines and the segments of these lines which join the points 
of intersection. 

185. Subdivision of a plane by lines. Consider a set of n lines 
• • •, Z„ all in the same plane ir. The number of their points 
of intersection is subject to the condition 


1 ^ a: ^ 
J. _ 1^0 “ 


n(n — V) 


the two extreme cases being the case where all n lines are concur¬ 
rent and the case where no three are concurrent. According to § 22, 
Chap. II, and the definition of boundary (§ 150), the points of inter¬ 
section bound a number of linear convex regions upon the lines. 
The number is subject to the condition 

n{n — 1), 

the two extreme cases being the same as before. 

Theorem 72. The ^points of a jplaTie which are not on any one 
of a finite set of lines Z^, Z^, • • •, Z„ fall into a number of convex 
regions such that any segment joining two points of different regions 
contains at least one point of Z^, -.., Z^. The number satisfies 

the ineguality %(n _ 

—Z + i. 

Proof The proof may be made by induction. If ti = 1 the theorem 
follows directly from the definition of a convex region. W^e suppose 
that it is true for = A, and prove it for ti = A +1. 

We are given A + 1 lines Z^,..Z^^^. The lines Z^,..Z^ 

determine a number not less than A and not more than 1, 

of convex regions. The line Z^^^^ meets the remaining A lines in at 
least one point and not more than Tc points. The remaining points 
^jt+i therefore form, at least one and at most h linear convei 
r^ons, each of which is the set of all points common to ij+y and 
one of the planar convex regions (Theorem 3). By Theorem 8 each 
convex region which contains points of is divided into two con¬ 
vex regions such that any segmmit joining two points of different 
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regions meets if it does not meet one of the lines \,l 
Hence the A + 1 lines determine a number of cones' regions 
of the required kind such that AT, +1 s S JF, -|- A Since 


it follows that 


* O 


CoROLLASY 1. If % lines of a jplayie puss through a pointy they 
determine n convex regiorts in the plane; if no three of them are 

concurrenty they determine —^^ 1 convex regions, 

2i 


Let us denote the a pointe of intersection of the lines IA ^ _ A bv 

< < ‘ • •. <, 

or any one of them by a®; the linear convex regions which these 
points determine upon the lines by 

or any one of them by a ^; and the planar convex regions by 

O'l ■ ■ -I <1 

or any one of them by a*. 


Corollary 2. If the lines are not concwrrenty any 

lirite coplanar with and containing a point of an a^ has a segment 
of points in common with it The ends of this segment are on the 
boundary of the a?, and no other point of the line is on this boundary. 
Proof, The given line, which we shall call Z, meets the lines 
Zjj, • • in at least two points, and, as seen in the proof of the 
theorem, one and only one of the mutually exclusive segments having 
these points as ends is composed entirely of points of the a®. Let 
(7 denote this segment. Its ends are boundary points of the a® by 
Theorem 10. Let I- and Ij be lines of the set Z^, Z^, • • Z^ such 
that Z^ contains one end of cr and Ij the other. All points of the (P 
are separated from the points of the segment complementary to o* 
by the lines and ly Hence any point of the complementary seg¬ 
ment is in a triangular region containing no point of the (P and is 
therefore not a boimdary point of the a\ 
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This argument carries with it the proof of 

CoROLLAfiY 3. Any interval joining a point of an a? to a point 
not in the contams a point of the honndary of the a\ 

Theorem 73. If the lines • • •, concurrent, the . 

loundary of each a® is a simple polygon whose vertices are a^'s and 
whose edges are cd's. 

Proofs The theorem is a direct consequence of § 151 in case u=3. 
Let us prove the general theorem by induction; i.e. we assume it 
true for n = h and prove it for u = A; +1. 

Let the notation be so assigned that Z^, l^, l^ are not concurrent. 
Then any one of the convex regions, say R, determined by Z^, Z^, • • •, 

Zj. is contained in a triangular region determined by Z^, Z^, and Z^, be¬ 
cause no two points of R are separated by any two of the lines Z^, Z^, 

Zj. Let m be a line containing no point of this triangular region nor 
any of its vertices. The segments A^Aj etc. referred to below do not 
contain any point of m. 

If Zj^i contains a point of R, it contains, by Cor. 2, above, a seg¬ 
ment of points of R such that the ends of this segment are on the 
boundary of R. By Theorem 67, the ends of this segment may be 
taken as vertices of the polygon p which by hypothesis bounds R. 
Thus we may denote this polygon by A^A ^... A,. • • • AjA^, where A^ 
and A,, are the points in which Zj^+i meets the polygon. 

There are just two simple polygons which are composed of the 
segment A^A^ and of sides and vertices of p. For any such polygon 
which contains A^A^ contains A^A^ or A^Aj] if it contains A^A^ it 
must contain A^A^ and therefore A^A^ • ■ and since it con¬ 

tains A.A^ it must be the polygon A^A^A^ • • • A^A^; if it contains 
A^Aj it must contain u!^A,._i and therefore Aj._iAy_ 2 , • - A^^jA^, and 

since it contains A^A^ it must be A^Aj-Aj_^ • • • A^A^, 

Neither of the lines Z^^^ and m meets any edge of the polygon 
AjA^Aj • • • A^A^ except A^A^, which is contained in Hence aU 
points of this polygon except A^., A^ and those on the edge A^A^ are in 
one of the two regions, which we shall call R' and R'', bounded by 
^i+l and m. In like manner all points of the polygon A^AjAj_j^ • • • 
AfA^ except A,., A^ and those on the edge A^A^ are in one of the two 
regions R' and R". 

The points of R on any line coplanar with R and meeting the 
segment A^A^ in one point form a segment cr (Cor. 2, above) which 
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does not contain any point of m,. Hence the ends P, Q of o' are 
separated by Bud Til, But and Q are boundary points of R 
by Cor. 2, above. Hence the boundary of R has points in both of the 
regions R' and R" bounded by and m. By the paragraph above, 
the points of the boundary of R in the one region, say R^, must be 
the points, exclusive of the interval of the polygon A^A, • • - A.A^y 
and those in the other, must be the points, exclusive of the interv^ 
AiA^y of the polygon A^Aj .... A^A^. 

Let R^ and R^ be the two convex regions formed by the points of 
R not on Since these two regions are separated by and m, 
we may assume that R^ is in R' and R^^ in. R^'. Every boundary 
point of R^ which is not a point of is in R\ Eor if -B is a point 
of the boundary of R^ it is not on m, by construction, and if it is 
not on it can be endoaed in a triangular region containing no 
point of or r/i. Such a triangular region must contain points of 
Rj and hence can contain no point of R", since any segment joining 
a point of R' to a point of R'' contains a point of 4+i or of m. Hence 
^ is in R'. In Kke manner any boundary point of R^ not on Z^t+i is 
in R". But by Theorem 10 every point B of the boundary of R is 
on the boundary of R^ or R^. Hence the boundary of R^ contains all 
points of the boundary of R in R'; and by Theorem 10 it contains 
no other points not on Hence it is the polygon A^A^ • • • A^A^, 
In like manner the polygon A^Aj • • • A^A^ is the boundary of R^. 

Hence the boundaries of the two planar convex regions into which 
any one of the planar convex regions determined by Z^, Z^, • • Z^ 
is separated by are simple polygons. The other planar convex 
regions determined by Z^, • • *1 h+i identical with regions 

determined by Z^, Z,,. * -, 1^,, 

CoEOLLAEY 1. JEach is on the 'bowndaHes of two and oidy two a^s, 

CoROLLAJRY 2. In case all the lines l^, cire coTicurrent, 

there is oidy one a®, the comrrion point of the lines; there are n a^’s, 
each consisting of all points except a^ of one of the lines 1^^ and 
there are n each having a pair of the lines as its boundary, 

Theoeem 74 The numbers a^, satisfy the relation 

Proof, We shall make the proof by mathematical induction- 
The theorem is obvious if = 2, for in this case fl^o=l, 
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Let us now assume it to be true for n=^h and prove that it follows 
for 72r=Z:+l. 

The lines Z^, Z^, - • k determine a set of a[ points, a[ linear 

convex regions, and planar convex regions subject to the rela¬ 

tion - a:' + = 1. The line Z^.^^ meets a number, say r, of the 
planar convex regions and separates each of these into two planar 
convex regions. Hence al is increased to aL-\-T, The number of 
one-dimensional convex regions is increased by r for the number 
of convex regions on Z^^^ and also by a pumber* s equal to the 
number of linear convex regions of the lines Z^, Ij, which are 

met by Z^^^. The number of points of intersection of Z^, Z^, • • •, 
also exceeds by 5. Hence for Z^, Z^,. •., Z^^+i the numbers 

are + s, a[ + r-\- s, -j- r. Hence — (a' -f- s) 

-(a' -^■r-|-s) + (a^ + ^•) = l• 

186. The modular equations and matrices. The relations among 
the points, linear convex regions, and planar convex regions may 
be described by means of two matrices of which those given in 
§ 151 for the triangle are special cases. The first matrix, which 
we shall denote by H^, is an array of rows and columns, each 
row being associated with an and each column with an a\ The 
element of the ^th row and yth column is 1 or 0 according as a? is 
or is not an end of a].. The second matrix, H^, has rows and cc^ 
columns associated respectively with the a^'s and a^*s. The element 
of the ith row and yth column is 1 or 0 according as a/ is or is not 
on the boundary of af. 

Since every segment a} has two and only two ends, each column 
of Hj contains just two l*s; and since each a} is on the boundary 
of two and only two (Theorem 73, Cor. 1), each row of H^^ con¬ 
tains just two I’s. 

For each of the let us introduce a variable which can take 
on only the values 0 and 1, these being regarded as marks of the 
field obtained by reducing modulo 2. We denote these variables 
by • • •, respectively. There are 2^^ sets of values which 
can be given to the symbol t (x^, 

♦The numher s ia less than r if k+i contains points of intersection of l^. 

* * "i 

tExduding the one in T^hich all the variables are zero, these symbols constitute 
the points of a finite projective space of arj — 1 dimensions in which there are three 
points on every line (cf. § 72, Vol. I). 
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Every one of these symbols (o;^, corresponds to a way 

of labeling each segment of the original n lines with a 0 or a 
the segment a/ being labeled with the value of x.. We shall 
regard the symbol as the notation for the set of edges labeled 
with I's. By the sum of two symbols {x^ and (y^, 

• • •, Va) we shall mean {x^+y^, x^+y^, • . Xa^+y^^), the addition 
being performed modulo 2. According to our convention the sum 
represents the set of a^^s which are in either of the sets represented 
by • • •, and (y^, y,, • • yaj but not in both. By a repe¬ 

tition of these considerations it follows that the sum of u symbols 
of the form {x^j • • •, for sets of edges is the symbol for a set 
of edges each of which is in an odd number of the 7 i sets of edges. 

In the seq[uel we shall say that a polygon p is the sum, mod¬ 
ulo 2, of a set of polygons p^, • - it is represented by a 

symbol {x^y • • •, which is the sum of the symbols for p^, p^y 
• • •, p^. Let us now inquire what is the condition on a symbol 
^ 2 ^ • • •, that it shall represent a polygon ? 

At every vertex of a polygon there meet two and only two edges. 
Hence, if we add all the x's that correspond to the a}*s meeting in 
any point, this sum must be zero, modulo 2. This gives cc^ equations, 
one for each of the form 

(4) -[- = 0 (mod. 2) 

(o-^, •. •, a“ being the edges which meet at a given vertex), which 

must be satisfied by the sjrmbol for any polygon. Obviously the 
matrix of the coef&cients of these equations is H^. For example, in 
the case of the triangle these equations are (cf. § 151) 

(5) x^+ x^= 0, (mod. 2) 

x^+ a?3+ x^= 0. 

We shall denpte the set of equations (4) by (Hj. Since each 
column of gives the notation for a polygon bounding an a^, the 
columns of are solutions of the equations (Hj). For example, 
the columns of the matrix in § 151 are solutions of (HJ, 

Any solution whatever of these equations corresponds to a labd- 
ing of the u^s with 0*s and I’s in such a way that there are an 
even number of l*s on^the a^'s meeting at each a®. Hence, by the 
corollary of Theorem 70 the a’s labeled with Fs must constitute 
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one or more simple polygons. Hence every solution of the eqications 
(Hj) represents a simple polygon or a set of simple polygons. 

Since each column of the matrix contains exactly two I’s, any 
one of the eq[uations is obtained by adding all the rest. Since the 
only marks of our field are 0 and 1, any linear combination of the 
equations (H^) would be merely the sum of a subset of these equa¬ 
tions Consider such a subset and the points which correspond 
to the equations in the subset. Every a} joining two points of the 
subset is represented in two equations, and the corresponding vari¬ 
able disappears in the sum. There remain in tliis sum the variables 
corresponding to the a^’s joining the points of the subset to the 
remaining points of the figure. These cannot aU pass through the 
same point unless the subset consists of all points but one (since 
any two of the original n lines have a point in common). Hence 
while any one of the equations is hnearly dependent* on all the 
rest, it is not linearly dependent on any smaller subset. Hmce — 1 
of the equatians (H^) are linearly independent 

Since the number of variables is the number of solutions in a 
set of linearly independent solutions on which all other solutions are 
linearly dependent is o:^- By Theorem 74 this number is 

Thus the total number of polygons and sets of polygons is 2""* — 1. 

The simple polygons which bound the regions are a set of solu¬ 
tions, namely, the columns of the matrix H^. Since each row of the 
matrix H, contains just two I’s, it follows that if we add all the 
columns we obtain a solution of (H^) in which all the variables are 0. 
On the other hand, if we add any subset of the columns of the 
sum will be a solution in which not all the variables are zero. For 
consider a segment joining an interior point A of the region a® cor¬ 
responding to one of the columns in the subset to an interior point 
of a region a? corresponding to one of the columns not in the 
subset; this segment may be chosen so as not tp pass through a 
point of intersection of two of the lines Hence it 

contains a finite number of points on the polygons corresponding to 
the columns in the subset. The first one of these in the sense from B 

•Since the only coefficients which can enter are 0 and 1, the statement that 
one solution is linearly dependent on a set of others is equivalent to saying that it 
is a sum of a number of them. 

tin the modular space of ctj — 1 dimensions this means that the — 1 inde¬ 
pendent — 2)-spacea intersect in an (<x^ — l)-space. 
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to A i3 on an a ‘ whicli is on the bounds^ of a region in the subset 
and a region not in the subset. The variable corresponding to this 
interval therefore appears in only one of the a’s in the subset and 
so does not drop out in the sum Hence any a-1 of the loundaries 
of the wmex regwns correspond to a set of linearly independent 
solutwns of (4). In other words, 1, or one less than half of 

all the solutions of (H^), are linearly dependent on the solutions 
corresponding to the columns of H,. The solutions of are thus 
divided into two classes, those linearly dependent on the columns of 
H, and those not so dependent. 

Since each of the lines • • •, Z„ is a polygon, it corresponds to 

solution of the equations (Hbut it does not correspond to a solu¬ 
tion vjhich is Imearly dependent on the columns of the matrix H . 
This is a corollary of the argument used in showing that the sum 
of any subset of the columns of is not a solution in which all the 
variables are zero. For in that argument we showed that a certain 
segment AB contains a point on the polygon represented by the sum 
of such a subset. The same argument applies to the complementary 
segment. Hence the line AB has two points, at least, in common 
with the polygon or polygons represented by the sum of the subset 
of columns. Hence this sum cannot represent a line. 

Thus, if we take the solution of the equations (H^) corresponding 
to any one of the lines Z^, • • •, Z^ together with any — l of the 
columns of the matrix H^^, we have a linearly independent set of 
solutions. But since this set contains independent solutions, all 
solutions are linearly dependent on this sot. 

187. Regions determined by a polygon. If ^ is any polygon it 
can, by § 184, be regarded as one whose vertices are and whose 
edges are of a set of lines Z^, Z^^, • • Z^. 

Two cases arise according as _p is represented by a symbol which 
is or is not a sum of a subset of the columns of the matrix H^. 
In the first case p corresponds also to the sum of all the remain- 
ing columns, because the sum of all the columns is (0, 0, ■ • 0). 

It cannot correspond to a third set of columns, for the sum of 
the columns in the second and third sets, which is also the sum of 
the columns not common to these two sets, would be (0, 0, • • •, 0). 
Hence there would be a linear relation among a subset of the 
columns of contrary to what has been proved above. 
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Let us denote the two sets of columns of H^, whose sums are the 
symbol for p, by c^, c,, • • Cj. and respectively, and sup¬ 

pose the notation so assigned that they represent the boundaries of 
and a‘^+ 1 , • - respectively. Let the points of 

the plane in af, • • •, together with such points of the bound¬ 
aries as are not points of p, be denoted by [P]. Let the set of the 
points analogously related to be denoted by [0]. Clearly, 

the sets of points [P], [@], and^ are mutually exclusive and include 
all points of the plane. 

Consider any point of the convex region corresponding to c^. 
It is connected by a segment consisting entirely of points P to every 
point P in or on the boundary of af. If A>1, has an edge in 
common with at least one of and the notation may be 

assigned so that has an edge in common with Then can 
he joined to any point ij of the common edge by a segment of 
P-points, and by another segment of P-points to every P-point of 
the region al and its boundary. If Zc > 2 there is a solution which 
may be called with an edge in common with or c^; for it not, 

the solution would be one in which all the I’s correspond to the 

edges of p^ and as no subset of the edges of p forms a polygon, 
would correspond to p itself. As before, every point of the region 
al and its boundary can be joined to P^ by a broken hne of at 
most three edges. Since there h no subset of whose sum 

corresponds to tt, this process can be continued till we have any 
point P of the convex regions a{, al, •.al and their boundaries 
joined by a broken line S to ij. If P is on tt the process of con¬ 
structing b is such that all points of b except P are in [P], whereas 
if P is in [P] all points of b are in [P]. 

Hence any two points of [P] can be joined by a broken line con¬ 
sisting only of such points; and, since every point of p is on the 
boundary of one of a'l, al, •••,al, any P can be joined to any point 
P of by a broken line every point of which, except P, is in [P], 
A precisely similar statement is true of [@]. 

Consider now any broken line V joining a point P to a point Q. 
The points which are on this broken line and also on any a} and its 
ends constitute a finite number of points and segments. Hence V 
meets the lines • • •, in a finite number of points and seg¬ 
ments, each of the segments being contained entirely in an 
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Theso points and the ends of these segments we shall denote bv 
• • •, Af. taken in the sense on the broken line from P to Q. 
Since P sjid A^ are ■within or on the boundary of the same convex 
region, A^ is either in [P] or on If is in [P] the same con¬ 
sideration sho-ws that A^ is in [P] or on p. If none of the A’s were 
on p, this process would lead to the result that is in [P], and 
hence Q ■would also be in [P], contrary to hypothesis. Hence one of 
the A’s is on p, and hence any broken line joining a point P to a 
point Q contains a point on p. 

It now follows that [P] and [Q] are both regions. For we have 
seen that any point P can be joined to any other P by a broken line 
consisting entirely of points of P. By Theorem 71 any point P is 
contained in a triangular region containing no points of p. This tri¬ 
angular region contains no Q, because if it did a segment joining it 
to P would, by the argument just made, contain a point of p. Hence 
[P] satisfies the definition of a two-dimensional region given in § 155. 
A similar argument applies to [Q]. Hence we have 

Theoeem 76. Any simple polygon p wTmh corresponds to a, sym- 
lol (iUj, a!j, • • •, whvdi is the sum of a set of columns of H. is 
the houndary of two mutually exclusive regions which include all 
points of the plane not on p and are such that any two points of 
the same region can he joi'iied hy a hroken line which is in the region. 
Any hroken line joining a point of the one region to a point of the 
other region contains a point of the polygon, 

COEOLLARY 1. Any paint R of p can he joined to any point not 
on p hy a broken line containing no other point of p. 

Corollary 2. If a segment ST meets p in a single point 0 which is 
not a vertex of p, S amd T are in different regions with respect to p. 

Proof. Let S' and T' be two points in the order {SS'OT'T} and 
such that the segment S'OT' contains no point of l^, l^, ■ • ; h 
cept 0. By § 185, S' and P' are in two convex regions a? which 
have an edge in common. Since this edge is an edge of p, the 
columns of H, corresponding to these two a^s must be one m the 
set c, c,,. • •, Cj, and the other in the set • • •, V Hence, if S 
and 5 ^e in [P], P' and P are in [§], and vice versa. 

Theorem 76. Any simple polygon p which corresponds to a s^ 
hoi {x^. • • •, the sutn of a set of columns of H, 
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is the houndary of a region which includes oM ^jpoints of the jglanc 
not on p. Any tivo points not on p can he joined hy a hroken line 
not meeting p. 

Proof. By Theorem 71 any point not on p can he enclosed in 
a triangular region containing no point of p. Hence the theorem 
will be proved if we can show that any two points not on p are 
joined by a broken line consisting only of such points. If this were 
not so, we could let he any point not on p and let [P] be the 
set of aU points not on p which can be joined to by broken 
lines not meeting As in the proof of Theorem 75, [P] would 
have to consist of a number of regions <P, together with those points 
of their boundaries which were not on jp; and the boimdary of [P] 
could consist only of points of p. But the boundary of [P] must 
consist of the polygon or polygons whose symbol is obtained by 
adding the columns of corresponding to the in [P]. By 
§ 183 no subset of the points of p can be a simple polygon. Hence 
p would be the the boundary of [P] and be expressible linearly in 
terms of the boundaries of contrary to hypothesis. 

Every polygon whose edges are on Z„ corresponds to a 

symbol (a?^, 'w^hich either is or is not expressible linearly 

in terms of the columns of H^. Hence the arbitrary simple polygon 
p with which this section starts and which determines the lines 
is described either in Theorem 75 or in Theorem 76. 
Hence we have 

Theorem 7 /. Deftnitiox. The polygons of a plane cc fall into 
two dasseo the individuals of which are called odd and even respeo- 
lively. A polygon of the first class is the boundary of a single region 
comprising all points of a not on the polygon. A polygon of the 
second class is the boundary of each of tvjo regions vShich contain all 
points of a not on the polygon^ have no point in corarnon, and are 
such that any broken line joining a point of one region to a point of 
the other contains a point of the polygon. 

The odd polygons are also called uniaursal, and the even polygons 
are also called bounding. A line is an example of an odd polygon, 
and the boundary of a triangular region is an example of an even 
ona The segments 5, yS, y as defined in § 26 are the edges of an 
odd polygon- 
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Theorem 78. Two 'polygons of vjliicli one is exen and vMcli are 
such that neither polygon has a vertex on the other have an even 
{or zero) •number of points in common, 

Proof Let p^ be an even polygon, let p^ be any other polygon, 
and let the points of intersection of the polygons be 
in the order ^2 ■ • • -5„} with respect to p^. If = 0 the theorem 
is verified. If n were 1 the edge of p^ containing would have its 
ends in different regions with respect to tt^, and hence the broken 
line composed of aU p^ except the side containing would have 
to contain a point of p^, contrary to h}’pothesis. 11 n>l the inter¬ 
val of p^ which has E^ and as ends and contains no other points 

is a broken line which belongs (except for its ends) entirely to 
one of the two regions [P] and [G] determined by and by Cor. 2, 
Theorem 75, the interval of p^ similarly determined by E^ and E^ 
belongs entirely to the other of the two regions [P] and [0]. Thus, 
if aSo, • • are a set of points of p^ in the order {E^S^R^S^E^ 

• • . and is in [P], all the 5'3 with odd subscripts are 

in [P] and all the N's with even subscripts are in [@]. But by 
Cor. 2, Theorem 75, is in \Q\ since is in [P]. Hence n is eveiL 

COROLLARY. A line coplanar with and containing no vertex of 
an even polygon meets it in an even {or zero) number of points. 

Theorem 79. Two odd polygons such that neither has a vertex on 
the other meet in an odd number of points. 

Proof Let the polygons be p^ and p^, let the lines containing 
the aides of p^ be • • •, and let Z^ be a line containing no 
vertex of either polygon. According to the results stated at the end 
of the last section, p^ is expressible by addition, modulo 2, as the 
sum of Z,j and a number of boundaries of a^'s. The latter combine 
into a number of even polygons, the edges of which are either 
edges of p^ or of Z^. Hence these even polygons have no vertices 
on p^ and contain no vertices of p^. Hence by Theorem /8 they 
have an even (or zero) number of points in common with Thus 
our theorem will follow if we can show that Z^ has an odd number 
of points in common with p^. 

By the argument just used p^ can be expressed as the sum, 
modulo 2, of a Une m and a number of even polygons which have 
no vertices on Z^. The latter meet Z. in an even (or zero) number 
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of points, and jh meets in one point. Hence 2 ^^ meets in an 
odd number of points. 

CoEOLLARY 1. Tvjo ocld jpolygons always have, at least one 'point 
in common. 

Corollary 2. If p is a simple polygon and there exists an odd 
polygon p^ meeting p in an even [or zero) nurnher of points and such 
that neither polygon has a vertex on the other, then p is even. 

Since the plane of a convex region always contains at least one 
line not having a point in common with the region, the last result 
has the following special case, which, on account of its importance, 
we shall list as a theorem. 

Theorem 80. Any simple polygon lying entirely in a convex 
region is even. 

To complete the theory of the subdivision of the plane by a 
polygon, there are needed a number of other theorems which can 
be handled by methods analogous to those already developed. They 
are stated below as exercises. 

SXSR.CISES 

1. If a simple polygon p hes entirely in a convex region R, the points of R 
not on p fall into two regions such that any broken line joining a point of 
one region to a point of the other has a point on p. One of these regions, 
called the interior of the polygon, has the property that any ray (with respect 
to R) whose origin is a point of this region meets p in an odd number of points, 
provided it contains no vertex of p. The other region, called the exterior of 
the polygon with respect to R, has the property that any ray whose origin is 
one of the points of this region meets p in an even (or zero) number of points, 
provided it contains no vertex of p. 

2. Ifis any even polygon in a plane a, one of the two regions determined 
by p, according to Theorem 77, contains no odd polygon and is called the 
inferior of p. The other contains an infinity of odd polygons and is called the 
exterior of p. 

3. If one line coplanar with and not containing a vertex of a simple poly¬ 
gon meets it in an odd (even or zero) number of points, every line not con¬ 
taining a vertex and coplanar with it meets it in an odd (even or zero) number 
of points. 

4. If the boundary of a convex region consists of a finite number of linear 
segments, together with their ends, it is a simple polygon. 

5* A simple polygon which is met by every line not containing a vertex in 
two or no points is the boundary of a convex region. 



§§ 187 , 188 ] 


POLYGONAL EEGIONS 


473 


6. For any simple polygon there exists a set of n — 2 tri¬ 

angular regions such that (1) every point of the interior of the polygon is in 
or on the boundary of one of the triangular regions, (2) every vertex of one 
of the triangular regions is a vertex of the polygon, and (3) no two of the 
triangular regions have a point in common. 

*7. By use of convex regions and matrices analogous to and Hj, prove 
Theorem 77 for any curve made up of analytic pieces (i.e. l-cella which 
satisfy analytic efpiationa). 


188. Polygonal regions and polyhedra. DefdiITION. A planar 
polygonal region is a two-dimensional region R for which there 
exists a finite number of points and linear regions such that any 
interval joining a point of R to a point not in R, but coplanar with 
it, meets one of these point-s or linear r^ons. A (three-dimensional) 
polyhedral region is a three-dimensional r^on R for which there 
exists a finite number of points, linear regions, and planar polygonal 
regions such that any interval joining a point of R to a point not in R 
meets one of these points, linear regions, or planar polygonal regions. 

Let R be a planar polygonal region and let Z,, -.be a set 
of lines coplanar with R and containing all the points and linear 
regions such that any interval joining a point in R to a point not 
in R meets one of these points* or one of these linear regions. Let 


us adopt the notation of § 185. 

If a point P of one of the two-dimensional convex regions is 

in R, all points of the are in R, for aU such pointe are joined to 

P by intervals not meeting Z„. 

Since any point not on Z,, Z,, is interior to a triangular 

re^on containing no points of Z^, • ■ Z„, no such point can be a 


boundary point of R. 

Let cr.?, • • •, be the a®*s which have points in R. As we have 
Been, aU‘*poin’ts of these a^’a are in R. All points of their bound¬ 
aries are either in R or on its boundary; for every point of the 
boundary of an < ( 7 - = l, • ■ •, A:) may be joined to a point of 
that is, to a point of R, by a segment of points of R, and hence 

is either a point of R or of its boundary. 

Any point B of the boundary of R is on the boundary of one o 
al, .. af. For any triangular region T cantaining B contms 
points of R and hence contains a triangular region T of points o ^ 
The region V must have points in common with at least one a- 
If T he chosen so as to contain no points of any a which does 
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not have B on its boundary, any having a point in common with 
T' is one of »?,•••, Hence every boundary point of R is on 
the boundary of one of • • •, a?. Hence the set of points of R 
and its boundary is identic^ with the set of all points of 
and their boundaries. In other words, 

Theorem 81 . For any plariar polygonal region R there is a finite 
set of convex polygonal regions R^, • • •, R„ such that the set of all 
points of Rj, • ■ R. and their boundaries is identical with R and 
its boundary. 

As a consequence^ any set of points which consists of planar 
polygonal regions and their boundaries can be described as a set of 
points in a set of convex polygonal regions and their boundaries. 
Therefore no generality is lost in the following definition of a 
polyhedron by stating it in terms of convex polygonal regions. 

Definition. A set of points [P] is called a polyhedron if it sat¬ 
isfies the following conditions and contains no subset which satisfies 
them: [P] consists of a set of distinct points a®, -.seg¬ 
ments a\y a\, • - a]^y and convex planar polygonal regions a\y a®, 

- •such that each a} is bounded by two aP *s and each aP by 
a simple polygon whose vertices are and whose edges are 
no aP or aP contains an and no two of the or aP'^ have a 
point in common; each aP is on the boundary of an even number 
of a^’s. The points aP are called the verticeSy the segments a^ the 
edgesy and the planar regions aP the faces of the polyhedron. 

Just as any point of a polygon can be regarded as a vertex, so 
any point of an edge of a polyhedron can be regarded as a vertex, 
and any segment contained in a face and joining two of its vertices 
can be regarded as an edge. 

The relations among the vertices, edges, and faces of a polyhedron 
cm be described by means of matrices and analogous to 
those of § 186. In the first matrix, 

the element lyj is 0 or 1 according as a° is not or is an end of af 
In the second matrix, tt / ov 

the element is 0 or 1 according as a} is not or is on the bound¬ 
ary of a®. The theory of the polyhedron can be derived from a 
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discussion of these matrices just as that of the projective plane 
(a special polyhedron) has been derived in the sections above. 

Thus the polygons which can be formed from the vertices and 
edges of the polyhedron are denoted by symbols of the form 
(^i> ^ 2 ^" • ^ § 186. They are all expressible as sums, 

modulo 2, of the boundaries of the faces together with P — 1 other 
polygons. The number P is called the connectivity of the polyhedron 
and is the same no matter how the polyhedron is subdivided into 
faces, edges, and vertices. It is determined by the following relation: 

EXEHCISES 

1. Any polygonal region can be regarded as composed of a finite set of 
triangular regions together with portions of their boundaries, no two of the 
triangular regions having a point in common. 

2. If R is a polygonal region, every broken line joining a point of R to a 
point not in R has a point on the boundary. 

3. For any three-dimensional polyhedral region R there is a finite set of 
polyhedral regions Rj, • • •, R,i such that the set of ah points of R^, R^, • - •, 
R„ and their boundaries is identical with R and its boundary. R^, Ro, • * R* 
may be so chosen as all to be tetrahedral regions. 

4. If a polyhedron is the boundary of a convex region, each edge of the 
polyhedron is on the boundaries of two and only two of its faces. 

189. Subdivision of space by planes. The theorems of § 185 
generalize at once into the following. The proofs (with one excep¬ 
tion) are left to the reader. 

Theohem 82. The points of space which are not upon any one of a 
finite set of planes tt^, • • •, nr^ fall into a finite number of convex 
regions siLch that any segment joining two points of different regions 
contains at least one point of tt^, tt^, • • •, The number satisfies 

, . 7 .. ^ 

the ineguahty n = a^^ -g-- t- 

As in § 185, we indicate the points of intersection of n planes 

TT,, TT,. . . 7r„ by < 

or any one of them by a"; the linear oonvei regions determined 
by these points upon the lines of intersectioii, by 

, • * ■> 
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or any one of them by ; the planar convex regions determined 
by the lines of intersection upon the planes, by 

or any one of them by a*; and the spatial convex regions deter¬ 
mined by the planes, by 

or any one of them by a®. 

Theorem 83. jplanes “n-g, • • •, tt^ are not all coaxial^ the 

loundary of each a® is comjposed of a finite number of a^*s arid of 
those a}'s and a®*s vShich bound the ar's in question. Each a^ is upon 
the boundary of two and only tvjo a®’s. 

Corollary 1. If the planes tt^, - - 7r„ are coaxial, = 0, = 0, 

and the boundary of each is composed of two a^s together with the 
common line of the planes. 

Corollary 2. If the planes are not all concurrent, any lino through 
a point I of one of the regions a® meets the boundary in two points 
P, Q. The segment FIQ consists entirely of points of the a®, and the 
complementary segment entirely of points not in the a®. 

Theorem 84. If an a} is on the boundary of an a®, it is on the 
boundaries of hvo and only two ar's of the boundary of the a^. Any 
plane section of an a? is a twodimensional convex region bounded by 
a simple polygon which is a plane section of the boundary of the a®. 

Corollary. The boundary of each a® is a polyhedron. 

Theorem 85. The numbers a^, a^, a^, are subject to the relation 
a — a A-oc —a =0. 

Proof. The proof is made by induction. In the case of two planes, 
ffg = 0, a:^ = 0, = 2, = 2. Assuming that the theorem is true 

for n planes, let us see what is the effect of introducing a plane 
This plane is divided by the other planes into a number of 
convex two-dimensional regions equal to the number of a®’a in 
which it has poiuts; but it divider each of these a®’s into two a®'s. 
Hence the adjunction of these new a“*s and ^**3 increases and 
by equal amounts. The plane according to Theorem 8, Cor. 1, 
divides in two each a® which it meets; but it has a new in com¬ 
mon with each such region. Here, therefore, and are increased 
by equal amounts. The plane divides in two each a} which it 
meets; hut it has a point in common with each such region. Hence, 
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in this case, and are increased by equal amounts. Hence, if 
the formula is true for % planes, it is true for ?i+l. 

Corollary. The number of a}'s for tt^, tt,, • • • , tt, which are not 
on lines of intersection of jpoArs of the jplanes 7 r._j is the 

number by which — cc^for the planes tt^, tt,, • • •, tt,^ exceeds 
for the planes tt^, tt^, • • 

Proof. New a^’s are produced by the introduction of tt^ in two 
ways: (1) 7r„ may meet an a} of tt^, • • •, in a point; if so, this 
a} is separated into two a^’s and a new is introduced; (2) may 
meet an of tt^, tt^, • • •, 7r„_j in a new a\ The only new a^s pro¬ 
duced by the introduction of tt^ are accounted for under (1). Hence 
(2) accounts for the increase of as stated above. 

190. The matrices Hj, and Hj. The relations among the 
convex regions determined by n planes which are not coaxial may 
be described by means of three matrices, which we shall call 
and H„. In the first matrix, 

■1 = 1, 2, • • •, a,; y = l, 2,.. a^; and » 7 ^ = 1 or 0 according as aj is 

or is not an end of aj. In the second matrix, 

H,=W), 

1 = 1, 2, • • •, a^; j = l, 2, • • •, a,; and = ^ “ 0 according as aJ is 
or is not on tlie boundary of d*. In tha third matrix, 

1 = 1. 2,.. a,; y=l, 2,and <■ = ! or 0 according as a’ is 
or is not on the boimdaiy of aj. Examples of these three matrices are 
those given in § 152 to describe the tetrahedron. It •will be noted 
that has t-wo I’s in each column, and two I’s in each row. 

CorrLponding to the matrix H,, there is a set of a„ linear 
equations (modulo 2) 

(H^ (i=l, 2,.. .,a^. 

Let the symbol (a:,, • • •, where the x^’b are 0 or 1, be taken 

to represent a set of a^’s containing a^ if 3:^ = 1 and not containing 
it if oit = 0. Just as in § 186, this set of a^'s will be the edges of 
a polygon or set of polygons if and only if (x^ • • •, a;.,) is a 

solution of (Hj). -i i os -n 

Just as in § 186, the sum of two sets of polygons (modulo 2) will be 
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taken to be the set of polygons represented by the sum of the symbols 
for the two sets of polygons. The sum, modulo 2, of 
two sets of polygons and is therefore the set of polygons whose 
edges appear either in or in p^ but not in both p^ and p^. 

By the reasoning in § 186, — 1 of the equations (H^) are linearly 

independent, and the other one is linearly dependent on these. The 
columns of are the symbols {x^ • • •, £c«^) for the boundEiriea 

of the a^’s and hence are solutions of (HJ. 

Corresponding to the matrix there is a set of linear 
equations (modulo 2) 

(Hg) ('^ = 1> 2, • • •, aj. 

Let the symbol (a;^, x^, where the are 0 or 1, be taken 

to represent a set of a'*s containing al ii Xj^ — 1 and not containing 
it if 0. If this symbol is a solution of (Hg), it represents a 

set of such that each ct} is on the boundaries of an even number 

(or zero) of them; Le. it represents the faces of a polyhedron or a 
set of polyhedra. 

The columns of represent the boundaries of the a^'&. Bv 
Theorem 84 any a} of the boundary of an a® is on the boundaries 
of two and only two a“*a of this boundary. Hence the columns of 
Hj are solutions of (Hg). 

Corresponding to the matrix H^, there is a set of linear 
equations (modulo 2) 

(^s) ^ = 1, 2, - • 

Let the symbol (x^y • • •, x^^, where the a^*s are 0 or 1, be taken 
to represent a set of contamiog al]i Xj^ — 1 and not containing 
it if = 0. If this symbol is a solution of (H^), it represents a 
set of a*’s of which there is an even number on each a\ It is easily 
seen that the only such set of a®’s is the set of all a®’s in space. 
Hence the only solutions of (Hg) are (0, 0, • •., 0) and (1, 1,..1). 
Hence there are linearly independent equations in (H^) on 

which all the rest are linearly dependent. 

l£t the ranks* of the matrices be r^, respectively. 

^ *1110 rank of a matrix Is the number of rows (or colmnnfl) in a set of linearly 
independent rows (or columns) on which all the other rows (or columns) are 
linearly dependent. ' ' 



479 


§§ 190 , 191 ] THE EAHK OF H, 

By what has been seen above 

r,= a,-l. 

The discussion in the next section will establish that 


191. The rank of Hj. Let us now suppose that tt^, tt^ are 

not all on the same point and that the notation is so assigned that 
TTj, TTjj, TTg, TT^ are the faces of a tetrahedron. By inspection of 
the matrices given in § 152, it is clear that for the case ?i = 4, 
cc^ = 4, = 12, = 16, = 8, and (a set of linearly inde¬ 

pendent columns of upon which the rest depend linearly is the 
get of columns corresponding to and tJ. 

The number of solutions of (H^) in a linearly independent set upon 
which all the other solutions depend is or^ — or^ +1 = 9. Hence one 
solution which does not depend linearly upon the columns of 
together with a set of eight linearly independent columns of H^, 
constitute a set of linearly independent solutions of (H^) upon which 
all the others depend linearly. Any solution representing a projective 
line, e.g. (1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), wiU serve this purpose. 

In case n >4, the columns of fall into three classes: (1) those 
representing the boundaries of a® *3 in tt^; (2) those representing 
the boundaries of which are not in tt, but have bxl m 
and (3) those representing the boundaries of a^’s which have no 


in TT^. 

Any column of Class (1) is expressible as a sum of columns of 

Classes (2) and (3). For the a® whose boundary it represents is on 

. the boundary of an a® whose boundary has no other in common 

with (cf. § 150). Since each on the boundary of an a® is 

on the boundary of two and only two a^*^s of the boundary of the 

a* (Theorem 84), it follows that the given column is the sim of 

the columns which represent the boundaries of the other a^a on 

the boundary of the a*. These columns are all of Classes (2) or (3). 

Each a} which is not on a line of intersection of two of the planM 

TT ,r ,..TT . is the linear segment in wHch one of the a s 

• 1 ^ tfr 1 H met hv TT . Hence the row of H_ 

determmed by tt^, tt,, • • •, is mes oy . rn J 

corresponding to this a‘ contains just two I’s m OTlnnms of a 

(2), and the sum of these two columns of Class (2) is the symbol for 
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the boundary of one of the determined by tt^, tt^, • • 7r„_i. 

Moreover, the columns of of Class (2) form a set of pairs of 
this sort, since every a} of is either on a line of intersection of 
two of the planes tt^, • • •, or is an edge of two and only 
two a^’s not in tt^. 

Ho one of such a pair of columns of can enter into a linear 
relation among a set of columns of Classes (2) and (3) unless the 
other does. For this column would be the only column of the set 
containing a 1 in the row corresponding to the common to the 
boundaries of the a^’s represented by the two columns, and hence 
the sum of columns could not reduce to (0, 0, • • •, 0). 

Let H' be the matrix consisting of the columns of Class (3) of 
and the sums of the pairs of columns of dass (2) discussed in 
the last two paragraphs. According to the last paragraph the rank 
of H' is less than the rank of by the number of these pairs of 
columns; and by the corollary of Theorem 85 this number is the 
difference between the values of for tt^, tt^, • • tt^ and for 

*rrWi 1 * 

The columns of H' are the symbols in terms of the ^t^’s deter¬ 
mined by TT^, • • •, 7r„ for the boundaries of the a“’s determined 
hy TTj, TTg, • • •, Hence any two rows of this matrix which cor¬ 

respond to a pair of a^’s into which an a?- determined by tt^, tt^j 
" *is separated by tt^ must be identical; and i£ one of each 
such pair of rows is omitted, H' reduces to the for tt^, tt^,, -. 

Hence H' has the same rank as the for tt^, tt^, • • ., 

Since the difference in the ranks of for tt^, tt^ and of 

H' is the same as the difference between the values of a; — a; for 

* 10 

’Tj, TTg,. - . and for tt^, tt^, • • - , it follows that the introduc¬ 
tion of 7r„ increases the rank of by the same amount that it 

increases Since for = 4, the same relation holds 

for aU values of tl Hence we have 

Theorem: 86. For a set of •planes • • -, tt, which are not all 

concurrent, 

* ^ ^ 

1 0 a 

By Theorem 85 this relation is equivalent to 

a — a = r 
a “'s 

192. Polygons in space. Theorem 87. The symbol x ^,..., x^^) 
for a line is not linearly dependent on the columns of H^. 



POLT&oirs rsr space 4 g]^ 

Proof. Ut ^ b, .ay Jto, aa. <„aa>iaiag ay rf tt. paja^ 
The boimcky ot Miy a a .. oven polygoa ia th. ..a.. . jgj 

Md a by X m two points or aoae, the two points bei™ oa 
different edges ff e^stadt The ana, iaodalo 2, ol two sets of Lj. 
pna yjj, p, each of which is met by sr in aa even number freeard- 
ing aero as even) of pajnts is a set of polygon, p met by w ta an 
even number of points; for if w meets p. in 2i point.'.ai . ja 

-i, points, and ff of these points are on edges common to p and 
p, w mnat meet p in 2 i.+ 2 i - 2 i. points. Hence mij polygoa 

which IS a sum of the boundaries of the is met h 7 tt in an 
even number of points; Le. any polygon represented by a symbol 
K. ^ 2 >' • linearly dependent on the columns of is met by 
TT in an even number of points. Since no line is met by tt in an 
even number of points, the symbol representing it cannot be a sum 
of any number of columns of H^. 


Theorem 88. All solutions of (HJ are Unedrly dependent on a set 
of ^ a^) linmrly inde^^endmt columns of and the symbol 

{^19 • • •, for one line. 

Proof It has been shown that the rank of is a —1. The 
number of variables in the equations (H^) ia The number of 

linearly independent solutions in a set on which all the rest are 
linearly dependent is therefore Since the rank of H is 

and the columns of are solutions of (Hthere are ~ 
linearly independent columns of which are solutions of (H^); and 
since the solution of (H^) which represents a hue is not linearly 
dependent on these, the statement in the theorem follows. 

Ih the proof of Theorem 87 it appeared that any polygon which 
is a sum, modulo 2, of a set of polygons bounding a®’s is met by a 
plane which contains none of its vertices in an even number of 
points. Since a line is met by a plane not containing it in one point, 
an argument of the same type shows that any polygon which is a 
sum, modulo 2, of a line and a number of polygons bounding a^s 
is met by a plane containing none of its vertices in an odd number 
of points. Thus we have, taking Theorem 88 into account: 


Theorem 89. Deeinition. A ^polygon which is the sum, modulo 2, 
of a nuifiler of polygons which bound cowvex planar regions is Tnet 
by any plane not containing a vertex in an even number of points 
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and is called aii even polygon. A polygon vjMch is the su7n, modulo 2, 
of a line atid a mumber of polygons which hownd convex plano.r regioTis 
is riiet iy any plans not containing a vertex in an odd number of 
points and is called an polygon. Any polygon is either odd or even. 

Suppose a polygon p is the sunij modulo 2, of the boundaries of 
a set of convex regions af, • • •, a^. The set of points [P] in a®, • - 
a^ or on their boundaries is easily seen (by an argument analogous 
to that given in the proof of Theorem 75) to be a connected set. 
By an extension of the definition in § 150 p may be said to be the 
boundary of [P]. From this point of view an even polygon is a 
bounding polygon and an odd polygon is not. 

193. Odd and even polyhedra. It has been seen in § 190 that 
the solutions of (H^) represent polyhedra or sets of polyhedra. The 
converse is also true, as ig obvious on reference to the definition of 
a polyhedron. The sum of two symbols x^) which repre¬ 

sent sets of polyhedra is a symbol representing a set of polyhedra. 
This is obvious either geometrically or from the algebraic considera¬ 
tion that the sum of two solutions of (Hg) is a solution of (Hg). 

The set of polyhedra p represented by the symbol which is the 
sum of the symbols for two sets of polyhedra p^ and p^ is called the 
sum, modulo 2, of p^ and p^. As in the analogous case of polygons, 
^ is a set of polyhedra whose faces are in. p^ or in p^ but not in both 
Pi and 

The number of variables m (H^) is and the rank of is 
ffg — aTg by Theorems 86 and 85. Hence the solutions of (H^) are 
linearly dependent on a set of linearly independent solutions. 
Since any — 1 of the columns of are linearly independent, such 
a set of columns, together with one other solution hnearly independent 
of them, will fumiah a set of linearly independent solutions of (Hg). 

The symbol for any plane is a solution of (Hg) linearly inde¬ 
pendent of the columns of H^. For let I be any line meeting no a^ 
or a\ Any column of Hg represents the polyhedron bounding an a®, 
and such a polyhedron is met by ^ in two points or none. By 
reasoning analogous to that used in the proof of Theorem 87, it fol¬ 
lows that I meets the sum, modulo 2, of the boundaries of any number 
of a®*s in an even number of points or none. Since I meets each plane 
TTj in one point, the symbol for tt^ is not linearly dependent on the 
columns of H^. By the last paragraph we now have 
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Theorem 90. Any solution of (HJ is linearly dependent on — l 
columns of Hg and the symbol for any one of the planes tt,, • • •, 7r„. 

Corollary 1. A?iy polyhedron is the simi^ modulo 2, of a subset 
of a set of polyhedra consisting of one plane and all polyhedra whisk 
hound convex regions. 

Proof, Let tt^, • • •, tt^ be a set of planes containing all vertices, 
edges, and faces of a given polyhedron and such that tt^, tt,, 
are not concurrent. By the theorem the given polyhedron is either 
expressible as a sum of the boundaries of some of the a^'s deter¬ 
mined by TTj, TTg, • • •, 7r„ or as a sum of one of these planes and 
some of the a®*9. 

In the course of the argument above it was shown that any poly¬ 
hedron expressible in terms of the boundaries of the was met in 
an even number of points by any line not meeting an or an 
One of the planes tt^, tt,, • • 7 r„ is met by such a hne in one point 

Hence any polyhedron which is the sum of such a plane and a number 
of the boundaries of is met by this line in an odd number of 
points. Hence 

Corollary 2. DEmmoir. A polyhedron which is the sum, 
modulo S, of a numler of boundaries of comes diret-dimenswna.1 
regions is met in an even number of pomts by any line not meetvng 
a vertex or an edge. Such a polyhedron is said to be even. A poly¬ 
hedron which is the sum, modulo g, of a plane and a number of 
boundaries of convex three-dimenswnal regions is met in an odd 
TiAimber of points by any line not meeting a vertex or an edge. Such 
a polygon is said to be odd. 

EZESCISS 


Let p be a polygon and r a polyhedron such that w contato no vertex of 

L odd .»mb«r of poii.1. ta oonBion. If ono of then a e»*n “>«j 1»« «. 
even number (or zero) of points in common. 

194. Regions InonW by a polybeilioii. Aa wen pdyhedpon p 
le tbe snm of the boandmoo ol s sot ol oonvoi tht«t*non..o^ 
polyhedral regions, md ne any assign^the notaton so that those 

regions are denoted by aj, a^, 




The polyhedron is also the sum of the boundsiies of 

<^+v 4+a» ' ’ ’» “L 
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because the sum of all the columns of is (0, 0, ■ • 0). There is 

no other linear expression for jp in terms of the boundaries of the 
a®'s, because there is only one linear relation among the columns 

This is all a direct generalization of what is said at the beg innin g 
of § 187. As in § 187, it is easily seen that the points of a®, a®,.. 
together with those points of their boundaries which are not on j?, 
constitute a region bounded by jp ; and that the points of a®, 

.. a®, together with those points of their boundaries which are 
not on constitute a second region bounded by jp. With a few addi¬ 
tional details (which are generalizations of those given in the proof 
of Theorem 75) this constitutes the proof of the following theorem: 

Theoeem 91. Any even ^polyhedron is the boundary of each of two 
and only two regions which contain all points of space not on the 
polyhedron. These regions are such that any broken line joining a 
point of one region to a point of the other contains a point of the 
polyhedron. Any two points of the same region can be joined by a 
broken line consisting entirely of points of the region. 

By a similar generalization of Theorem 76, we obtain 

Theorem 92. Any odd polyhedron is the boundary of a single 
region containing all points not on the polyhedron. Any tvjo points 
of this region can be joined by a broken line not containing any point 
of the polyhedron. 

Corollary. Any point F on a polyhedron can be joined to any 
point not on it by a broken line containing no point of the polyhedron 
except F. 

195. The matrices and for the projective plane. Defdtition, 
A segment, interval, broken line, polygon, two-dimensional convex 
region, or three-dimensional convex region associated with a sense- 
class among its points is called an oriented or directed segment, 
interval, broken line, polygon, two-dimensional convex region, or 
three-dimensional convex region. 

Defe^ition. Let a^ be any segment which, with its ends A and £, 
is contained in a segment s, and let s^ denote the oriented segment 
obtained by associating a^ with one of its sense-classes. The sense- 
class of 8^ is contained in a sense-class of s which is either S (A 0) 
or S (OA) if 0 is any point of a\ In the first case A is said to be 
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positively related to and in the second case A is said to be nega¬ 
tively related to 

To aid the intuition, we may think of an oriented segment as marked with 
an arrow, the head of which is at the end which is positively related to the 
oriented segment. 

Obviously, if one end of an oriented segment is positively related 
to it, the other end is negatively related to it, and vice versa. 

DEH^’ITI02^. The sense-class S{A^A^A^ of a polygon^^-4g • - • A^A^ 
and the sense-class S {AB) on the edge A^A^ are said to agree in 
case of the order {A^ABA^ and to disagree in case of the order 
{A^BAA,}. 

l^turning to the notation of § 18B, the segments may 

each be associated with two senses. They thus give rise to 
directed segments. Assigning an arbitrary one of the two senses to 
each we have oriented segments to which we may assign the 

notation $1, • • - We shall denote the oriented segment obtained 

by changing the sense-class of s/ by — and call it the negative of . 

The relations of the to the points may be indicated 

by means of a matrix which we shall call E^. In the matrix 
the element of the ith row and yth column shall be 1, — 1, or 0, 
according os the point a? is positively related to, negatively related 
to, or not on end of, the oriented segment sj. 

It is clear that the signs 1 and -1 are interchanged in the yth 
column of this matrix if the sense-class of sj is changed. Since the 
sense-class of each segment is arbitrary, a matrix equivalent to E^ 
can be obtained from the matrix H^, § 186, by arbitrarily changing 
one and only one 1 in each column to — 1. ^ ^ 

In the case of the triangle, by letting the segments a, a, A A 7,7 
give rise to Sg, ■ • Sq respectively, we derive the foUowiDg matrix 

from of § lol: 




^2 

^8 


^5 


A 

0 

0 

1 

1 

1 

1 

B 

1 

1 

0 

0 

-1 

-1 

C 

-1 

-1 

-1 

-1 

0 

0 


The elements of the.matrii E, may be regarded as 
of a set of linear equations analogous to the equations (H^) of § 1 , 
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where, however, the variables and coefficients are not reduced with 
respect to any modulus. These equations arise as follows: 

Let be a symbol in which the x*s can take on any 

integral values, positive, negative, or zero, and let this symbol rep¬ 
resent a set of oriented segments comprising counted x^ times if 
X- is positive, — counted — x^ times if is negative, and neither 
s} nor — s/ if is zero, i taking on the values 1, 2, • • •, 

The sense-class of an oriented polygon agrees with a definite sense- 
class of each of its sides and thus determines a set of oriented seg¬ 
ments. The symbol • • *, x^^ for this set of oriented segments 

may also be regarded as a symbol for the oriented polygon. Each 
vertex of the polygon is positively related to one of the oriented 
segments represented by wid negatively related to 

another. Thus if sf and Sj meet at a certain vertex to which they 
are both positively related according to the matrix we have 
that l and Xj = --1 or that 0 ?^=—1 and Xj=l in the symbol 

(iC^, • • x^ for any directed polygon containing the sides a. and Uj, 
The a:’s corresponding to the segments not in the polygon must of 
course be zero. Hence the symbol • • •, x^ must satisfy the 
linear equation whose coefficients are given by the row of cor¬ 
responding to the vertex in question. If and Sj are oppositely 
related to a vertex according to the matrix E^, we must have x^=l 
and Xj = l or x.= — l and —1 in the symbol for any directed 
polygon containing the sides a^ and Hence in this case also the 
linear equation given by the corresponding row of E^ must be satis¬ 
fied. Finally, the equation given by a row of E^^ corresponding to 
a point which is not a vertex of the polygon is satisfied because 
all the a;/s corresponding to edges meeting at that point are zero. 
Hence the symbol for a directed polygon must be a solution of the 
linear equations whose coefficients are the dements of the rows of the 
matrix E^. These equations shall be denoted by (E,). In the case of 
the triangle they are x, + x^ + x^ + x^ = 0, 

(6) x^ + x^-x^-x^ = 0, 

-x^-x^-x^-x^ = 0. 

By reasoning entirely analogous to that of § 186, it follows that 
any solution of (E^) in integers represents one or more directed 
simple polygons. The situation here differs from that described in 
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the modulo 2 case, in that the same side may enter into more than 
one polygon and the same polygon may he counted any number of 
times in a set of polygons. 

Since each column of the matrix contains just one 1 and 
one —1, the sum of the left-hand members of the equations (E^) 
vanishes identically. There can be no other linear homogeneous 
relation among the equations (E^), because the matrix and the 
equations (E^) when reduced modulo 2 are the same as and 
(H^), and so any linear relation among the equations (E^) would 
imply one among (HJ.* Hence the number of linearly independent 
equations of (E^) is a,,—1. The number of variables beiug the 
number of linearly independent solutions is lu \dew of 

Theorem 74, this number is equal to 

It will be recalled that in the modulo 2 case one class of solu¬ 
tions of Equations (H^) is given by the columns of the matrix H^. 
These columns ore the notation for the polygons bounding the con¬ 
vex regions a}, • •If each of these polygons be replaced by 
one of the two corresponding directed polygons, a set of solutions is 
determined for the equations (Ej). These solutions are obtained 
directly from the matrix by introducing minus signs so that the 
columns become solutions of (E^). This is possible in just two ways 
for each column, because each polygon hounding an has two and 
only two sense-classes. A matrix so obtained shall be denoted by 
Ejj. In the case of the triangle such a matrix is 


/ 0 -1 0 1 \ 

/ 1 0-1 0 



0 0 1-1 

\ 1 -1 0 0 / 

It is evident on inspection that the rank of this matrix is equal 
to the number of columns. That is to say, unlike those of the 


* The coefficients of any linear homogeneons relation among the rows of may 
be taken as Integers haying no common factor. Hence on reducing modulo 3 it 
would yield a linear relation among the rows of H^. But as the only lin^ relation 
among the rows of is that the sum of all the rows is^ro, there is ^a- 

tlon^ong the rows of E, not inyolving aU the rows. There conld not be two such 
relationa^ong all the rows of Ei, because by combining them we could derive a 
relation involving a subset of the rows. 
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colwniifhs of Eg are linearly independent. The same proposition holds 
good for the matrix in the general case. Tliis can be proved as 
follows: 

By the reasoning used above for the rows of and it fol¬ 
lows that any linear relation among the columns of E^ implies one 
among the columns of H^. Since the only such relation among the 
columns of involves all the columns, we need only investigate 
linear homogeneous relations among the columns of E^ in which all 
the coefficients are different from zero. If such a relation existed, 
two columns of E^ corresponding to regions having an edge in 
common would have numerically equal multipliers in the relation, 
else the elements corresponding to the common edge would not 
canceL But since any two of the convex regions or can be joined 
by a broken Hne consisting only of points of these regions and of 
the edges of their bounding polygons, it follows that all the coeffi¬ 
cients in the relation would be numerically equal, Le. they could all 
be taken as + 1 or — 1. 

Now the n lines • • •, containing all the points and segments 
of our figure are not aU. concurrent; three of them, say Z^, Z^, form 
a triangle. Let us add together all the terms of the supposed rela¬ 
tion corresponding to regions a® in one of the four triangular regions 
determined by Z^, Z,, Z^. The elements corresponding to edges interior 
to this triangular region must all cancel, because they cannot cancel 
against terms corresponding to regions exterior to the triangular 
region. The sum must represent an oriented polygon of which the 
edges are all on the boundary of the triangular region. This oriented 
polygon, by § 183, must be identical with the boundary of the tri¬ 
angular regions associated with one of its two sense-classes. If we 
operate similarly with the other three triangular regions determined 
by Z^, Zg, Zg, we obtain three other oriented polygons. But since the 
linear combination of the columns of Eg is supposed to vanish, each 
edge of the four triangular regions should appear once with one 
sense and once with the opposite sense, and this would imply that 
in the case of a triangle there would exist a linear homogeneous 
relation among the columns of E^, contrary to the observation above. 
Hence in every case the columns o/ E, are Imearly independent. 

Since there are only linearly independent solutions of the equa¬ 
tions (E^, it follows that all the solution of (E^) are linearly 
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dejpeThdient on the columns of E^. This is in sharp contrast with the 
property of the equations (Hj)*stated at the end of § 186. 

196. Odd and even polygons in the projective plane. Let us apply 
the results of the section above to the theory of odd and even poly¬ 
gons. Since any polygon is expressible in terms of the columns of 
Eg, an odd polygon must be so expressibla Let us write this expres¬ 
sion in the form 

C^) pp 

where s“, • • •, represent the columns of E^, is the symbol for 
the given oriented polygon, and p and • • •, yo, ^ integers which 
may be taken so as not to have a common factor. 

Since the coeflB.cients do not have 2 as a common factor, (7) does 
not vanish entirely when reduced modulo 2. But since an odd polygon 
is not expressible in terms of the columns of H^, p must contain the 
factor 2, ,and (7) must reduce, modulo 2, to an identity among the 
columns of The only such identity is the one involving aU 
the columns of H^. Hence the y/s are aU odd. But in order that 
the edges not on the odd polygon shall vanish, the fs correspond¬ 
ing to 5*’s having an edge in common must be equal Since any two 
points not on p can be joined by a broken line not meeting p 
(Theorem 76), it follows that all the fs are equal If they are aH 
taken equal to ± A, it is obvious that p = 2 fe Hence we have the 
theorem: 

Theorem 93. The symlol p for any odd polygon is expressible in 
the form 

( 8 ) 2 

where each w +1 or — 1. 

This theorem may be verified in a special case by adding the columns of 
the matrix Ej, given above for a triangle. The sum is (0, 0, 2, — 2,0, 0), which 
represents a line counted twice. The number 2 is called the coefficient of torsion 
of the two-sided polygon (cf. Poincard, Proceedings of the London Mathematical 
Society, Vol. XXXII (1900), p. 277. The systematic use of the matrices E^ Ej, 
etc. is due to Poincar6). 

Another form of statement for Theorem 93 is the following; If the 
r^ion hounded hy an oM polygon p he decomposed into coti/obx regions 
each hounded hy an &cen polygon^ each edge of p is on the boundary of 
two of these convex regions. 
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An even polygon "p is also expressible in the form (7). Aside 
from a common factor of all the coefficients, there is only one ex¬ 
pression for p of the form (7), for if not, by eliminating p we could 
obtain a linear homogeneous relation among the columns of E^. 

Let R be one of the two regions bounded (Theorem 75) by p^ 
which contains one of the convex regions a? for which the corre¬ 
sponding in (7) is not zero. Any two s^'s corresponding to 
having an edge in common must be multiplied by numerically 
eq^ual y’s in (7) in order that the symbol for the common edge 
shall not appear in p. Since any two points of R can be joined by 
a broken line consisting entirely of points of R, this implies that 
the coefficients y^ corresponding to the a“'s in R are all numerically 
eq^ual to an integer From this it follows that the sum of the 
terms in the right-hand member of (7) which correspond to a“’s in 
R is equal to p^ because each edge of is an edge of one and only 
one of the a^’s in R. Since the equality just found is of'the form 
(7), and (7) is unique, we have that p and y^, • • ■, y^^ are all numeri¬ 
cally equal to fe Obviously the factor i can be divided out of (7). 
Hence we have 

Theorem 94. Th^ symlol p for an exen polygon is expressible in 
the form 

(9) 

where is 0 or +1 or ^1, The af's such that the e-s with the same 
sulscripts are not zero are the a?^s in one of the regions R referred to 
in Theorem 7S. 

Definition. By the interior (or inside) of an even polygon is meant 
that one of the two regions determined according to Theorem 94 
which contains the afs having the same subscripts as the non-zero' 
«/s in (9). The other region is called the exterior of the polygon. 


ICx kRCISE 

Identify the interior of a two-sided polygon as defined above with the 
interior as defined in § 187. 

197. One- and two-sided polygonal regions. Let • • •, A„ 

be a polygon which is the boundary of a convex region R for which 
there is a convex region R' containing R and its boundary. If 0 and 
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O' are any two points of R, then S{0AjA^=S{O'A^A,) (cf. § 161) with 
respect to R' because 0 and O' are on the same side of the line A^A^ in 

R'. Again, = S{OA^A^ = • • • = 

because Aj and A, are on opposite sides of the line OA^, A^ and A^ 
are on opposite sides of the line OA^, etc. 

A sense-class in R, which we shall call jpositive, determines a 
positive sense-class in any convex region R' cont ainin g R, i.e. the 
sense-class containing the given sense-class of R. This, in view of 
the paragraph above, determines a unique sense-class on the poly¬ 
gon bounding R, by the rale that if S{OAj^A^ is positive, where 0 
is in R, t ben 3{A^A^^ is positive on the boundary of R; and if 
S{OA^^ is positive, then S(A^j^ is positive on the boundary of R. 
From § 161 it follows without difficulty that this determination is 
independent of the choice of the convex region R'. 

Conversely, it is obvious that by this rule a sense-class on the 
boundary of R determines a definite sense-class in R. 

Defikitiok'. Let a’ be any planar convex region which, with its 
boundary, is contained in a convex planar region R, and let be 
any segment on the boundary of a®. Let s' denote the oriented 
segment obtained by associating a' with one of its sense-c^ses, 
and a* denote the oriented region obtained by associating a with 
one of its sense-classes. The sense-class of a® is contained in a 
certain sense-dass of R which may be denoted by S(OJB), where 
0 is in and A and 5 are on a'. If S(AB) is the sense-class of 
a', then a' and s" are said to be positively related ] and if S{AB) is not 
the sense-dass of they are said to be negatively related. 

As pointed out above, this definition is independent of the choice 
of R. Let R^ and R, be two convex regions having no point in com¬ 
mon and bonded by two polygons AjA,A, • • • A, ^d ‘ 

respectivdy which have in common only the vertices A and A “ 
the points of the edge A A Suppose, ^o. that R,, R and their 
boundaries are contained in a convex region R. Tiese con ions are 
satisfied if R, and R, are a^’s, and A^A, is an a, determined by a set 
of lines four of which are such that no three are concurrent. 

The rule given above for determining positive sense on the 

boundaries of Rj and R^ requires that if S {OA^A^ 

0 a point of R„ then S (A,AA.) must be positive on the boundary 




492 


THEOREMS OX SEXSE AXD SEPARATIOX [Chap. IX 


of Rj, where ^ is a point of the edge If O' is any point of R^, 
it is on the opposite side of the line A^A^ from 0 in R. Hence 
jS^(O^A^Aj) is positive, and hence S(A^AAj) must be the positive sense- 
class on the boimdary of R. 

Let Rj and R^ be two of the a^s determined by a set of lines 
boundary of R^ associated with the positive 
sense-class as determined in the last paragraph be denoted by 
- • •, according to the notation of § 195: and let the 
boundary of R^ associated with the positive sense-class determined 
at the same time be • • •, The notation may be assigned 

so that and y^ refer to the edge A^A^^ common to the boundaries 
of Rj and R^. In this case, if 1, yj=— 1, and if 0 ;^= — 1, yj= +1; 
for the positive sense for the boundary of R^ is iS (A^AA^) and for 
the boundary of R^ is /S' (A^AAJ. Hence the sum of the two sym¬ 
bols (x^, • • •, and (y^, yg, • • y^j) is the symbol for the bound¬ 

ary of the region R' composed of R^, R^ and the common edge A^A^^, 
this boundary being associated with a sense-class S' which agrees 
with the positive sense-class on any edge of the boundary of R^ or 
Rg which is an edge of the boimdary of R'. 

By repeated use of these considerations it follows that if a set of 
with their boundaries constitute a convex region R and its 
boundary, the symbol (x^, x^, • • •, x^) for the boundary of R asso¬ 
ciated with a sense-class which is designated as positive, is the sum 
of the symbols for the boundaries of the each associated with 
its positive sense-class. In other words, the symbol for the boundary 
of R associated with its positive sense-class is the sum of a set of 
columns of H^, each multiplied by -M or — 1 so that it shall be the 
symbol for the boundary of the corresponding associated with the 
sense-class which is positive relatively to the positive sense-class 
of R. By comparison with Theorem 94, it follows (as is obvious 
from other considerations also) that any polygon which is the 
boundary of a convex region is even. 

The argument in the paragraph above applies without essential 
modification to any region bounded by a polygon and having a 
unique determination of sense according to § 168. Hence any poly¬ 
gon bounding a two-sided region is even. 

Moreover the steps of the argument may be reversed as follows ; 
If the symbol for any oriented polygon p be expressible in terms 
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of the colu mn s of in the form (7), where the non-zero coefficients 
axe ^ is the boundary of the region R consisting of 

• • ’i those points of their boundaries which are not 

on p. If is a convex region contained in R, and its positive 
sense-class be determined as agreeing with the positive sense-class of 
one of the regions • • •, it must agree with that of every 

with which it has a point in common; for otherwise the symbols 
for the common edges of two of the would not cancel in (7). 
If R'' is any other convex region contained in R, and its positive 
sense-class is also determined by this rule, the positive sense-classes 
of R' and R'' must, by definition, agree in any region common to 
R' and R''. Hence R is two-sided according to § 168. Thus we 
have by comparison with § 196 

Theorem 95. The interior of an even polygon is a two-sidei region. 

198. One- and two-sided polyhedra. Let the vertices of a poly¬ 
hedron be denoted by a®, the edges by a], - • al^ 

and the faces by a®, a®, • • •, al^. Assigning an arbitrary one of its 
sense-classes to each edge, there is determined a set of oriented 
segments Sa, • • •, and a matrix 

e,=(4)3 

in which i = l, 2,.-., a,; ; = 1, a,; and ^ is 4-l> -1, or 

0, according as 0 ^“ is positively related to, negatively related to, or 
not an end of sj. 

Assigning an arbitrary one of its sense-classes to each face, there 
is determined a set of oriented planar convex regions a®, s®, * • 
and a matrix g _ 

in which i = 1, 2, • • = 1> - •, ; and ej is -f- Ij — 1, or 0, 

according as s} is positively related to (cf. § 197), negatively related 
to, or not on the boundary of s/. By the last section each column 
of is the symbol x^, • • •, x^, in the sense explained in § 195, 
for an oriented polygon obtained by associating the polygon bound¬ 
ing one of the with one of its sense-dass^. Changing the sense- 
class assigned to any a® to determine the corresponding s® amounts to 
multiplying all elements of the corresponding column of E, by -1. 

For simplicity let us at first restrict attention to polyhedra in 
which each edge is on the boundaries of two and only two faces. 
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In this case there are just two non-zero elements in each row of E^. 
Hence the sum of the columns of will reduce to (0, 0, • • •, 0) if 
and only if the sense-classes have been assigned to the faces of the 
polyhedron in such a way that one of these elements is + 1 and 
the other — 1 in each row. This means that each 8^ is positively 
related to one of the s“*s on whose boundary it is and negatively 
related to the other. Thus the faces are related as are the 
which constitute a two-sided region bounded by an even polygon 
in the plane (§ 197). 

Definition. A polyhedron for which the sense-classes can be 
assigned to the edges and faces in such a way that each edge is 
positively related to one of the faces on whose boundary it is and 
negatively related to the other, is said to be two-sidedy or bilateral ; 
and one for which this assignment of sense-classes is not possible is 
said to be one-sidedy or unilateral 

Changing the assignment of sense-classes on an edge amounts 
merely to multiplying the corresponding column of E^ and row of 

by _ and changing the assignment of sense-classes on a face 
amounts to the same operation on a column of Eg. Consequently 
the polyhedron is two-sided if there is a linear relation whose coeffi¬ 
cients are l^s and — I’s among all the columns of Eg, and it is one¬ 
sided if there is no such relation. It is also obvious from these 
considerations that if a polyhedron satisfies the definition of two- 
sidedness (or of one-sidedness) for one assignment of sense-classes to 
its edges, it does so for all assignments. We therefore infer at once: 

Theorem 96. .4 polyhedron is oner- or two-sided according as the 
rank of Eg is or 1. 

By reference to § 195 we find 

COROLLARV. The projective plane is a onesided polyhedron. 

In the case of any polyhedron in which each edge is on the boundary of 
only two faces, it is seen that the only possible linear relation among the 
columns of E^ reduces to one in which each coeflBcient is +1 or — 1, for any 
other relation would imply that a subset of the faces determines a polyhedron. 

Theorem 97. A polyhedron bounding a convex region R which is 
contained with its boundary in a convex region W, is two-sided. 

Broof. Let sense-classes be assigned to the edges in an arbitrary 
way, but let aenae-dasses be assigned to the faces according to the 
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foUowing rule: Let a given sense-class S{FQBT) in R' be desig¬ 
nated as positive. Let 0 be any point of R and A, C, three non- 
collinear points of a face of the polyhedron. The sense-class S{ABC) 
is assigned to this face if and only if S(OABC) is positive. 

There is no difficulty in proving that if C and I> are two points 
of an edge si of the polyhedron bounding R, and E and E^ points 
of the two faces having this edge on their boundaries, then E and 
Ej are on opposite sides of the plane OCB. Hence 

B(pOI>E)-h B(OCI>E% 


Hence the sense-classes are assigned according to the rule above to 
the two faces having the edge si on their boundaries in such a way 
that is positively related to one and negatively related to the other. 

Definition. By an oriented polyhedron is meant the set of oriented 
two-dimensional convex regions [/] obtained by associating each face 
of a two-sided polyhedron with a sense-class in such a way that if 
sense-classes are assigned arbitrarily to the edges to determine directed 
segments, each of these directed segments is positively related to one 
of the oriented two-dimensional convex regions on whose boundary 
it is and negatively related to the other. The s^s are called the 
oriented faces 'of the oriented polyhedron, and the 5^s its oiHented 


edges, 

OoROLLAET. A given two-sided polyhedron determines two and ordy 
two oriented polyhedra according to the definitim above. 

Definition. Let a® be a three-dimensional convex region which 
is contained with its boundary in a convex region R, and a two- 
dimensional convex region on the boundary of a\ Let s® denote a 
associated with one of its sense-classes; and let ^ denote a* associated 
with one of its sense-classes. _The aense-dass of 5* is contained in 
one of the sense-clajsses, say N, of R. Let 0 be_a |^mt of a m 
A, C three points of a®, such that S{OABC) is N. Then A S{ABC) 
is the sense-class associated with to form s , s® and ^5 are sar 
positively related. Otherwise they are said to be rugatwely rdated. 
By § 161 this definition is independent of any particular choice 
rf fte CO.WI «gio. R ooutaimg a* imd i« tamdny. Fmm 
ha, hea. proved abov. it WI<ws tot U eaol 0 . 
of an «• ia asaooiated mtl a-aoMdatoa in an* a way aa to to pc^ 
lively related to to oriented regta detemined by a and one of ite 
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sense-classes, this set of oriented two-dimensional convex regions is 
an oriented polyhedron. 

The definitions made in this section are extended to polyhedra 
in which each edge is on an even number of faces (instead of only 
two, as we have been supposing) as follows: 

Defixitiox. a polyhedron is said to be two-sided if sense-classes 
can be assigned to the edges and faces in such a way that each 
resulting oriented edge is positively related and n^atively related to 
equal numbers of the resulting oriented faces. 

EXERCISES 

1. An odd polyhedron is one-sided and an even polyhedron is two-sided. 

2. Make a discussion of one- and two-sided polyhedral regions in space 
analogous to the discussion for the two-dimensional case in § 197. 

199. Orientation of space. The matrices of § 195 can be general¬ 
ized to the three-dimensional case. Let be the oriented 

segments obtained by associating each of the segments a}, a}, - • 
with an arbitrary one of its sense^classes. In the first matrix, 

E,=(4). 

2 = 1, 2, • • •, y=l, 2,. -and is 4-1, —1, or 0 according 
as a? is positively related to, negatively related to, or not an end 
of Sj. Ej can be formed from by changing one 1 to a —1 in 
each column. The choice of the —1 in the yth column amounts to 
the choice of the sense-class on aj which determines sj-. As an 
exercise, the reader should form from the given for a tetra¬ 
hedron in § 152. 

Sets of oriented segments are represented as in § 195 by sym¬ 
bols of the form where the a;’s are positive or 

negative integers. By the same argument as in § 195, if this symbol 
represents a set of oriented s^ments each of which is an edge of a 
polygon associated with that one of its sense-classes which agrees with 
a fixed sense-class of the polygon, it is a solution of the equations, 

(Ej) (^ = 1, 2, • • 

and, conversely, any solution of these equations is the symbol for one 
or more such sets of oriented segments. Thus any solution of (E^ 
may be regarded as representing one or more oriented polygons. 
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Lfit S 2 J ‘ the oriented two-dimensional convex regions 

obtained by associating each 0 ? with an arbitrary one of its sense- 
classes. The oriented two-dimensional regions obtained bv associating 
the s“'s with the opposite sense-classes may be denoted by — af, 
— Sj, • • •, — respectively. In the second matrix, 

i = 1, 2,..; y = 1, 2,.. oTg; and is 1, — 1, or 0 according as sj 
is positively related to, negatively related to, or not on the boundary 
of fiy. can be formed from by changing some of the I’s in 
each column of to — l*s in such a way that each column shall 
be a symbol {x^, • • •, x^) for a set of whose sense-classes all 

agree with that of the oriented polygon determined by associating 
the boundary of s® with one of its sense-classes. This is possible 
by the argument at the beginning of § 197, since each column 
of is the symbol for the boundary of one and only one As an 
exercise, the reader should form from the given for a tetra¬ 
hedron in § 152. 

A symbol of the form (x^, 0 ;^^, • • •, Xa^ in which each a; is a posi¬ 
tive or negative integer or zero may be taken to represent a set of 
oriented two-dimensional convex regions which includes sf counted 
Xi times if is positive, — 5 ? counted — times if x^ is negative, 
and does not include s? if is zero. If this symbol represents an 
oriented polyhedron (§ 197), it is a solution of the equations 

(E^ =0, (i = 1, 2, . . ATj). 

For consider the ith of these equations: 

If an oriented face of the oriented polyhedron is positively related 
to sj, it contributes a term +1 to the left-hand member of this 
equation; for if s* is this oriented face, 3^=1 and 4=15 if — si 
is this oriented face, x,=-l and 4=-l- oriented face which 
is negatively related to sj contributes a term -1 to the left-hand 
member of this equation; for if is this oriented face, 0^=1 and 
4=—1; and if — is this oriented face, x^=—l and «»= 1- Hence 
there are as many terms equal to -t-l as there are oriented faces 
positively related to sj, and as many terms equal to -1 as there are 
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oriented faces negatively related to sj. If neither s'^ nor — is in 
the oriented polyhedron, or if does not have sj on its boundary, 
the ^th term of this equation is zero, for in the first case 0 and 
in the second case €^.= 0. Hence by the definition of an oriented 
polyhedron, each of the equations (E^) is satisfied if (x^, 
represents an oriented polyhedron. In particular (Theorem 9 /) the 
symbol for either oriented polyhedron determined by the boundary 
of an a® is a solution of (E^). 

One-sided polyhedra do not give rise to solutions of (E^). 

Let 5 ® and -s®, s® and -Sa®,- • < and be the pairs of 

oriented three-dimensional convex regions determined by a/, a®,. • 
respectively according to the definition in § 197. In the third matrix, 

E3=(4)^ 

i = l, 2,.. / = !, 2,. - a^] and e® is -|-1, -1, or 0 according 

as Si is positively related to, negatively related to, or not on the 
boundary of sf. The matrix: E^ can be formed from by changing 
I’s to — I's in the columns of in such a way that the resulting 
columns are the symbols for oriented polyhedra and therefore solu¬ 
tions of (E^). This is possible by Theorem 96. As an exercise, the 
reader should form from the given for a tetrahedron in § 162. 

The sum of the columns of E^ is (0, 0,. • 0) because each row 

of Ej contains one +1 and one — 1. There can be no other ILnear 
relation among the columns of E^, because this would imply, on 
reducing modulo 2, more than one linear relation among the columns 
of Hj. Hence the rank of is 1, and the number of solu¬ 
tions of in a hneetrly independent set on which all the solutions 
are hnearly dependent is a:^— ar^-|-l. 

Since the rank of H^ is — a^, and since every homogeneous linear 
relation among the columns of E^ implies one among the columns 
of Hg, the rank of Eg is at least — \ It is, in fact, at least 
a^^a^ + 1 because, by Theorem 93, the symbols for a set of columns 
Cj, Cj, • • •, Ci which represent oriented polygons bounding all the s^s 
of a projective plane satisfy a relation of the form 

(10) H- = 2 h 

where I is the symbol for a line in this plane and • • •, are 
+ 1 or —1. Reducing modulo 2, this gives rise to a homogeneous 
linear relation among the columns of which is not one of those 
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obtained by reducing tbe bomogeneous linear relations among the 
columns of 

Thus there are at least linearly independent columns 

of E^. These are all solutions of (E^), and as there are not more than 
a^ — a^ + l linearly independent solutions of (E^), there are not more 
than +1 linearly independent columns of E^. Hence the 

rank of Eg is — which by Theorem 85 is the same as 

a^-a^ + 1. 

In consequence, the symbol {x^, ^*^ 3 , • • ^ for any oriented poly¬ 
gon is linearly expressible in terms of the symbols for oriented poly¬ 
gons which bound convex planar regions. It can easily be proved 
that in case of an odd polygon this expression takes the form ( 10 ) 
where, however, the polygons denoted by Cg,..are not neces¬ 
sarily all in the same plane. 

Since the number of variables in the equations (Eg) is and the 
rank of Eg is oig — ffg -(- 1 , the number of solutions in a linearly inde¬ 
pendent set on which all solutions are linearly dependent is — 1. 
The columns of Eg are all solutions of (Eg). Hence the rank of Eg 
cannot be greater than — 1. It cannot be less than — 1, because, 
on reducing modulo 2 , this would imply that the rank of Hg was 
less than oc^ — 1. Hence the rank of Eg is — 1. Since the symbol 
for any oriented polyhedron whose oriented faces are or — s*"s is 
a solution of (EJ, it follows that it is expressible linearly in terms 
of tbe symbols for oriented polyhedra which bound convex three- 
dimensional regions. 

Since the rank of Eg is — 1, the set of equations 

(E,) ® (i = 1, 2,. •a,) 

must have one solution distinct from (0, 0, • • •, 0). When reduced 
modulo (2) this solution must satisfy (H,) and therefore, by § 190, 
reduce to (1, 1, • • •, 1). Sinoe each equation in the set (E^ has 
only two coefficients different from zero, and these coefficients Me 
± 1, it follows that all the ash are numerically equd in a solution 
• • •. *..) ^ equations are homogeneous, dl 

the may he tahen to he +1 or 

The ith of these equations is. of tiie form 
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being -f 1 or —1 according as sf is positively or negatively 
related to and being +1 or —1 according as 5? is positively 
or negatively related to Hence^ if the set of regions represented 
by a solution in which the ic’s are ± 1 includes that one of 5^® and 
— to which s? is positively related, it also includes that one of 
$f^ and— to which a? is negatively related; and if it includes that 
one of and — to which sf is negatively related, it also includes 
that one of aj* and — sfl to which sf is positively related. 

Hence the existence of a solution of (EJ other than (0, 0, • • 0) 

implies the existence of a set of s®’a and — s®s such that each s® is 
positively related to one of them and negatively related to another, 
Since the notation sj and — sf may be interchanged by multiplying 
the yth column of by — 1, the notation may be so arranged that 
(1, 1,. •1) is a solution of E^. With the notation so arranged, 
each fi® is positively related to one s® and negatively related to another. 
We thus have 

Theorem: 98, If each of the a^s determined ly a set of planes 
Wj, • -j 471 a projective space is arlitrarily associated with one 
of its sense-classes to determine an oriented planar convex region s®, 
each of the a^s can be associated with one of its senscr-classes to deter¬ 
mine a three-dimensional convex region s® in such a way that each s® 
is positively rdated to one s® and negatively related to another. 

The set of «®*s described in this theorem is a generalization of an 
oriented polyhedron as defined in § 198. If the definition of uni¬ 
lateral and bilateral polyhedra be generalized to any number of 
dimensions, it is a consequence of this theorem that the three- 
dimensional space is a bilateral polyhedron. In general, it can easily 
be verified, by generalizing the matrices E^, E^, Eg etc., that projec¬ 
tive spaces of even dimensionality are unilateral polyhedra and 
projective spaces of odd dimensionality are bilateral polyhedra, 

SZERCISE 

An odd two-dimP.T 1 fri onal polyhedron in a three-dinien^onal space is one-sided 
and an even one is two-sided. 

SZZZ _ 
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225, 452 ; types of direct, 246, 248 
Clebsch, A., 366, 368, 369, 377 
CUfford. W. K.. 293, 347. 361, 374 
Clifford'parallel, 374, 375, 877, 444 
Clockwise sense, 40 
Closed curve, 401 
Closed cut, 14 
Coble, A, B., iii 
Coefficient of torsion, 489 
Cole, F. N., 222 

CoUinear vectors, 84; ratio of, 86 
CoUineationa, affine, 72, 287; direct, 61, 
64, 65, 107, 436, 451; direct, of a 
quadric, 260; equiaffine, 105; focal 
properties of, 201; involutoric, 267; 
opposite, 61, 438, 461; in real projec¬ 
tive space, 252 

Commutative law of multiplication 
equivalent to Assumption P, 3 
Complementary segmentaor intervals, 46 
Complex elements, 156 
Complex function plane, 268 
Complex geometry, 6. 29 
Complex inversion plane, 264, 265 
Complex line, 8; order relations on, 437; 
and real Euclidean plane, corre^nd- 
ence between, 222 

Complex plane, 164: inversions In, 2^5 
Complex point, 8, 166 
Cone, circular, 317 * 

Confocal conics, 192 
Confocal system of quadrics, 848 
Congruence of lines, 275, 233; elliptic, 
4&; right-handed and left-handed 
elliptic, 444 

Congruent figures, 79,80,94,124,134,180, 
144, 297, 308, 852, 869, 373, 376, 394 
Conic, 82, 158, 199; absolute, 350j 871; 
asyinptotes of, 73; axis of, 191; center 
of, 73; central, 73; confocal, 102; 


diameter of, 73; directrix of, 191; 
eccentricity of, 196; eleven-point, 82; 
equation of, 202,208; exterior of, 171, 
174, 176; focus of, 191; interior of, 
171,174,176; Invariants of, 207; latus 
rectum of, 198; metric properties of, 
81; nine-point, 82; normi to, 173; 
ordinal and metric properties of, 170 ; 
outside of, 171; parameter of, 198; 
projective, affine, and Euclidean clas¬ 
sification of, 186, 210, 212 ; a simple 
closed curve, 402; vert^ of, 191 
Conjugacy under a group, 39 
Conjugate imaginary elements, 182 
Conjugate imaginaiy lines, 281, 282, 444 
Conjugate points with respect to a chain, 
243^ 

Connected set, 404; of seta of points, 406 
Connectivity of a polyhedron, 476 
Constructions, ruler and compass, 180 
Continuity, assumptions of, 16 
Continuous, 404 
Continuoua curve, 401 
Continuous deformation, 406, 407, 410, 
452 

Continuoua family of points, 404 
Continuous family of sets of points, 405 
Continuous family of transformations, 
406 

Continuous group, 406 
Continuum, 404 

Convex re^ons, 386--S94; linear, 47; 
sense in overlapping, 424; oriented 
or directed three-dimensional, 484; 
oriented or directed two-dimensional, 
484 

Coolic^e, J.L., 229, 360, 362 
Coordibate system, positive, 407, 408, 
418; right-handed, 408, 410 
Coordinates, barycentric, 106,108, 292 ; 
polar, 249; rectangular, 3il; tetra¬ 
cyclic, 253, 264, 256 

Correspondence, between the complex 
line and the real Euclidean plane, 
222; between the real Euclidean 
plane and a complex pencil of lines, 
288; between the rotations and the 
points of spaoe, 328; perspective, 
271; projective, 272 
Cosiaes, direction, 314 
Cremona, L., 168, 251, 348 
Criteria, of sense, 49; of separation, 55 
Crossings of pairs of lines, 276 
Cross ratio, equianharmonic, 259; of 
points in space, 55 

Curvature, center of, 201; circle of, 201 
Curve, 401; bilinear, 209; closed, 401 ; 
a conic a simple closed, 402; equi- 
distantial, 850; normal, 286; path, 
249, 856, 406; positively or nega¬ 
tively oriented, 462; rational, 286; 
simple, 401 
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Cut-point, 14, 21 

Cuts, open and closed, 14; algebraic, 16 
Cyclic projectivity, 258 

Darboux, G., 261, 324 
Dedekind, R., 60 

Deformation, continuons, 406, 407. 410 
452 1 . ■ 
Degenerate circle, 268, 266 
Degenerate sphere, 316 
Dehn, M., 290 
De Paolis, R., 362 
Describe, 401 

Diagonals of a quadrangle, 72 
Diameter, of a conic, 73; end of, 161; 

of a quadidlateral, 81 
Dickson, L. E., 36, ^0, 341 
Differential of arc, 366 
Dilation, 95, 348 

Direct coUineation, 61, 64, 66,107, 438, 
461; of a quadric, 260 
Direct projectivities, 37, 38, 407 
Direct similarity transformations, 136 
Direct transformations, 226, 462 
Directed, oppositely, 433; similarly, 433 
Directed broken line, 484 
Directed interval, 484 
Directed polygon, 484 
Directed segment, 484 
Directed three-dimensional convex re¬ 
gion, 484 

Directed two-dimensional convex re¬ 
gion, 484 
Direction-class, 433 
Direction cosines, 314 
Directions, bundle of, 436; pencil of, 433 
Director circle, 200 

Directrices of a skew Involution or line 
reflection, 268 

Directrix, of a circle, 192; of a conic, 
101; 01 a parabola, 103 
Disagree (sense-classes), 486 
Displacement, 123, 120, 138, 143, 297, 
317,326, 352, 369,373; parameter rep¬ 
resentation of, 344; parameter repre¬ 
sentation of ^ptic, 377; parameter 
representation of hyperbolic, 380; 
types of hyperbolic, 365 
Distance, 147,167, 311, 364, 373; alge¬ 
braic formulas for, 365; of tranma- 
tion, 325, 327; unit of, 147 
Doehlemann, E., 229, 230 
Double elliptic plane, 376 
Double elliptic plane geometry, 376 
Double points of projectivitieB, 6,114,177 
Doubly oriented line, 440, 442, 446,447, 
449 

Doubly perspective, 448 
Down, 303 

Eccentric anomaly, 108 
Eccentricity of a conic, 108 
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Jtages, of a broken liue, 464; of a poly¬ 
hedron, oriented, 496 
Eiaenhart, L. P., 368 
Elementary transformations, 409 411 - 
419, 421, 423, 430, 431, 434- 
43 44«, 455, 466; restricted, 410, 
414, 420, 430 ’ 

Elements, complex, 156; imaginary, 7, 
156,182; ideal, 71, 287; improper, 71 
Eleven-point conic. 82 
Ellipse, 73, 140; area of, 160; foci of, 
189; imaginary, 187 
Elliptic congruence, 443 
Elliptic displacements, parameter rep¬ 
resentation of, 377 
Elliptic geometry, double, 376 
Elliptic geometry of three dimensions. 
873 


Elliptic pencils of circles, 242 
Elliptic plane. 371; double, 376; sinele. 

871,875 , , 

Elliptic plane geometry, 371 
Elliptic points, 873 
Elliptic polar systems, 218 
Elliptic projectivity, 6,171 
Elliptic transformations, direct circular, 

Emch, A., 230 
End of a diameter, 161 
Ends of a segment or interval, 46, 427 
Enriques, E., 802 
Envelope of lines, 406 
Equation of a conic, 202, 208 
Equations of the afflu R and Euclidean 
groups, 116, ISo, 306; linearly inde¬ 
pendent, 466; and matrices, modular, 
464 

Equiaffine collineations, 105 
Equiafflne group, 105, 291 
Equlanharmonic cross ratio or set of 
points, 269 

Equidistantifll curves, 356 
Equilateral hyperbola, 169 
Equivalence, of ordered point triads, 
96, 288, 290; of ordered tetrads, 200; 
with respect to a group, 39 
Eudid, 360 

Euclidean classiflcation of conics, 186, 
210 

Eudidean geometry, 117,118, 119,186, 
144, 267, 300, 302; assnmptions for, 
50, 144, 302; as a limiting case of 
non-Endidean, 876 

Eudidean group, 117, 118, 135, 144; 

equations of, 116, 135, 306 
Euclidean line, 68 

Euclidean plane, 58,60-63,71; and com¬ 
plex line, corra^ndence between, 
222, 238; inversion group in the real, 
226; sense in, 61 

Eudidean q)aces, 58, 287; sense in, 63 
Euler, L., 332, 887 
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Even polygons, 470, 483, 489; in the 
projective plane, 489 
Even polyhedra, 482, 483 
Expansion, 348 
Extension, assumptions of, 2 
Exterior, of an angle, 432; of a conic, 
171,174,176; of a polygon, 472; of an 
even polygon, 490; of a quadric, 844 
Exterior bisector, 179 

Faces of a polyhedron, 474; oriented, 
495 

Family of points, continuous, 404 
Family of sets of points, continuous, 405 
Family of transformations, continuous, 
406 

Fano, G., 11, 285, 286 

Feuerbach, 169, 233 

Field, Galois, 35 

Fine, H. B., 3, 18 

Finzel, A., 869 

Focal involution, 195 

Focal properties of collineations. 201 

Foci of an ellipse or hyperbola, 189 

Focus, of a circle, 192; of a conic, 191 ; 

of a parabola, 103 
FoUow, 13, 37, 47, 48 
Forwai^ 303 

Foundations, of complex geometry, 29; 

of general projective geometry, 1 
Fubin^ G., 862 
Function plane, 268 
Functions, trigonometric, 154 
Fundamental circles, 254 
Fundamental theorem of projectivlty 
for a chain, 22 

Galois field, 86 
Gauss, C.F., 40, 361 
Generalization, by inversion, 231; by 
projection, 167, 231 
Geometrical order, 46 
Geometries, projective, 36 
Geometry, afflne, 72, 147, 287; assump¬ 
tions for Euclidean, 59,144, 302 ; com¬ 
plex, 6,29; corresi^nding to a group, 
70, 71, 78, 199, 286, 302; double ellip¬ 
tic, 375; elliptic, 371; Euclidean, 117, 
118, 119, 135, 144, 287, 300, 302; 
Euclidean, as a limiting case of non- 
Endidea^ 375; foundations of gen¬ 
eral projective, 1; generalized, 285; 
history of non-Euclidean, 360; hy¬ 
perbolic plane, 350; inversion, 219; 
inversion plane and hyperbolic, 367; 
modular, 253; of nearness, 303; non- 
Euclidean, 350; parabolic metric 
group and, 119, 130, 186. 144, 293; 
real inversion, 241; of reals, 140; 
three-dimensional elliptic, 373; three- 
dimensional hyperbolic, 369 
Grassman, H., 168, 290 


Gravity, center of, 94 
Group, afflne, 71, 72, 287, 305; conju- 
gacy under, 39; continuous, 406; of 
displacements, 129; equiafflne, 106, 
291; equivalence with respect to, 39 ; 
EucUdean, 116,117,118,136,144,306; 
geometry corresponding to, 70, 71, 78, 
199, 286,302; homothetio, 95; inver¬ 
sion, in the real Euclidean plane, 225, 
226; one-parameter continuous, 406; 
parabolic metric, and geometry, 119, 
130, 136,144, 293; the projective, of 
a quadric, 259; special linear, 291; 
Bul^oups of the afflne, 116 
Groups, algebraic formulas for certain 
parabolic metric, 135; equations of 
the afflne and Euclidean, 116, 135, 
305 

Half tuim, 299, 370 
Half twist, 324 
Halstead, G.B., 361 
^mel, G., 28 
Hamilton, W. R., 339 
Harmonic homology, 257 
Harmonic separation, 46 
Harmonic sequence, 10, 33, 34; limit 
point of, 10 
Hatton, J. L. S., 168 
Heath, T. L., 360 
Heine, E., 60 
Hermitian forms, 862 
Hesse, 0., 284 
Hilbert, D., 103, 181, 894 
Homology, harmonic, 267 
Homothetic group, 95 
Homothetio transformations, 95 
Horocycle, 366 
Horo’sphere, 370 
Huntington, E. V., 3, 33 
Hyperlx)la, 73; equilateral, 169; foci 
of, 189; rectan^ar, 169 
Hyperbolic direct circular transforma¬ 
tions, 248 

Hyper1x)lic displacements, parameter 
representation of, 380; l^es of, 356 
Hyperbolic geometry, of three dimen¬ 
sions, 369 ; and inversion plane, 357 
Hyperbolic lines, 350 
Hyperbolic metric geometry in a plane, 
350 

Hyperbolic pencils of circles, 242 
Hyperbolic plane, 360 
Hyperbolic point^ 360 
Hyperbolic projectlvlty, 6,171 
Hyperbolic space, 369 

Ideal elements, 71, 287 
Ideal lines, 287, 350 
Ideal minimal lines, 265 
Ideal plane, 287 

Ideal points, 71, 266, 268, 287, 860 
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Ideal space, 58 
Imaginajy circle, 187, 229 
Imaginary elements, 7, 160, 182; con¬ 
jugate, 182 

Imaginary ellipse, 187 
Imaginary one-dimensional form, 156 
Imaginary lines, conju^te, 281,282,444 
Imaginary points, 8, 160 
Imaginary sphere, rotations of, 336 
Improper elements, 71 
Incomplete symbol, 41 
Independence of assumptions, 23; proofs 
of, 24“20 

InWty, circle at, 298; line at, 68, 71; 
plane at, 287; points at, 71, 241, 268, 
287, 362; space at, 68 
Inside, of a conic, 171; of a quadric, 844 
Interior, of an angle, 432; of a conic, 
171, 174, 170; of an interval or seg¬ 
ment, 46; of a polygon, 472; of an 
even polygon, 490; of a quadric, 344; 
of a triangle, 389 
Interior bisector, 179 
Intermediate positions, 407 
Interval, 46, 46, 47, 60, 466; directed, 
484; ends of, 46, 427 ; oriented, 484 
Intervals, complementary, 46 
Intuitional description of the projective 
plane, 67 

Invariant subgroup, 89, 78,106,124 
Invariants of a conic section, 207 
Inverse matrix, 308 
Inverse points, 102 

Inversion, 162, 241, 266; generalizatioii 
by, 281; in a complex plane, 236 
Inversion geometry, 219; real, 241, 268 
Inversion group in the real Euclidean 
plane, 225, 226 j no- 

Inversion plane, 268; complex, 264, -do; 

hyperbolic geometry and, 367; real, 241 
Inversor, Peaucellier, 229 
Involution, absolute, 119; focal, Iwo; 
order relations "with respect to, 4o; 
orthogonal, 119; skew, 268; axes and 
directrices of skew, 258 ^ 

Involutoric coUineatioiis, 267 
Involutoric projectivitles, products or 
pairs of, 277 
Involutoric rotation, 299 
Irrational points, 17, 21 
Isogonality, 231 

Isotropic plane, 294 
Isotropic .rotation, 299 
Isotropic translation, 817 

Jordan, C., 463 
Juel, C., 250, 251 

Klein, E., H, 249^278,284, S»6,301,8^, 
374, 376, 446 


Kline, J, It., 3/o 
Koenigs, G., 824, 339 

Latus rectum of a conic, 198 
Left-handed Clifiord paialle^ 374, 444 
Left-handed conjugate iznaginaiy lines, 

444 

Left-handed doubly oriented lines, 442, 

445 

Left-handed elliptic congruence, 4^ 
Left-handed ordered pentads of points, 

442 

Left-handed ordered tetrad of points, 

442 

Left-handed regulus, 443 
Left-handed sense-class, 407, 416 
Left-handed triad of skew lines, 443,447 
Left-handed twist, 417, 443 
Length of a circle, 148 
Lennes, K. J., 18, 467 
Lewis. G-K., 96,188, 362 
Lie, S., 341 

Like sense-dasses of segments, 480, 437 
Limit point of harmonic seqnence, 10^ 
Limiting points of pencils of circles, 159 
Lindemann, F., 366, 368, 369 
Line, of centers, 169; complex, 8; 
doubly oriented, 440, 442, 445, 447, 
449; Euclidean, 68, 00; hyperbolic, 
360; ideal, 287, 350; imaginaay, 166; 
at infinity, 58, 71; ordinary, 71, 287. 
360; oriented, 426; real, 166; sidw 
of, 60, 392; siinllarly oriented with 
respect to, 426; translation parallel 
to, 288 

Line pairs, measure of, 103 
Line reflections, 109, 116, 258; direc¬ 
trices, or axes of, 258; orthogonal, 
120, 126, 299, 817,352, 370 

Linear convex regions, 47 
Linear group, special, 291 
Linearly dependent ci^^ 2o6 
Linearly dependent solutions of Ei, 
Linearly independent columns of 
Linearly independent equations (Hj), 

406 " . o-K 

Lines, broken, 454; coi^ence of, 2/6, 
883; conjugate imaginary, 261, 

444; crossings of pairs of, 276; 
velope of, 406; ideal 265; 

meefingB of pairs of, 27 ^ muumaJ or 
isotropic, 120, IM, 266,2W; 

TMiiis of, 417; ordinary minmal, 266, 
m 138, 293, 8M 8K ; 
nails of, 50, 163; parallel, /2, 

361; perpendicular, 120,188, 369, 

373; positive pairs of, 417; angular, 
; elementary teuisformaUons ox 
triads of skew, 447; righ^ and Irf^ 
handed triads of skew, 
yiaon of a plane by, 61-63, 460-464, 
yanidm^f 69 
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Lobachevski, N. I., 361 
Logarithmic splralfi, 249 
Lower side of a cut, 14 
Loxodromic direct circular transfor- 
mations, 248 
Liiroth, J., 9 

MacGregor, H. H., 250 
Magnitude of a vector, 86, 147 
Malfatti, G., 235 
Manning, H. P., 362 
Matrices, algebra of, 333; modular 
equations and, 464; sum of two, 333 
Matrices and £„ for the projective 
plane, 484 

Matrices Hjj, and Hj, 306, 398-400, 
477 

Matrix, inverse, 308 ; orthogonal, 308; 

rank of, 478; scalar, 334 
Measure, of angles, 151,153,163; angu¬ 
lar, 103, 165, 231, 311, 313, 362, 365; 
of line pairs, 103 ; of ordered tetrads, 
290; of ordered point triads, 09. 312 ; 
of a simple n-point. 104; of triangles, 
99, 149, 312 ; unit of, 99, 140, 319 
Median of a triangle, 80 
Meetings of pairs of lines. 276 
Menelaus, 80 

Metric group and geometry, parabolic, 
119, 130, 135, 144, 203 
Metric properties of conics, 81 
Mid-point, 80, 125 
Milne, J. J., 108 
Minimal lines, 120,125, 265, 294 
Minimal planes, 294 
Minimal rotation, 299 
Minimal translatioii, 317 
Minkowski, H., 894 
Mobius, A.E., 40, 67, 104, 229, 262, 
292, 293 

Model for projective plane, 67 
Modular equations and matrices, 464 
Modular spaces, S3, 35, 36, 253 
Moore, E. H., 24, 36 
Moore, R. L., 69 
Morlej, F., 222 

Motion, rigid, 144, 297; screw, 320 
Moved, 406 

^-dimensional pba-iTi^ 250 
.y-dimenaionad segment, 401 
JT-dimensional space, 68 
.^-dimensions, generalization to, 304 
Nearness, geometry of, 303 
Negative ordered pairs of lines, 417, 418 
N^ative of an oriented segment or re- 
gioi^ 486 

Negative points, 17 

Negative relations between points and 
segments, 485 
Negative rotations, 417 
Negative sense-class, 407, 416 


Negative translation, 416 
Negative twist, 417 
Negative of a vector, 84 
Negatively oriented curve, 452 
Negatively related aense-dassee, 486, 
491, 405 

Net of rationality, 86; cuts in, 14; 

order in, 13 
Neutral throw, 246 
Nine-point circle, 109, 233 
Nine-point conic, 82 
NoncoUlnear points, 90 
Nondegenerate circle, 260 
Nondegenerate sphere, 816 
Non-Euclidean geomet^, 360; Euclid¬ 
ean geometry as a limiting case of, 
375 ; history of, 360 
Nonmodular spaces, 34 
Normal to a conic, 173 
Normal curve, 286 
Null vector, 83 
Numbered angle, 164 
Numbered point, 466 
Numbered ray, 164 
Numbers, complex, 219 

Odd polygons, in a plane, 470, 482 ; in 
the projective plane, 489 
Odd polyhedra, 482, 483 
On, 440 

One-dimensional form, imaginary, 166 ; 

order in, 46 ; real, 166 
One-dimensional pro]ectivities, 160,170- 
173; and quaternions, 339; repre¬ 
sented by points, 342 
One-sided polygonal regions, 490 
One-sided polyhedra, 493 
One-sided region, 437 
Open cut, 14 
Opposite, 433 

Opposite coUineations in space, 438,461 ' 
Opposite projectlvities, 37, 38 
Opposite to a ray, 48 
Opposite sense, 61 

Opposite tranrformatious, 452; of a 
2-cell, 462 

Oppositely directed, 433 
Oppositely oriented, 448, 450 
Oppositely sensed, 246 
Order, 40; assumptions of, 32; geo¬ 
metrical, 46; iu a linear convex re¬ 
gion, 47; in a net of rationality, 13 ; 
in any one-dimensional form, 430 ; on 
a polygon, 460; of a set of rays, 432 
Order relations, on complex lines, 437 ; 
in a Euclidean plane, 188; in the 
real inversion plane, 244; with respect 
to involutions, 45 

Ordered pair, of points, 268. 271; of 
rays, 139 

Ordered projective spaces, 32 
Ordinary lines, 71, 287, 350 
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Ordinaiy minimal lines. 205 
Ordinary planes, 287 
Ordinary points, 71, 265, 208, 2^7, 360 
Ordinary spane, 58 
Orientation of space, 496 
Oriented, oppositely, 448,460; similarly, 
448; similarly, vrith respect to a line, 
426 

Oriented broken line, 484 
Oriented 2-cell, 452 
Oriented 3-cell, 463 
Oriented curve, 462 
Oriented edges of a polyhedron, 495 
Oriented faces of a polyhedron, 496 
Oriented interval, 484 
Oriented line, 426; doublv, 440,442,445, 
447, 449 

Oriented points, 426 ; segments of, 426 
Oriented polygon, 484 
Oriented polyhedron, 496 
Oriented projective space, 453 
Oriented segment, 484 
Oriented segment or region, negative of, 
486 

Oriented simple surface, 463 
Oriented three-dimensional convex re¬ 
gion, 484 

Oriented two-dimensional convex re¬ 
gion, 484 

Origin of a ray, 48 
Orthogonal circles, 161 
Orthogonal involutions, 119 
Orthogonal line reflections, 120, 122, 
126, 299, 317, 352, 370; center of, 
122; pairs of, 126 

Orthogonal lines, 120, 138, 293, 350, 
352 

Orthogonal matrix, 308 
Orthogonal plane reflections, 296 
Orthogonal planes, 293 
Orthogonal points, 362 
Orthogonal polar system, 293 
Orthogonal projection, 313 
Orthogonal transformations, 308 
Outside of a conic, 171 
Outside of a quadric, 344 
Owens, E. W., 59, 371 

IPadoa j^. 44 

Pairs of lines, 60, 163; crossing of, 276; 
measure of, 163; meetings of, 276; 
negative, 417 ; native ordered, 418; 
positive, 417; positive ordered, 417; 
separation of plane by, 60 
Pairs, of orthogonal line reflections, 126 ; 
of planes, 60; of points, ordered, 268, 
271; of points, unordered, 271 
Paolis, R. De, 362 
Pappus, 6,103,118 

Parabola, 73; axis of, 193; directni 
of, 193 ; focus of, 103; Steiner, 196; 
vertex of, 193 


Parabolic metric group and geometry, 
119, 130, 136,144, 293 
Parabolic pencils of circles, 242 
Parabolic projectivities, 5,171 
Parabolic direct circular transforma¬ 
tions, 248 

Parallel to a line, translation, 288 
Parallel lines, 72', 287, 351 
Parallel planes, 287 
Parallelogram, 72 

Parallels, Clifford, 374, 376, 377, 444 
Parameter of a conic, 198; continuous 
one-parameter family of sets of points, 
405; continuous one-parameter family 
of transformations, 406; continuous 
one-parameter group, 406 
Parameter representation, 344; of ellip¬ 
tic displacements, 377; of hyperbolic 
displacements, S80; of parabolic dis¬ 
placements, 844 
Paratactic. 374 
Pascal, E., 180, 235, 279, 280 
Path curve, 249, 356, 406 
PeauceUier inversor, 229 
Peirce, B., 341 

Pencil, base point of, 242; center of, 
429, 433; of directions, 438; of lines, 
correspondence between the real 
Euclidean plane and a complex, 238; 
of rays, 429; of segments, 433 
Pencils of circles, 157,169,242; limiting 
points of, 169 

Pendla of projectivities, 343 
Pentads of noncoUinear pomts, right- 
and left-handed, 442 
Permutations, even and odd, 41 
Perpendicular bisector, 123; foot of a 
perpendicular, 123 

Perpendicular liues, 120,138, 293, 869, 
373 

Perpendicular planes, 293, 369, 373 
Perpendicular points, 362, 869, 373 
Perspective, doubly, 448 
Perspective correspondence, 271 
Pieri, M., 244 
Pieipont, J., 3 
Planar convex regions, 386 
Planar region, 404 

Plane, of analysis, 268; complex, 164 ; 
complex inveraon, 264-208; corre¬ 
spondence between a. complex line 
and the real Euclidean, 222, 238; 
double elliptic, 375; elliptic, 371; 
Euclidean, 58-63, 71; function, 268; 
hyperbolic, 360; hyperbolic geometry 
and inversion, S57 ; ideal, 287; at 
infinity, 287; intuitional description 
of the projective, 67 ; inversion, 208 ; 
inversion group in the complex Eu-. 
didean, 236; inversion group in 
the real Euclidean, 225, 236; iso¬ 
tropic, 294; minimal, 294; model for 
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projective, 67; order relations in a 
Euclidean, 1S8; order relations in the 
real inversion, 244; ordinary, 287; 
orthogonzil, 293; projective, 208; real, 
140, 156; real inversion, 241, 268; 
reflections, orthogonal, 295; sense in 
a Euclidean, 61; sides of, 59, 392 ; 
single elliptic, 371, 875; subdivision 
of a plane by lines, 61, 53, 460-464; 
of symmetry, 295 

Planes, pairs of, 50; parallel, 287; per¬ 
pendicular, 293, 309, 373; subdivision 
of space by, 50, 64, 475-477; vanish¬ 
ing, 348 

Pliicker, J., 292, 326 

Poincar4, H., 341, 362, 489 

Point pairs, congruence of parallel, 80 ; 

mid-point of, 80 ; separation of, 44-47 
Point-plane reflection, 267 
Point reflection, 92, 122, 300, 352, 414 
Point triads, measure of ordered, 09; 
equivalence of ordered, 06, 288, 290 ; 
sum of ordered, 96 

Points, complex, 8, 156 ; circular, 120, 
155; double, of a projectivity, 5, 114, 
177; elliptic, 373; equianharmonic 
set of, 269; hyperbolic, 360; ideal, 
71, 266, 268, 287, 350; imaginary, 8, 
166; at infinity, 71, 241, 208, 287, 
362; inverse, 162; irrational, 17, 21; 
negative, 17; noncollineor, 96; num¬ 
bered, 456; one-dimensional projec- 
tlvities represented by, 342; ordered 
pairs of, 268, 271; ordinary, 71, 265, 
208,287,350; oriented, 426; orthogo¬ 
nal, 362; of a pencil, base, 242; of 
pencils of circles, limiting, 169; per¬ 
pendicular, 352,809, 873; positive, 17; 
projection of a set of, 291; rational, 
17; real, 8,160; rotations represented 
by, 342, 343; segments of oriented, 
426; singular, 236; in space, corre¬ 
spondence between the rotations and 
the, 8^; m space, cross ratios of, 65; 
ultra-infinite, 352; unordered pairs 
of, 271; vanishing, 86 

Polar co6rdmates, 249 

Polar system, 216; absolute, 293, 873; 
eUiptlo, 218 ; orthogonal, 293 

Polygon, 454-469, 480, 481; hounding, 
470, 482; directed, 484; even, 470, 
482, 489; interior and exterior of, 
472, 490; odd, 470, 482, 489; order 
on, 466; oriented, 484; regions deter¬ 
mined by, 467; sum modulo 2 of, 481; 
unicursal, 470 

Polygonal regions, 473; one- and two- 
sided, 400 

Polyhedra, odd and even, 482,483; one- 
and two-sided, 493 ; oriented, 496; 
oriented edges of, 496; oriented faces 
of, 495; sum modulo 2 of, 482 


Polyhedral regions, 473 
Polyhedron, 474; bilateral, 494; con¬ 
nectivity of, 476; edges of, 474; faces 
of, 474; one-sided, 494; oriented edges 
and faces of, 495; two-sided, 494,49^6; 
unilateral, 494; vertices of, 474 
Positions, intermediate, 407 
Positive coordinate sykem, 407, 408, 
410 

Positive ordered pairs of lines, 417 
Positive pairs of lines, 417 
Positive points, 17 

Positive relation between points and 
oriented segments, 485 
Positive rotation, 417 
Positive aense-cl^ 40, 407, 416, 491 
Positive translation, 416 
Positive twist, 417 
Positively oriented curve, 462 
Positiyely related sense-classes, 485,491, 
495 

Power, of a point with respect to a circle, 
162 ; of a transformation, 87, 230 
Precede, 13, 15, 37, 47, 48, 360,- 387 
Product, of pairs of involutoric projec- 
tivities, 277 ; of two vectors, 220 
Projection, generalization by, 107, 231; 
orthogonal, 313; of a set of points, 
291 

Projective classification of conics, 186 
Projective correspondence, 272 
Projective geometry, 36; foundations 
of generzd, 1 

Projective group of a quadric, 269 
Projective plane, 268; intuitional de¬ 
scription of, 67; matrices E, and E„ 
for, 484 

Projective space, collineationfl in a real, 
252; sense in, 64 • 

Projective spaces, ordered, 32; sense- 
classes in, 418 

Projectivities, bundle of, 342; cyclic, 
268; direct, 37,38, 407; double points 
of, 6,114,177; elliptic, 6,171; hyper¬ 
bolic, 6, 171; one-dimensional,” 170, 
171; oj^osite, 37, 38; parabolic, 6, 
171; pencil of, 843; powers of, 87; 
products of pairs of involutoric, 277; 
of a quadric, 273; real, 166, 170- 
178; representation by points of one¬ 
dimensional, 342; representation by 
q^ternions of one-dimensional, 830 
Projectivlly, assumption of, 2 
Prolongation of a segment, 48 
Proofs, Independence, 24-29 

Quadrangle, diagonals of, 72 
Quadrics, absolute, 360, 373; axes of, 
316; confocal sykem of, 348; direct 
collineationa of, 260; interior and 
exterior of, 844; projective group of, 
250; projectivities of, 273; real, 262; 
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ruled, 269; aides of, 844; sphere and 
other, 316; unruled, 269 
Quadrilateral, diameter of, 81 
Quaternions, 837-S41,878; and the one¬ 
dimensional projective group, 839 


Badical axis, 159 

Badii, transformation by reciprocal, 
102 

Bank, of 479; of a matrix, 478 
Batioiial curve, 280 
Bational modular space, 36, 36 
Bational points, 17 

Bationality, net of, 85; order in a net 
of, 13 

Kntios of collinear vectors, 86 
Bays, 48, 00, 143, 350, 372, 387, 429; 
bundle of, 435; numbered, 164; oppo¬ 
site, 48; order of a set of, 432; 
ordered pair of, 139; origin of, 48 
Beal and imaginary elements and trans¬ 
formations, 150 
Beal inversion geometry, 241 
Beal inversion plane, 241, 208; order 
relations in, 244 
Beal line, 156 

Beal one-^mensional form, 156 
Beal plane, 140,166 
Beal points, 8,166 
Beal projective transformations, 150 
Beal quadrics, 202 
Beals, geometry of, 140 
Beciprocal radii, transformation by, 102 
Rectangle, 123 
Rectangular coordinates, 311 
Rectangular hyperbola, 109 
Reflections, axes of line, 268; center of 
orthogonal line, 122; directrices of 
line, 268; line, 109,115; 258; orthog^ 
nal line, 120, 122, 120, 299, 317, 362, 
370; orthogonal plane, 296; pairs of 
orthogonal line, 126; point, 92, 122, 
800, 362, 414; point-plane, 267 ; in a 
three-chain, 284 

Region, convex, 385^894; negative of 
an oriented segment or, 485; one¬ 
sided, 437; order in a linear ^nve^ 
47; planar, 404; polygonal, 473; 
polyhedral, 473; sense in overlapping 
convex, 424; simply connected thre^ 
dimensional, 404; tetrahedral, H, 
808,399; three-dimensional, 404 ; 
an^ar, 63, 389, 896; trihedral, 897; 
two-sided region, 437; vertices of a 
triangular, 63 

Regions, bounded by a polyhedron, 483, 

determined by a polygon, ^7 

Recfulus, right* and left-handed, 4^ 

Reacted elementary /teransfonnatiaM, 

410,414, 420, 430 
Beye, T., 108 
Bhomhus;, 125 


Ricordi, E., 300 
Riemann, B., 361 
Right angles, 168 

Right-handed CliSord parallels, 374,444 
Right-handed conjugateimagmary lines, 
444 

Right-handed coordinate system, 408,416 
Right-handed doubly oriented lines,442, 

446 

Right-handed elliptic congruence, 444 
Right-handed ordered pentad of points, 
442 

Right-handed ordered tetrad of points, 
442 

Right-handed regulus, 443 
Right-handed sense-ciaas, 40, 407, 416, 
442 

Right-handed triad of skew lines, 443, 

447 

Right-handed twist, 417, 443 
Rigid motion, 144, 297 
Rodrigues, 0., 330 

Rotation, angle of, 325, 327; axis of, 
299; center of a, 122; involutoric, 299; 
isotropic, 290; minimal, 290; nega¬ 
tive, 417; positive, 417; sense of, 142 
Rotations, 122, 128, 141, 299, 321, 328- 
337; corre^ondence between the 
points of space and, 328; of an imag¬ 
inary sphere, 336; represented by 
points, 342, S4S 
Ruled quadric, 269 
Ruler-and-compass constructionB, 180 
RuflseU, B., 41 
RusseU, J. W., 168, 201 


Saccheri, G., 361 
Same sense, 61 
Scalar matrix, 334 
Schilling, M., 07 
Schweitzer, A. B., 32, 416 
Screw motion, 820 

Segment, 45, 46, 47, 60, 3^; or inter¬ 
val, complementary, 40; directed, 
484; ends of, 45, 427; intenor of 
interval or, 45; tirdimenmon^, 401; 
oriented, 484; prolongation of, 248 
Segments, bundle of, 480; of onented 
pointC420; pencil of, 438; sense- 
olasses of, 436, ^7 

S^wSngate^bgroup,39, 78, l^;p^ 
Sense, ^741, 61, 387, 418; 

; criteria for, 49; m a EncUd^ 
Dlie, 61; In Eudidean spaces, 63 ; 

linear region, 47; more general 
timory of, 451; in a one-toensional 
form740,*43; apposite, 61; 
lanping convex regions, 424; positive, 
^^7, 416 ; in * 

-64; right-handed, 40, 407, 410, 443, 
of rotation, 1^; same, 01 
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Sense-class, 61,64, 66,413,414,430, 431, 
434, 437, 465, 456; of a 2-cell, 452; 
of a curve, 452; left-handed, 407,416; 
in a linear region, 47; negative, 407, 
416, 452; on a one-dimensional form, 
40, 43; positive, 40, 407, 416, 452, 
491; right-handed, 40, 407, 416, 442 
Sense-classes, agree or disa^ee, 435; 
negatively related, 485,491,495; posi¬ 
tively related, 485, 401, 495; in pro¬ 
jective space, 418 

Sensed, oppositely, 245; similarly, 246 
Separated, 392, 432 

Separating algebraic criteria of, 55; 
harmonic, 45; by pairs of lines, 61; 
by pairs of planes, 51; of point pairs, 
44, 47 

Sequence, harmonic, 10, 33, 34; limit 
point of, 10 

Sets of points, connected, 404, 405; 

continuous family of, 405 
Shear, simple, 112, 293 
■ Sheffers, G., 341 

Sides, of a circle, 245; of a line, 59, 392; 

of a plane, 59, 392 : of a quadric, 344 
Similar, 119 

Similar and similarly placed, 05 
Similar figures, 203 
Similar triangles, 134, 139 
Similarity transformations, 117, 119, 
293; direct, 135 
Similarly directed, 433 
Similarly oriented, 448; vrith respect to 
a line, 426 

Similarly sensed, 245 
Similitude, center of, 162,163 
Simple broken line, 454 
Simple curve, 401 
Simple polygon, 464^457 
Simple shear, 112, 293 
Simple surface, 404; oriented, 453 
Simplex, 401 

Simply connected element of surface, 
404 

Simply connected surface, 404 
Simply connected three-dimensional re¬ 
gion, 404 

Singular lines, 235 
Sin^ar points, 235 
Singular ^ace, 58 

Skew involutions, 258; directrices or 
axes of, 268 

Skew lines, dementary transformations 
of triads of, 447; right- and left- 
handed triads of, 

Smith, H. J. S., 201 
Sommerville, D. M. Y., 362 
Space, assumptions for a Euclidean, 50; 
coUineations in a real projective, 262; 
correspondence between the rotations 
and the points of. 828; cross ratio 
of points in, 66; direct coUineations 


in, 438, 451; EucUdean, 68, 287 ; hy¬ 
perbolic, 369; ideal, 58; at infinity, 
68; modular and nonmodular, 33, 34, 
36, 263; 7i-dimensional, 58; opposite 
coUineations in, 438, 461; ordered 
projective, 32 ; ordinary, 68 ; orienta¬ 
tion of, 490; oriented projective, 453 ; 
polygons in, 480, 481; rational modu¬ 
lar, 35, 36; sense in a Euclidean, 63 ; 
sense in a projective, 64; sense-classes 
in projective, 418; singiilar, 68 
Spatial convex regions, 386 
Special linear group, 291 
Sphere, center of, 315; degenerate, 316; 
and other quadrics, 315; rotations of 
an imaginaiy, 335 
Spirals, logarithmic, 249 
Square, 125 

Statements, vacuous. 24 
Staudt, K. G. C. von, 9, 40, 251, 283 
Steiner, J., 190, 229 
Steinitz, E., 35, 69 
Stephanos. C., 280, 324, 342, 344 
Study, E., 40, 827, 341, 347, 362, 374, 
416, 446 
Sturm, H., 168 

Subdivision, of a plane by Unes, 51-53, 
460-404; of a space by planes, 50, 64, 
475-477 

Subgroup, self-conjugate or invariant, 
39, 78, i06, 124 

Sub^ups of the afdne group, 110 
Sum, modulo 2, of polygons, 481 ; 
modulo 2, of polyhedra, 482; of 
ordered point-triads, 96; of two an¬ 
gles, 154; of two matrices, 333; of 
two vectors, 83 

Surface, simple, 404; simply connected, 
404; simply connected element of, 
404 

Symbol, incomplete, 41 
Symmetric. 124, 207, 800, 352 
Symmetry,' 123, 124, 129, 138, 297, 300, 
352, 373 ; plane of, 296; with respect 
to a point, 300 

Tait, P. G., 341 
Taylor, C., 108 
Taylor, W. W., 82 

Tetracyclic coordinates, 253, 264, 256 
Tetrad, measure of an ordered, 200; 
of points, right- and left-handed 
ordered, 4^ 

Tetrads, equivalence of ordered, 290 
Tetrahedral region, 54, 308, 309 
Tetrahedron, 62, 397; volume of, 290, 
311' 

Three-dimensional affine geometry, 287 
Three-dimensional convex region, 880 
Three-dimensional directed convex re¬ 
gion, 484 

Three-dimensional elUptic geometry. 373 
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Three-dimensional Euclidean geometry, 
287 

Three-dimensional hjperbolic geometry, 

Three-dimensional region, 404; simply 
connected, 404 

Throws, 40; neutral, 246; similarly or 
oppositely sensed, 245 
Torsion, coefficient of, 489 
Touch, 168 

Transference, the principle of, 284 
Transformations, of a 2-cell, circular, 
226; continuous family of, 406; direct, 
225,452 ; direct similarity, 135; ellip¬ 
tic direct circular, 248; elementary 
400. 411-414, 418, 419, 421, 423, 430, 
43i; 434-437, 447,'465, 466;' homothe- 
tlc, 95; loxodromic direct circular, 
248 ; opposite, 462; orthogonal, 308 ; 
parabolic direct circular, 248; power 
of a projectiye, 87; power of a circu¬ 
lar, 230; real and imaginary, 156; by 
reciprocal radii, 162; restricted ele¬ 
mentary, 410,414.420.430; similarity, 
117 119 293 

Tran^ation, 74, 117, 122, 288, 321, 374, 
414; axis of, 317; distance of, 325, 
327; isotropic, 317 ; minimal, 317; 
ne^tlye, 416; parallel to a line, 288; 
positiye, 416 
Transposition*, 41 
Transyersals, 91 

Triads of lines, elementary transforma¬ 
tions of, 447; right-handed and left- 
handed, 443 

Triangle, area of, 149, 312 ; interior of, 
389 ; measure of, 99,149,312; median 
of, 80 ; separation of a plane by, 62; 
unit, 99, 149, 312 

Triangles, congruent, 134,139; similar, 
134, 139 

Triangular region, 63, 389,395; vertices 
of, 63 

Trigonometric functions, 164 

Trihedral regions, 307 

Turn, half, 299, 370 

Twist, 320,321; axis of, 320; half, 324; 


left-handed, 417, 443; negative, 417; 
positive, 417; right-handed, 417, 443 
Two-dimensional convex region, 386 • 
directed, 484 o > i 

Two-sided polygonal regions, 490 
Two-sided polyhedra, 493 
Two-sided polyhedron, 494, 406 
Two-sided region, 437 

TTltra-inflmte points, 862 
Unicursal polygons, 470 
Unilateral polyhedron, 494 
Unit of distoce, 147 
Unit triangle, 99, 149, 812 
Unit vector, 220 
Unordered pairs of points, 271 
Unruled quadric, 250 
Up, 303 

Upper side of a cut, 14 

Vacuous statements, 24 
Vallati, G., 44 
Vanishing lines, 86 
Vanishing planes, 348 
Vanishing points, 86 
Vector, magnitude of. 86. 147; nega¬ 
tive of, 84; null, 83; unit, 220: zero. 
83. 220 

Vectors, 82, 83, 86,147,219, 288 ; addi¬ 
tion of, 84; colhnear, 84 ; product of 
two, 220; ratios of collinear, 85; sum 
of, 83 

Vertex, of a conic, 191; of a parabola, 
193 

Vertices, of a broken line, 454; of a poly¬ 
hedron, 474: of a triaj4;ular region, 53 
Volume, 290, 311 

Whitehead, A. If., 32, 41 
Wiener, H., 94, 280, 322, 327 
Wilson, E. B., 06, 113, 138, 362 

Young, J. W., iil. 250 
Young, J. W. A., 146 

Zermelo, E., 27 
Zero vector, 83, 220 



